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High Speed Digital Computers 


An Elementary Survey of Present Developments and Future Trends 


Louis N. RIDENOUR 


University of Illinois, Urbana, Illinois 


NE of the most interesting, and possibly one of 

the most significant, of the post-war technical 
developments is the great effort that is currently being 
expended, both here and abroad, on the design, con- 
struction, and improvement of high speed automatic 
digital computing machines. In accordance with the 
present pattern of support for technical enterprises, 
the largest part of the effort on such computers is being 
financed by the federal government; private industry 
is investing substantial sums; and, somewhat curiously, 
the universities of the country do not appear to be sup- 
porting with their own resources more than a tiny 
fraction of the work. 

Mechanical aids to computation are an old story, of 
course. But the high speed, automatic, digital, com- 
puter—when each of these qualifying adjectives is 
taken properly into account—is a very new develop- 
ment. Its practical realization cannot be said to have 
been achieved earlier than the completion of the cele- 
brated ENIAC in 1945. Of this machine we shall have 
more to say later. Let us pause now to distinguish from 
other computing devices the type of machine that will 
occupy our attention here. 

First of all, we shall deal with digital machines. This 
excludes a large class of calculating devices custom- 
arily lumped under the name of analog machines.' An 
analog machine is one which translates into some 
physical quantity each of the numbers entering a com- 
putation; that is, the physical quantity is the measure 
of the number. The analog machine then manipu- 
lates these physical quantities in accordance with the 
nature of the computation it is desired to carry out. 

‘For a description of analog computers and their uses, see 


D. R. Hartree, Calculating Instruments and Machines (University 
of Illinois Press, Urbana, 1949), Chapters 2, 3, and 4. 


Finally, the physical quantity resulting from such 
manipulation is measured—that is, turned back into a 
number—to obtain the numerical answer for the com- 
putation. A slide-rule is an analog machine. Numbers 
are represented, on the slide-rule, by lengths which are 
proportional to the logarithms of such numbers. To 
perform a multiplication, the lengths corresponding to 
the two factors are added, and the resulting total 
length corresponds to the product, being in fact pro- 
portional to the logarithm of the product. This total 
length is turned back into a number by means of the 
scales provided on the rule, and the calculation is 
finished. 

A digital machine also uses physical representations 
for numbers, of course; but instead of using a single 
physical quantity as the enlire representation of the 
number, and thus depending upon a highly accurate 
presentation, manipulation, and reproduction of the 
magnitude of this single physical quantity, a digital 
machine represents by a separate physical quantity 
each separate digit of a number. This permits a very 
much greater latitude in design for the digital machine; 
to handle numbers of ten digits, no part of a digital 
machine needs to be built with a precision of one part 
in 10° An analog machine, on the other hand, has 
no better over-all accuracy than that conferred on it by 
the precision with which it is built. 

Analog machines have been brought to a high 


“stage of perfection and usefulness. Beginning about 


1931, Vannevar Bush and his co-workers at M.LT. 
developed the celebrated differential analyzer, which 
was a mechanical device in its first embodiment. During 
and since the war, electrical differential analyzers of 
various designs have been constructed, and some of 
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these machines are currently available on the commer- 
cial market. We shall not concern ourselves here, how- 
ever, with such machines. We shall speak only of 
digital computers. 

In fact, we shall speak only of automatic digital com- 
puters. The meaning of this qualification is that we shall 
not deal with digital machines of the sort represented 
by the familiar adding machine, or the Monroe or 
Marchant type of desk calculator. Such machines are 
very old in conception and in realization, of course.? 
The first practical adding machine based on the use of 
number wheels was devised by Blaise Pascal in 1642; 
a machine capable of multiplication (by repeated addi- 
tion accompanied by suitable shifts) was designed by 
Leibnitz in 1671 and built in 1694. In 1820 Charles 
Thomas, a Frenchman, designed the first commercially 
successful machine; with minor modifications and im- 
provements, this machine was being built in Paris 
right up to the Second World War. 

We shall not even concern ourselves here with the 
familiar punched-card machines manufactured by the 
International Business Machines Company. These ma- 
chines stem from the work of Herman Hollerith, an 
employee of the U. S. Census Bureau, who in 1889 con- 
ceived the idea of using, for entering numbers into a 
machine and for reading out the results, holes punched 
in a card. A similar scheme had long been used for con- 
trolling the weaving of complicated fabrics on the 
Jacquard loom, and its application to computing 
machines had been proposed two generations earlier 
by Charles Babbage, of whom we say more later. 

Desk calculators and IBM machines are excluded 
from the present discussion because such a machine 
performs only one elementary computation at a time, 
and must be instructed anew before it can perform 
another. That is, we can enter on a desk machine the 
two factors entering a multiplication, and then rely 
on the machine to carry out the operation and display 
to us the product. But, before another multiplication— 
or indeed any other operation—is performed, we must 
ourselves inform the machine what numbers enter the 
new computation, and which operation is to be per- 
formed on these numbers. 

In an automatic machine, on the other hand, suffi- 
cient instructions are given the machine at the begin- 
ning, and the machine has sufficient capabilities within 
itself, to permit the whole of a complicated sequence of 
manipulations on many numbers to be performed by 
the machine without human intervention, once the 
signal to start has been given. Thus an automatic 
machine is basically different from a desk calculator; it 
is more nearly a mechanized simulacrum of the whole 
complex: human computer plus desk machine plus 
tables of functions for reference plus work sheet on 


? For a historical account of the development of desk computing 
machines, see the article “Calculating machines” in the En- 
cyclopedia Britannica. 
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which the course of the computation is sketched out, 
and intermediate results can be recorded. The idea for 
such an automatic machine is more than a century old, 
Charles Babbage, who was Lucasian Professor of Mathe- 
matics at Cambridge, conceived such a device—the 
Analytical Engine—and began to build it (on British 
government money) in 1835. The Analytical Engine 
was never completed, largely because the mechanica] 
engineering of Babbage’s day was not equal to the task 
of realizing his complicated designs, but its plan was 
astonishingly modern in terms of the ideas which stil] 
rule the automatic computer field today. 

One more qualifier is left. We shall speak here of 
high speed automatic digital computers. Earlier than 
the ENIAC, at least two types of automatic digital 
computers were designed and built. Professor Howard 
Aiken, of Harvard, built with the help of the IBM 
Company his so-called Mark I machine which was an 
electrically controlled, mechanically operated, auto- 
matic computer that was hailed as “Babbage’s dream 
come true.”* About the same time, at Bell Telephone 
Laboratories, a machine was built which qualified as an 
automatic digital computer according to the present 
definitions, and used electromechanical relays as ele- 
mentary computing and storage elements.® Both these 
machines were of limited speed because of their de- 
pendence on mechanical elements whose motion was 
necessarily slow in comparison with the actions in 
electrical circuits. In the ENIAC,® on the other hand, 
the operations within the machine are conducted en- 
tirely in terms of the circulation through electrical lines 
of electrical pulses, generated at a base rate of 100,000 
per second, and in terms of the registration of the 
effects of such pulses by means of electronic “flip-flop” 
circuits which can rest stably in either of two stationary 
states, yet be transferred from one state to the other 
in a fraction of a microsecond by a pulse of the correct 
sign. 

The time required in the ENIAC to add together two 
numbers, each of ten decimal digits, is 200 microsec- 
onds—200 millionths of a second. In terms of the times 
required by machines now under construction, this is 
long; addition times of about 10 microseconds are 
common in modern designs. But, in terms of the opera- 
tion of machines having mechanical elements, this is 
very fast indeed. 

In the remarks to follow, then, whenever the word 
“machine” is used, it will be understood to refer to a 
high speed automatic digital computing machine. Let 
us now turn to some general considerations on the over- 
all design of such machines. 


3H. P. Babbage, Babbage’s Calculating Engines (Spon, Ltd., 
London, 1889). 

4 Annals of the Harvard Computation Laboratory (Harvard Uni 
versity Press, Cambridge, 1946), Vol. I. 

5S. B. Williams, Bell Lab. Record 25, 49 (1947). 

6H. H. Goldstine and A. Goldstine, Math. Tables and Aids to 
Computation, 2, 97 (1946); D. R. Hartree, Nature 158, 500 (1946). 
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GENERAL REMARKS ON MACHINE DESIGN 


While any given machine must be designed as a 
whole, it is often useful to distinguish as separate vari- 
ous parts of the machine which have various functions. 
The more important of such parts are: 

First, the arithmetic unit. This device performs the 
individual arithmetical operations as required by the 
schedule of the computation being conducted. It is a 
very close electronic parallel to the familiar desk com- 
puting machine. ines 

Second, the inner or high speed memory unit. This, 
which is presently the least satisfactory part of ma- 
chines in existence or under design, is a device for 
registering numbers in a permanent way—either the 
numbers entering the problem or intermediate results— 
and keeping them accessible for use on demand as the 
computation proceeds. Any number in the memory 
must be available on demand in a very few microsec- 
onds. The memory is ordinarily so arranged that it can 
also store orders, which are instructions to the machine 
that govern the course of the computation. 

Third, the control unit. This part of the machine is in 
charge of the whole operation. It keeps track of the 
calculation, determines which individual operation 
should be performed next, and causes its execution. 

Finally, an input-output unit. This is necessary to 
enable the machine to communicate with its human 
masters. Through this unit, the machine is supplied 
initially with the data and instructions entering the 
problem; through this unit, the machine can also read 
out intermediate or final results. Often, the input- 
output unit is used to provide a large-capacity low speed 
storage (on magnetic wire or punched type) for num- 
bers and orders. This outer memory supplements the 
inner memory, since the latter is seldom as capacious 
as one would desire. 

When a mathematical problem is to be presented to 
such a machine, it must be programmed; that is, 
broken down into the individual steps to be performed 
successively. The numbers entering the problem must 
be supplied, and so must the orders, or instructions to 
the machine for handling those numbers. The input 
unit reads the program of numbers and orders into 
the memory unit of the machine at the beginning, and 
the work thereafter proceeds entirely within the 
machine. 

A typical order might be translated: “Take the num- 
ber in stored in memory location 1100 and multiply it 
by the number stored in memory location 2016. Put 
the product in memory location 1234 (erasing what 
stands there now) and then go to memory location 1161 
for the next order.’’ Orders are expressed in a code 
which gives them the appearance of numbers, so far 
as the machine is concerned. This has two advantages: 
each memory location can store either a number or an 
order, indifferently, and arithmetical operations can be 
performed on the pseudonumbers which are orders, 
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thus changing one order into another when this is re- 
quired as the computation progresses. 

The example of an order just given calls for a multi- 
plication. Similar orders govern addition, subtraction, 
multiplication, and sometimes certain other arithmetical 
operations. Another type of order, whose use greatly 
extends the scope of the machine, is the so-called 
“conditional transfer” order. This provides the machine 
with a sort of judgment, and enables the further course 
of a computation to be determined by the results to 
date, without the explicit intervention of a human 
operator. A typical conditional transfer order might 
say: “Compare the result of the last manipulation with 
the number stored in memory location 1648; if it is 
larger than that number, or equal to it, go to memory 
location 1174 for the next order; otherwise, go to 
memory location 1176 for the next order.” Such de- 
cisions are a prominent feature of the control of a com 
plicated calculation by a human computer using con- 
ventional methods. 

Numbers are represented within the machine by 
groups of non-linear elements each of which has two 
stable states: on or off. For electronic machines ‘of the 
present day, the non-linear elements are ordinarily the 
so-called “flip-flop” circuits derived from the multi- 
vibrator invented in 1919 by Eccles and Jordan.”? Two 
tubes are so coupled, in a flip-flop circuit, that when one 
tube is conducting, the grid of the other tube is biased 
far beyond cut-off. If a signal is received in such a sense 
as to swing positive the grid of the cut-off tube, then 
the current in this tube rises and at the same time the 
grid of the other tube is driven negative. In a fraction 
of a microsecond, this action culminates in a stable 
situation in which the tube that was formerly cut off 
is carrying full current, while the grid of the tube that 
was formerly conducting is. biased far beyond cut-off. 
Thus the system has two distinguishable stable states, 
and can by a pulse be transferred from one of these 
states to the other. 

The flip-flop is not the only device which realizes 
practically this requirement of having two stable states 
which we may call on or off. We shall see later that 
there are other, and sometimes simpler and cheaper, 
ways of achieving this end. Indeed, it is in this direction 
that we can expect much of the short-term progress in 
computing-machine design to lie. 

Since numbers are represented by a succession of 
elements which are either on or off, it seems natural to 
express numbers, for the purposes of the machine, in 
terms of the number system based on 2, rather than in 
the familiar decimal system based on 10. In the binary 
system—the base-2 system—each digit of a number 
has either the value 0 or 1, and the digits appearing in 
neighboring places with reference to the binary point 
(analogous to the decimal point in the base-10 system) 
differ in value by a factor 2, rather than by a factor 10 


7 W. H. Eccles and F. W. Jordan, Radio Review 1, 143 (1919). 
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as they do in the decimal system. Each number is then 
represented most economically, by a series of on-off 
elements, one for each digit of the number. The repre- 
sentation of decimal numbers in terms of on-off ele- 
ments is somewhat less economical, since it requires 
the use, to represent each digit, of a collection of on-off 
elements so arranged that the collection has ten dis- 
tinguishable stable states. These ten states are then 
used to represent the values, from 0 to 9, which the 
digit can assume. 

Most of the machines presently under construction 
use the binary system for internal purposes; this 
necessitates a transformation of numbers from decimal 
representation to binary representation at the start 
and the end of each calculation, but the machine itself 
can perform this transformation, and the time required 
for this conversion is small in comparison to the time 
needed for the internal manipulations of numbers by 
a machine during the solution of a problem. 

There is one other argument for the use of the binary 
system. Binary arithmetic is the arithmetic of logic, 
in a universe where a proposition is either true (one) or 
false (zero). The machine can, then, if it uses the 
binary representation of numbers, conduct its logical 
operations in the same formal terms as are used for its 
arithmetical manipulations. 

Let us now pause for a moment to discuss what is 
called “‘balance” in the design of a computing machine. 
This term refers to the simple idea that the most effi- 
cient operation will be achieved when the times re- 
quired to perform the various operations conducted 
by the machines are related to one another in a reason- 
able way. To take an absurd example, the requirement 
that the machine be able to perform whole sequences of 
computations automatically arises from its internal 
speed. There would be no sense in performing an addi- 
tion in 200 microseconds (as the ENIAC does) or in 
10 microseconds (as some of the new machines will do), 
if a slow-moving human operator had, at each stage, 
to copy off the result and then to enter the next two 
numbers to be summed. 

At a more sophisticated level, we must consider the 
balance of operating times within the machine. This re- 
quires a careful weighing of the relative times required 
for access to the high speed memory, for addition, for 
transfer of a number from one place to another in the 
machine, and for the repeated operations involved in 
multiplication and division. To a certain extent, de- 
cisions on the balance of internal operating times will 
be made on the basis of the type of problem for which 
the machine will mainly be used; thus, for example, a 
machine whose main task was to be addition or com- 
parison of numbers would desirably have a different 
internal balance of operating times from that appro- 
priate to a machine intended for processes involving 
many multiplications. But the balance of a general- 
purpose computing machine can also be specified, and 
attention to this design consideration is important. 
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It has already been stated that numbers are ordj- 
narily expressed in the machine in terms of their binary 
representation. There are two quite different ways of 
handling such numbers, both of which are in use jn 
machines now building. One is called the serial method 
the other the parallel method.* In serial operation, . 
number is transmitted from one place to another in the 
machine a single digit at a time, until the entire number 
is spelled out. In parallel operation, each digit of a 
number is transmitted on its own separate line, and all 
the digits of a given number are sent simultaneously. 

As usual, each of these schemes has its advantages 
and its disadvantages. The parallel representation is 
inherently faster, since the entire number is transmitted 
at once, while in the serial scheme a number is sent one 
digit at a time. On the other hand, the amount of 
equipment needed in a parallel machine is greater than 
that required for a serial machine, since in the former 
as many lines are needed for transmitting a given 
number as there are digits in the number, while jn 
serial operation all digits are sent successively down a 
single line. In a serial machine, exact timing is usually 
quite significant, since, for example, the successive 
digits of a number are distinguished from one another 
by their time of occurrence. In a parallel machine, on 
the other hand, timing is unimportant, since the place 
of a digit in a number is distinguished completely by 
the place at which it occurs in the machine. It is too 
early to say which of these schemes is the better abso- 
lutely, or the better under certain circumstances. They 
seem today to be competitors of approximately equal 
promise, and only further work and further develop- 
ment can determine which is the better. 

The detailed design of the inner, high speed, memory 
has a substantial influence on the choice of serial or 
parallel operation for a machine. The requirements on 
the inner memory are very simple but very challenging. 
It must be able to store at least hundreds, and prefer- 
ably thousands, of separate numbers or orders, and to 
do this in such a way that each is permanent and may 
be left stored for long periods without error, while at 
the same time it is accessible for transmission and use 
within a very few millionths of a second. 

The earliest machines, such as the ENIAC, used for 
an inner memory banks of flip-flop circuits, so that at 


least one pair of triodes was required to store each ° 


digit of each number in the inner memory. This is such 
an extravagant scheme that not very many numbers 
could be so stored; the ENIAC has in its inner memory 
a capacity of only 20 numbers or orders. 

It was clear that greater capacity of the inner memory 
is needed for achieving proper balance in a general- 
purpose computing machine. This problem has occupied 
machine designers for some time, and it still occupies 
them. The three types of inner memory in use are: 
first, a rapidly rotating magnetic drum on which the 


‘PD. R. Hartree (reference 1, Section 5.6). 
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digits of numbers can be stored as patterns of mag- 
netization ; second, a tube containing mercury or other 
liquid down which the signals representing digits of 
numbers can be sent as pulses of sound; and third, 
electrostatic schemes in which the digits of numbers 
are stored as patterns of charge on the face of an 
insulator. 

It is worth noticing that the magnetic drum and the 
sonic delay line are methods of dynamic storage in the 
sense that the numbers stored circulate continuously 
during storage, while the electrostatic scheme is one of 
static storage. It has therefore sometimes been said that 
the dynamic storage methods are best suited to a 
machine of serial type, while the static storage fits 
best a machine of parallel design. This is only partly 
true. A dynamic storage method produces one digit 
after another, to be sure; but a multiplication of the 
units used for dynamic storage (magnetic drums, mer- 
cury delay tubes) permits each digit of a given number 
or order to be entered on a separate memory unit, so 
that the whole number can be available at once, as it 
must be in a parallel machine. On the other hand, 
static methods of storage are not immediately suitable 
for use in a serial machine, but can be used if the digits 
of a number are read off from the static storage one after 
another. 

Let us now turn to a consideration of the capabilities, 
uses, and limitations of computing machines currently 
under design or construction. 


CAPABILITIES, USES, AND LIMITATIONS 
OF MACHINES 


The nature of the orders presented to a machine has 
already been mentioned. What we must understand at 
this juncture is that the number of orders a machine 
can appreciate and act upon—its vocabulary—is built 
into it by its designer. An analysis of the operations of 
arithmetic discloses that the operations of addition, 
subtraction, multiplication, and division can be defined 
in terms of the elementary operations “join” and 
“meet.”’ But the formalism necessary for this reduction 
is so complicated that it is more sensible to instruct 
the machine in terms of the four conventional operations 
of arithmetic than it is to reduce (in programming) 
every arithmetical operation to its basic terms as ex- 
pressed by the operations “join” and “meet.” How far 
can we profitably go in this direction of complicated 
arithmetical operation? Is it worth while, for example, 
to instruct the machine how to take square roots? 

The ENIAC is so instructed. On a single order, the 
ENIAC will take the square root of a designated num- 
ber. But the operation of extracting a square root is 
expressible in terms of the four elementary operations 
of arithmetic, and thus a machine which does not un- 
derstand a one-word instruction to take a square root 
can nevertheless extract such a root if it is provided 
with a sequence of orders designed to produce such a 
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result, by manipulations which the machine does 
understand. 

This is not a trivial point. To increase the vocabulary 
of a machine—to increase the number of single orders 
which it understands—greatly complicates the design 
of the machine. To simplify the machine by reducing 
its vocabulary greatly complicates the business of 
programming a problem for the machine. Here, too, a 
balance must be struck: between machine complexity 
and program complexity. 

In fact, we meet here one of the major differences of 
philosophy which has so far occurred in the design of 
machines. It can be illustrated by noticing that the 
Harvard Mark I machine is provided with a built-in 
table of four-place logarithms, so that it has the capa- 
bility to take the logarithm of a number by looking it 
up in this table. The designers of other machines have 
asserted that, since reference to a table of function 
values is one of the least efficient elementary operations 
performed by a machine, it is better and faster to have 
the machine calculate for itself any function values 
needed, using the infinite series expressing the function. 
The inefficiency of tabular reference arises because 
either function values are stored in the inner memory 
(which is already too small for proper balance in most 
calculations, and therefore ought not to be used up for 
function tables), or else function values are stored in an 
outer memory, where consulting them takes a very long 
time on the extremely rapid time-scale of the machine. 
The storage of the form of a function makes far smaller 
total demands on memory space, and the computation 
of needed values of the function is, in general, far 
faster than is consultation of the outer memory to find 
such values. Thus, in this latter philosophy, tables of 
functions are an anachronism existing today only be- 
cause not everyone interested in performing calcula- 
tions yet has access to a high speed automatic digital 
computing machine. 

Of course, the user of a machine often meets a situa- 
tion in which he must perform repeated calculations of 
the same kind. If this calculation is not one comprised 
in the vocabulary of the machine, it must be pro- 
grammed for the machine in terms of the elementary 
operations which are encompassed in that vocabulary. 
Once this is done, then the program which results can 
be preserved and used again and again. That is, an 
extended computation will ordinarily consist of a 
major routine and a number of sub-routines, the latter 
being of such a nature that they can be used, if neces- 
sary, over and over again as the main computation 
progresses. If, for example, the machine is not designed 
to understand an instruction directing it to take the 
square root of a number, then the square-root opera- 
tion can be programmed in terms of the four basic 
operations of arithmetic. If that program is saved, it 
can be used over and over again whenever the major 
computation demands that a square root be taken. As a 
machine is used for extended periods, the number of 
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such sub-routines which are built up and filed away 
for future use will be extended; and it is not too much 
to expect that programming will thereby be greatly 
simplified. 

It is of some interest to compare a high speed auto- 
matic digital computing machine to the human brain, 
and such comparisons have often been made in the 
past. Such a comparison must be very carefully made. 
From what we know now, the central nervous system 
of animals, including men, is composed of individual 
neurons or nerve cells which are on-or-off devices like 
the flip-flop. However, man’s central nervous system 
has ten thousand million such elements, while the most 
complicated computer so far built has only about ten 
thousand. This factor of a million which separates com- 
puting machines from brains is most important. For 
one thing, it permits the brain to perform its opera- 
tions with a very considerable redundancy, so that a 
failure in a single element of a single chain of neurons 
is not important in terms of the result. 

Present day machines, on the other hand, operate in 
a unitary way. The machine has so few “neurons” that 
it must use each as if it were infallible. This puts a 
fantastic premium on reliability in a computing ma- 
chine. Von Neumann has estimated that, if a machine 
of the present complexity and design is not to commit 
errors more frequently than one per four hours, on the 
average, then its individual parts must have such a 
reliability that one failure occurs per million million 
elementary operations. This is some thousand times 
better reliability than has so far been achieved in con- 
ventional telephone practice, where one failure occurs, 
on the average, per thousand million operations. One 
of the unanswered questions about computing machines 
is whether such a reliability can be achieved. 

This question has another side. We must ask whether 
such a reliability needs to be achieved. Are there not 
methods of checking which can, at every juncture, pro- 
tect a machine from the consequences of error? - 

The answer is that there are. Claude Shannon, in 
his important paper on the “Mathematical theory of 
communication,” has pointed the way to a method of 
checking which can correct automatically the errors 
that may be committed by a computer.'® The scheme 
involved, which is due to Hamming, requires, to be 
sure, that other numbers beside those involved in the 
computation be handled and transmitted, but ensures 
that failures in the machine will not affect the results 
of a computation. In effect, the use of such a scheme 
introduces redundancy for the sake of reliability, and 
thus moves the logical design of computing machines 
a step nearer the logical design of the brain. The ad- 
vantage of Hamming’s method is that it provides a 
prescription for introducing the needed redundancy in 


® Warren S. McCulloch, Elec. Eng. 68, 492 (1949). 

© C, E. Shannon and Warren Weaver, The Mathematical Theory 
of Communication (University of Illinois Press, Urbana, 1949), 
Section 17, p. 48. 
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the most economical and efficient way, as can be proved 
by Shannon’s communication theory. 

Probably one of the most promising directions of de. 
velopment now visible is this matter of evading jn- 
tolerable requirements for reliability by suitably chosen 
means of checking. Various rather simple-minded 
schemes for checking have been proposed in the past— 
for example, to put the same problem simultaneously 
on two independent machines, and then to compare 
the results—but the checking method mentioned above 
is the first to have a sound theoretical basis. 

Let us return to our comparison between computing 
machines and the brain. The individual on-off ele. 
ments of a computing machine operate about a thou- 
sand times faster than do the neurons of the central 
nervous system. This constitutes the principal superi- 
ority of computing machines to brains; in almost every 
other respect the computing machines which we now 
can build are incomparably inferior to the nervous 
systems which we all possess. 

We have already noticed the greatly superior com- 
plexity of the brain. Warren McCulloch, a professor of 
psychiatry at the College of Medicine of the University 
of Illinois, has observed that the complexity of the 
ENIAC, the most complicated machine yet built, is 
about that of the nervous system of the flatworm. 

In terms of space and power, there is no comparison. 
Your brain is contained in your skull, and it dissipates 
less than twenty-five watts even when it is in full 
activity. The ENIAC, a million times less compli- 
cated, fills a large room and uses 120 kilowatts of 
power. Twenty kilowatts more are needed to run the 
blowers which keep it cool. 

The great disparity between a machine and a brain 
must be taken into account in preparing a problem for 
solution on a machine. In the words of Lady Lovelace, 
the daughter of the poet Byron (she was speaking of 
Babbage’s Analytical Engine): “The machine can do 
only what we know how to order it to perform.” It 
can obey instructions exactly, but it must have in- 
structions or it will engage in an absurdity. This 
means that every possible eventuality of a complicated 
calculation must be visualized by the human computer 
when he programs the problem for the machine, and 
each such eventuality must be provided for in terms of 
explicit instructions. 

Professor Hartree calls this “taking the machine’s- 
eye view” of a computation, and he cites an instance of 
his own failure to do so.” He had failed to foresee that 
the argument in a trial solution might become negative, 
since he required finally a positive argument. In the 
absence of explicit instructions on this point, the ma- 
chine “did its best, and this was something quite 
sensible according to its structure and the limited in- 
structions which had been given to it, but quite different 
from the correct small extrapolation of those instruc- 


1H. P. Babbage (reference 3, p. 44). 
2D. R. Hartree (reference 1, Section 7.9, p. 92). 
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tions which a human computor would make as a matter 
of course.” 

Up to this point we have emphasized, and perhaps 
overemphasized, the degree to which a computing ma- 
chine is dependent upon its detailed design and on the 
orders it receives. The impression has probably been 
given that these determine entirely the operation of the 
machine. All this is quite true, under ordinary circum- 
stances, but there is another way of using a machine 
which is worthy of remark. 

I refer to the so-called “Monte Carlo” type of com- 
putation. This method replaces the exact analysis of 
a complicated problem with a sort of statistical experi- 
mentation. That is, under properly chosen safeguards 
to ensure randomness, solutions of the problem at hand 
are secured for many special cases, and the results are 
examined to determine the relative probability of vari- 
ous over-all occurrences. 

This will be clearer in terms of a specific example. 
The Monte Carlo technique has been applied to the 
problem of neutron diffusion in a scattering and ab- 
sorbing medium. Neutrons of a known energy distribu- 
tion fall on such a medium in a beam of known in- 
tensity; at 10 cm depth (say) what will be the neutron 
density and velocity distribution? At each encounter 
with a nucleus, a neutron has a certain chance of being 
captured, of being elastically scattered in one direction 
or another, or of being inelastically scattered with en- 
ergy loss of some amount or other. The probabilities of 
all these events vary with the energy of the incident 
neutron and are different for different target nuclei 
(for the absorber may and usually will contain more 
than one nuclear type). Rather than seeking an analyti- 
cal solution for this very complex problem, Ulam" has 
followed the detailed history of many individual neu- 
trons through the absorber, at each encounter with a 
nucleus determining the outcome by casting dice (in 
effect), the dice being suitably loaded to reproduce the 
probability structure appropriate to the event con- 
cerned. When this has been done for very many in- 
dividual neutrons, the statistics of their joint behavior 
presumably approaches that which would result from 
a full-dress analytical solution of the problem. 

A high speed machine is admirably adapted to apply 
this method, for its speed enables it to obtain a sta- 
tistically significant volume of results in a reasonably 
short time. However, if a machine is to do this, it must 
be instructed how to gamble. This is accomplished by 
providing to the machine, at each juncture where 
gambling is required, a random number whose size 
determines the result of the play. In fact, schemes exist 
for the generation by analytical processes—and there- 
fore by and within the machine itself—of “pseudo- 
random” numbers which have all the necessary proper- 


*S. Ulam, Symposium on Large-Scale Digital Calculating 
Machinery, Harvard University (September, 1949). 
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ties of randomness. D. H. Lehmer™ has proposed a 
particularly elegant and useful scheme of this sort. 
The pseudorandom numbers produced according to 
Lehmer’s prescription are easy to generate in a machine, 
and meet all of the standard tests for randomness. After 
one has made such tests, it comes as a distinct shock to 
find that all these numbers are divisible by 17. 

There are good indications that the Monte Carlo 
method may be one of the best ways for solving partial 
differential equations on a machine. Certainly its power 
and scope seem destined to grow. 


FUTURE TRENDS IN COMPUTING MACHINES' 


There are three important questions which concern 
the future of computing machinery which I should like 
to discuss. The first is: “Who is likely to possess large 
high speed computing machines in the future?” Some 
workers in the computing-machine field seem quite 
pessimistic about the ultimate wide availability of such 
machines, on the grounds that they are complicated, 
expensive, and difficult to keep in order. This is a point 
of view with which I entirely disagree. I fully expect 
that a competent high speed computer will very soon 
be regarded as an important and inevitable part of the 
research equipment of any university having even the 
most modest research pretentions. 

Thus, the computing machine is to be viewed not as 
being in the category of the large astronomical tele- 
scope, which is a pleasant but optional luxury for a 
university, but rather as being in the category of the 
electronuclear particle accelerator, which is a necessity 
for any university desiring to cultivate modern nuclear 
physics. It is a trifle surprising that so few American 
universities have accepted this view; in fact, only the 
University of Illinois is presently building a machine 
on its own funds for its own purposes. 

Of course, the wide availability and the general ac- 
ceptance of high speed computing machines will be 
greatly forwarded by improvements in reliability and 
reductions in cost. Such developments can be expected 
to arise from the continued developments in components 
and the improvement in the logical design of machines. 

Let us now ask: “‘How large, how fast, and how com- 
plicated should a large, high speed, general-purpose 
computing machine be?” It seems unlikely that ma- 
chines more involved than the ENIAC will ever be 
built. More recent machine designs are more ambitious 
in terms of speed of operation, in terms of the size of 
inner memory, and in terms of the general competence 
of the machine. In spite of this, such new machines 
have fewer tubes than the ENIAC; they use these 
tubes harder, so to speak. I think that the answer to the 
question of where to draw the line in designing a general- 
purpose computing machine is set entirely by con- 


44D. H. Lehmer, Symposium on Large-Scale Digital Calculating 
Machinery, Harvard University (September, 1949). 

6 L. N. Ridenour, Symposium on Large-Scale Digital Calculat- 
ing Machinery, Harvard University (September, 1949). 
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siderations of reliability. That is, a large general- 
purpose machine ought to be as big and complicated 
and competent as it can be made, subject to the limita- 
tion that it must not commit an error oftener than once 
every few hours. There is no other significant limitation 
on the total complexity of the device; for the machines 
which are now in design or construction are still quite 
inadequate to deal with many problems which we should 
like to put to them. 

One simple example is contained in a remark of 
Hartree, quoted to me by Professor Aiken. Hartree said 
that the fastest computing machine available today is 
still too slow by a factor of 10'° to solve the problem of 
the wave equation for the copper atom. Similarly, the 
people who are designing the air traffic control plan 
for the country are proposing to put computers in key 
locations on the airways of the country, to handle the 
problems involved in air traffic control. Preliminary 
estimates of the scope of these problems have indicated 
that present-day machines will be severely taxed to 
deal even with the volume of air traffic that exists 
today. 

We want, therefore, to make computing machines as 
large and as complicated as we can, for the most am- 
bitious machine which we can realize today is power- 
less in the face of problems that we can readily pose, 
but not yet solve. 

This brings us to my final question: “How can a 
computing machine be made more reliable, so that its 
complexity can be increased without increasing the 
chance of failure?” Much of the answer to this question 
will depend on the further development and the elabora- 
tion of the checking schemes which have already been 
referred to. However, the obvious way to increase the 
over-all reliability of present-day machines is to look 
toward as complete as possible an elimination from such 
machines of vacuum tubes and electromechanical relays. 
These two components are presently the major sources 
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of failure in existing machines, partly because they are 
so numerous, and partly because they wear out with 
continued use. We need computing elements that can 
perform the same non-linear functions as those we now 
achieve with tubes or relays, but elements which are 
far less prone to depreciation in use. 

The vacuum tube also has the disadvantage that it 
requires large amounts of standby power. McCulloch 
has remarked that, if a machine built on present prin- 
ciples were to have as many neurons as does the brain, 
it would require a skyscraper to house it, the power of 
Niagara to light its tubes, and the full flow of water over 
the Falls to keep it cool. There are now visible severa] 
developments which promise to compete with the 
vacuum tube for this and other purposes. First, semi- 
conductor devices of the type of the transistor seem to 
have great promise. Second, magnetic devices like those 
reported by the Harvard group at the September sym- 
posium hold out the hope that they can serve in the 
place of tubes, with much greater reliability and without 
requiring power.!® Finally, the pioneering work of 
Bowman" on electrochemical elements for computers 
offers a substantial promise in this same direction. 

Probably there is no more rewarding direction for 
computer development than to explore the possibilities 
of using unconventional elements in the design of such 
machines. If the vacuum tube can be replaced with a 
cheaper, simpler, and more durable device, then the 
over-all competence of practicable computers can be 
greatly increased. Such a development will being in its 
train a greater availability for computers of the present 
sort, and a wider general use of computing machines of 
all kinds. 


16 Way Dong Woo, Symposium on Large-Scale Digital Calculat- 
ing Machinery, Harvard University (September, 1949). 

17 J. R. Bowman, Symposium on Large-Scale Digital Calculat- 
ing Machinery, Harvard University (September, 1949). 
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A Lapping Technique: To Improve the Image Quality of Electron Microscope Lenses 


F. A. Hamm 
General Aniline and Film Corporation, Central Research Laboratory, Easton, Pennsylvania 


(Received July 25, 1949) 


One factor inherent in most electron microscopes is the magnetic asymmetry (astigmatism) in the objective 
lens. This is often due to imperfect machining, localized defects (impurities) in the iron, or grain anisotropies. 
The lapping technique described herein effectively reduces the effect of imperfect machining (misalignment 
of components). Critical faces and the bores through the pole piece are lapped with a series of powders 
(alumina) which increase in fineness until the final process is that of polishing. A set of jigs and laps (brass 
and hard wood) are described; their specifications and use so as to properly alter the critical pole piece 
surfaces are also described. Electron micrographs illustrating the value of this lapping procedure in the 


improvement in objective lens symmetry are included. 





INTRODUCTION 


URING the past few years the electron microscope 

has become an important research tool. Certainly 
one of the reasons for this is the improvement in speci- 
men preparation techniques. These improvements are 
the natural results of wider applications and the realiza- 
tion that artifacts must often be considered. However, 
because most laboratories, and especially the industrial 
laboratories, are usually hard pressed in applying the 
electron microscope to their particular urgent problems, 
relatively little time has been spent in improving the 
performance of the electron microscope itself. For ex- 
ample, each laboratory may have its own condition 
such as vibration, stray magnetic fields, high humidity 
and other accidental defects which may limit the per- 
formance of that particular instrument. With the ever 
increasing interest in greater resolution it has become 
imperative to evaluate more critically the various 
factors that may impair the instrument’s resolution. 
Hillier and Ramberg! have very adequately evaluated 
both inherent and accidental instrumental defects, and 
critical investigators have relied heavily on the in- 
formation already disclosed. 

It is the purpose of this paper, first, to describe a 
lapping technique which has been found useful for 
eliminating most of the prohibitive magnetic asym- 
metries inherent in electron microscope objectives, and, 
secondly, to illustrate the practical results observed 
after applying this technique. Cognizance of these 
asymmetries is seldom taken until the investigator 
becomes interested in resolving structures of 50A or 
less (or until micrographs are taken at very high instru- 
ment magnification). When the electron microscope is 
used at high magnification (15,000 or greater) the 

1 James Hillier and E. G. Ramberg, ‘The magnetic electron 
microscope objective: contour phenomena and the attainment of 
high resolving power,” J. App. Phys. 18, 48-71 (January, 1947). 
James Hillier, “On the adjustment and manipulation of the 


electron microscope,” Paper 32, EMSA Meeting, Toronto, Canada 
(September 9-11, 1949). 
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aforementioned defects may be readily observed. Al- 
though at times vibration is troublesome, it was 
observed that the most serious factor limiting the 
resolution of the electron microscope in this laboratory 
was the asligmatism inherent in the objective pole piece. 
This asymmetry has been almost entirely eliminated 
by reducing the mechanical inaccuracies of an objective 
pole piece by means of a lapping technique. Both pro- 
jector and objective pole pieces must be handled with 
care; mistakes in routine cleaning or in haphazard 
“polishing” techniques may be costly. It is hoped that 
the information disclosed herein may aid others who 
are interested in improving their instruments. 

The contributions made by Hillier’? and his co- 
workers should be emphasized again. It is hoped, how- 
ever, that this paper will stimulate other investigators 
to report on similar instrumental procedures which 
they have found to be helpful in eliminating or mini- 
mizing conditions which may limit the resolution of 
their particular instrument. For example, there are un- 
doubtedly some locations which are troubled by building 
vibrations. 

It should be understood that asymmetries in mag- 
netic lenses may also be due to inhomogeneities in the 
iron (pole pieces). Variations in the grain structure or 
orientation will obviously affect the distribution of the 
magnetic flux in the lens. These factors may be es- 
pecially troublesome if they occur near critical openings. 
This lapping technique obviously does not eliminate 
these sources of trouble. 

Occasionally small impurities are removed from the 
faces and the bores of the pole pieces. The small “‘pits’’ 
that remain should be eliminated insofar as possible by 
lapping until these surfaces are essentially smooth. These 
mechanical impurities are sometimes quite troublesome 


2 J. Hillier and E. G. Ramberg, ‘‘Further studies on the magnetic 
electron microscope objective,” Paper No. 41, joint meeting of 
EMSA and ASXRED Pittsburgh, Pennsylvania (December 7, 
1946). 
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TABLE I. 











A. Jigs (Brass) 


(1) One jig to hold (with a slide fit) the sections of both pole 
pieces when lapping their inside faces. The broad face of the jig 
that makes contact with the flat glass surface is three and one-half 
inches in diameter. This face is counterbored 0.031 in. deep with 
a 1.625-in. diameter. Item 6 in Fig. 1. 

(2) One jig equipped with a 0.125-in. bushing. This jig is used 
to hold the pole piece sections when the bores (holes through) are 
lapped. The bushing guides the shank of the lap. Item 7. 

(3) One jig to hold the short section of the objective pole piece 
when lapping the outside face. This jig has a hole (0.255 in.) to 
guide the lap. Item 5. 


B. Laps* (All laps are about 1 in. long; over-all length ncluding the 
0.125-in. shank is 3-4 in.) 
(1) Objective pole piece 
(a) 0.0610 in.—brass. 
(b) 0.0615 in.—brass. Item 2. 
(c) 0.0620 to 0.0625 in.—oak wood. Item 1. 
(d) 0.255 in.—brass; brass with soft solder babbit on one 

end—used with A and B powders. Item 3. 

(2) Projector pole piece 
(a) Short section 

(i) 0.0630 in.—brass. A section (0.0680 in.) was left 
ahead of the shank which could have been turned 
down to the required size if necessary. Item 9. 

(ii) 0.0650 to 0.0655 in.—oak wood. Item 11. 

(b) Long section 

(i) 0.0700 in.—brass. Item 8. 

(ii) 0.0710 in.—oak wood. A 0.0720-in. portion was 
separated from the first (0.0710 in.) portion by 
means of a deep undercut. The larger diameter lap 
was included in case it might have become neces- 
sary. The undercut prevents the larger lap from 
rubbing the inside pole piece face. Item 10. 


C. Powders 


Exolon” (aluminum oxide) 600 and 800 abrasives are used to 
lap. The soft iron in the pole piece is removed. 

Linde® types A and B (finest) polishing powders (aluminum 
oxide) are used on the wooden laps. Little or no metal is removed 
with the B powder. Minute scratches are removed probably by a 
plastic flow type of deformation. The particle sizes are very uni- 
form; the B type is reported to be less than 0.1 micron. 


D. Fluid 


Singer high grade sewing machine oil was used to make pastes 
with the powders. 








* 600 and 800 abrasives used with the brass laps; A and B polishing 
powders used with the oak laps. 

> The Exolon Company, Tonawanda, New York. 

¢ The Linde Air Products Company, unit of Carbide and Carbon, New 
York, New York. 

4 Singer Oil, Type D Stainless Heavy Grade, Singer Sewing Machine 
Company, New York, New York. 


in that more time is required to lap until a glossy surface 
is observed. It is conceivable that the effect of impurities 
might never be effectively reduced in some pole pieces ; 
consequently the use of a compensating pole piece 
spacer would become imperative. 

It would be difficult to evaluate the relative im- 
portance of grain structure, orientations, impurities, 
mechanical inaccuracies, etc. Probably these factors 
are all present in all pole pieces in varying degrees. 
However, it is worth while to eliminate the last one 
insofar as possible. The electron microscopist has little 
control over the other sources of trouble. 

Because the lapping technique was done critically 
and with good success, it was considered worth while to 
report on it, giving at least the essential details. It 
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should be emphasized that lapping the projector pole 
piece does not affect resolution, but it is desirable be. 
cause it does remove contamination, and it may make 
projector lens distortion more symmetrical. 


DISCUSSION 


This paper is concerned only with the practical aspects 
of improving the magnetic asymmetries inherent jn 
perhaps all objective lens pole pieces. The theoretical 
aspects are described in an earlier reference.' The term 
astigmatism describes a difference in focus in two 
mutually perpendicular directions. This difference was 
originally estimated to be as high as 50 microns in 
some objective pole pieces. This degree of astigmatism 
could have been more accurately determined by plotting 
objective coil current against known object displace- 
ment. Thus the difference in lens current required to 
bring the image in one plane into the same focus 
initially observed along its mutually perpendicular 
plane would be a measure of the degree of astigmatism 
as read from a predetermined curve. Such determina- 
tions are time consuming and unnecessary in practice, 
A hole in a thin membrane (collodion, silica, poly- 
styrene, etc.) or a round particle such as carbon black 
(camphor) serves as a convenient subject for evaluating 
objective lens asymmetries. High instrument magnifi- 
cation is a prerequisite to a study of this kind, and it is 
assumed that the terms “‘in focus,” ‘‘overfocused,” and 
“underfocused” are understood (precluding further 
discussion). 

Since this manuscript was first written a very perti- 
nent investigation has been presented.*? Through the 
courtesy of James Hillier the asymmetries exhibited by 
most of the electron micrographs have been quantita- 
tively evaluated. These asymmetries, expressed in 
microns, are included in the caption for each figure. 
These values represent the difference in focus between 
mutually perpendicular directions. Very slight differ- 
ences of $u can be detected. 


LAPPING TECHNIQUE 


The equipment‘ used in this lapping and polishing 
technique is listed in Table I with a brief description. 
The various items are illustrated in Fig. 1. 

Hillier' has very briefly described his procedure. This 
technique differs from his in three important respects: 
(1) The use of a 400 (coarse) lapping powder appears 
to be undesirable because it sometimes “tears” the soft 
iron. (The 600 powder removes metal at a good rate.) 
(2) Unless the pole pieces are dried immediately, water 
corrodes the newly formed iron surfaces. Furthermore, 


% James Hillier and Henry Froula, “On the testing of electron 
microscope objectives,’ Paper No. 4, RCA Laboratories, Prince- 
ton, New Jersey, presented at the EMSA meeting, Washing- 
ton, D. C. (Oct. 6-8, 1949). 

4 The items first used had been made with good precision by 
the Beeman Manufacturing Company, 1030 Haddon Avenue, 
Collingswood, New Jersey. Modifications and additional items 
have since been made in our own machine shop. 
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it is difficult to maintain a stable water paste of the 
lapping powders because of evaporation. The highly 
refined Singer oil does not corrode and lends itself to 
making stable slurries of varying consistencies. This oil 
js readily removed with acetone. (3) Straight laps are 
preferred to tapered (1°) laps because considerably more 
metal must be removed from one end of the bore when 
using a tapered lap. This invites trouble. Furthermore, 
the bores through the pole pieces might become ab- 
normally large if the lapping is repeated. At least 0.004 
in. of metal would have to be removed from one end 
of the bore, whereas only about 0.0015 in. of metal was 
removed with the straight lap using the 600 powder. 
Although no deep pits were encountered during the 
processing of two sets of lenses, it is conceivable that 
large impurities (pits) might be troublesome. If this is 
the case, tapered laps would be more desirable because 
they would preclude the necessity of making several 
straight laps. Obviously, the amount of metal removed 
by a lap is a function of the size of the particles in the 
lapping powder. 

It would be desirable to polish with a soft metal lap 
such as copper or lead. However, this is not feasible 
because these metals are not rigid enough. Hard wood 
(oak, maple) was found to serve better than brass for 
the final polishing with the fine powders. 

Before beginning the lapping it is imperative to 
mark both sections (of each pole piece) with respect to 
some mark (scratch) on the brass spacer. The pole 
pieces should always be assembled in the same way 
using these markings as a guide. This should be done 
before inserting the pole pieces in the electron micro- 
scope or before lapping the bores. The bores through 
both sections of the objective pole piece should be lapped 
with the pole piece assembled. This is not necessary 
with the projector pole piece; the bore through the long 
section has always been larger (0.070 in.) than that 
through the short section (0.063 in.). Should the bores 
in the objective pole piece not exhibit good alignment, 
lapping should be continued until good alignment is 
realized. 

A sufficient supply of a fairly thick paste of each 
powder is prepared so that all surfaces may be lapped 
before proceeding to the next finer powder. The inside 
faces (within the spacer when assembled) were lapped 
first with the 600 powder. The pole piece section does 
not rotate within the jig; the lapping is done with a 
rotary motion on a thick glass plate, preferably of good 
quality (flat). The assembly is lifted occasionally from 
the plate, turned to a new position, and then lapped as 
before. The pole piece is also rotated within the jig to 


5 Since originally submitting this paper for publication it has 
been learned that some RCA e.m.u. electron microscopes have 
been equipped with objective pole pieces having sections with 
bores of unequal size. Thus, each section might be lapped sepa- 
rately, but it is almost imperative to lap this pole piece assembled 
to insure proper alignment of the openings. Consequently the 
bore through the one section must be carefully enlarged to the 
same size as the other one. 
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eliminate any results due to possible imperfections in 
the jig. If the assembly is periodically rotated and the 
lapping done with a rotary motion, all directional effects 
will be eliminated. This same procedure is carried out 
with all subsequent grades of powder. All traces of the 
powder last used should be removed before proceeding 
to the next one. This can best be done by using lens 
tissue® wet with the oil, wrapped around a toothpick 
when cleaning the bore. A little pressure (index finger) 
is used in lapping the faces. The outside of the pole 
piece may be lubricated with the oil so that it is more 
readily pressed through the jig (slide fit). 

After lapping the faces, especially with the 600 
powder, a “burr” usually forms around the lip of the 
bore. This burr should not be removed by inserting the 
bore lap from either end. Apparently the lap (brass or 
wood) picks up the soft iron in relatively large pieces; 
then on withdrawing the lap the bore is scratched and 
sometimes badly torn. Instead, these burrs are best 
removed from the entire bore periphery by rolling up 
a small piece of crocus cloth into a cone shape, inserting 
the apex of the cone into the bore and gently turning 
the cone against the burr. At no time was there any 
evidence of a bevelling action on this lip. Both the bores 
and the faces are lapped to give as smooth a finish as 
possible with the given powder before proceeding to 
the next finer powder. Burrs are not usually formed 
when the finer powders A and B are used. 

Early in this investigation it was observed that the 
smaller faces (long section of objective pole piece) 
could always be polished to a higher gloss than the 
larger faces. It appeared that the larger face was picking 
up “dirt” from the brass jig which then “stained” the 
pole piece face. To eliminate this, the large face of the 
jig, which makes contact with the glass during lapping, 
was counter-bored 0.031 in. deep to a diameter of 1.625 
in. The pole pieces were then lapped with a rotary 
motion using a short stroke so that the lapping paste 
remained within the counter-bore. This procedure per- 
mitted the polishing of the large faces to the same gloss 
that had been observed earlier on the small faces. 

The outside face of the short section of the objective 





Fic. 1. Laps and jigs described in Table I. 





6 Ross-Adams lens tissue sold by Clay-Adams Company, Inc., 
New York, does not readily tear and will not scratch the pole 
pieces. 
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Fic. 2. 100,000X. Diatomaceous earth particle. Severe astig- 
matism. Note the several orders of Fresnel fringes in the vertical 
direction. Asymmetry of 20-25y. 


pole piece tarnishes very quickly because it is just 
below the specimen and because it is sprayed with 
electrons scattered by the specimen. This face should 
be polished occasionally, but care must be exercised so 
as to avoid introducing asymmetries. Furthermore a 
burr may form around the periphery of the bore when 
the bore is lapped ; this must be removed. To accomplish 
these purposes, a jig was made to fit over this short 
section. A hole (0.255 in.) in the exact center guides a 
brass lap of similar dimension. This lap, used with the 
600 and 800 powders, is used to lap the flat face and 
remove the burr. The lap must be “faced-off” (in a 
lathe) occasionally because the burr may cut into the 
brass lap. To polish this pole piece face, a similar lap 
is made, equipped on one end with a soft solder bab- 
bit which must also be faced-off periodically. The A 
powder embeds in the babbit so it must be removed 
before using the B powder. It is suggested that this 
babbit lap be used quite frequently with the B powder 
to remove the contamination that is the result of the 
effect of the electron beam. 

Lapping the bores of the pole pieces must be done 
with caution. The hole must be enlarged gradually and 
symmetrically. The early work on the bores suggested 
the use of the 600 powder instead of the 400 powder. 
The Beeman‘ jig served its purpose very well. The 0.125- 
in. bushing (1.5 in. long) guides the shank of the lap 
so that it runs “true.” The hole for the pole piece is 
about 1} in. long (slide fit) so that if the laps are 
properly made the finished bore should be perfectly 
symmetrical. In practice the abrasive paste is placed 
within the bore before inserting the pole piece in the 
jig. The clean lap is then inserted through the bushing 
(lubricated) and lapping carefully started when the 
lap meets the bore. The ends were pointed, merely to 
aid in starting the lap in the bore. The objective pole 
piece was inserted in the jig so that the lap went through 
the short section first. 
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Lapping is accomplished by rotating the lap back 
and forth through an arc of about 180°C. The lap ig 
periodically withdrawn, rotated slightly, reinserted, 
and lapping continued as before. This ensures sym- 
metrical action around the entire bore. The pole Piece 
is tightly held in the jig with the index finger. Occa- 
sionally large scratches or tears developed during the 
early work. This was very probably caused by some 
hard grit which had accidentally gotten into the system, 





Fic. 3. 112,500. Compare with Fig. 2. Very slightly 
underfocused. Different lens. 4—5y. 


The later work was carried out in a cleaner environ- 
ment, and no trouble was experienced. The bore diam- 
eters of the pole pieces in the RCA e.m.u instrument 
have been varied slightly during the last few years; 
the bore in the long section of the projector pole piece 
is apparently always the largest. These bore diameters 
should, of course, be carefully measured before making 
the laps. 

The hard wooden laps used for the final polishing 
show signs of wear after some use. By cutting a few 
grooves (with a razor blade) parallel to the long direc- 
tion of the lap and soaking the lap in oil, a sufficient 
increase in diameter results so that these laps may be 
used repeatedly. It might be expected that these wooden 
laps do not wear evenly. Although this may be true 
at times, it is of no significance when polishing with 
the fine powders. 

These wooden laps were used very successfully for 
polishing the bores. For this reason hard wood laps 
were made to polish several other surfaces. For example, 
the bores through the specimen holder and the special 
Armco iron sleeve in the intermediate screen assembly 
are occasionally polished with wooden laps (oak) to 
remove tarnish. This procedure is desirable because 
polishing these surfaces makes them smoother so that 
they are more readily cleaned with lens tissue in the 
routine way employed by many investigators. In both 
cases, the wooden laps may be held in a small drill 
press; the polishing is then done by moving the metal 
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surface up and down over the lap. Hand polishing is 
preferred because better control is realized. 

The cleanliness of the inside conical face of the short 
section of the projector pole piece is very important, 
especially at high instrument magnification. At high 
projector lens current values the imaging beam of 
electrons is spread so that many of the rays strike the 
inside of the bottom (short) section of the pole piece. 
The final image may be of a poor quality if the beam is 
affected by contamination which may acquire a charge. 
A wooden lap (maple) was made to polish this face with 
the A or B powders. This lap is illustrated as item 4 
in Fig. 1. The conical shaped portion (45° cone) is 
0.853 in. long, with the sharp apex of the cone rounded. 
The short section of the projector pole piece is screwed 
into the brass spacer. The spacer is fitted into the jig 


TABLE II. Instrumental operating conditions. 








(1) Self-biased gun (saturating between 200 and 250 micro- 
amperes), filament distance from grid (gun focusing aperture) 
about 4 mm. “Home made” filament—sharp apex bent over a 
razor blade. “Cross-over” image of source approximately normal 
to the astigmatic plane. 

(2) Primary fluorescent viewing screen removed. Brass plate 
substituted for the usual primary viewing window and copper 
screen. These changes eliminate some contamination, which may 
subsequently charge up and cause movement of the beam. 

(3) Condenser current*= 84 milliamps; this provides an angular 
aperture of illumination to the specimen of about 4X 10~ radian. 

(4) Mu-metal shielding between objective and projector lenses 
to eliminate stray magnetic fields. 

(5) Intermediate fluorescent viewing screen removed. Armco 
iron sleeve in intermediate screen assembly to maintain magnetic 
symmetry within the upper part of the projector lens (see refer- 
ence 1). 

(6) Objective lens focusing circuit modified to give threefold 
sensitivity over the standard e.m.u.-2A circuit. 

(7) Strict cleanliness of entire microscope column (gun) ob- 
served. 

(8) Voltage alignment always used. Magnetic alignment is not 
superimposed ; magnetic center of rotation just off the final viewing 
screen. 

(9) No objective aperture. 

(10) The micrographs were taken at tap 9 or 10 using the high 
gain projector spacer. 








* Some of the data were calculated from information received in a private 
communication with Dr. James Hillier, RCA Laboratories, Princeton, 
New Jersey. 
with the 0.125-in. bushing, having used tissue paper as 
a shim. The jig is then placed in the collet of a lathe, 
which is run at about 400 r.p.m. Polishing is accom- 
plished by moving the wooden lap in and out (by hand) 
along one side of the cone face. A shoulder at the base 
of the cone prevents the cone from being inserted too 
far. Thus, this lap does not. touch the bore. This pro- 
cedure removes the surface contamination, and the tin 
plating, so that the copper plating is exposed. Some- 
times the tin plating on a new pole piece separates from 
the iron within the bore of the pole piece. A burr of this 
type could be troublesome and might readily tend to 
catch small contaminating particles. The lapping tech- 
nique described earlier effectively removes this tin 
plating. 

After carrying out any of the aforementioned steps in 
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Fic. 4. 112,500X. Portion of a diatom. The astigmatism is 
manifest as a ghost image due to overfocusing along one direction. 
Before lapping. Abnormally bad asymmetry of about 60u. 


the lapping procedure, the oily paste is best removed 
by wiping the surfaces with a good quality lens tissue.® 
After the lapping has been completed, the oil and last 
traces of powder are best removed by immersing the 
lens components in two successive baths of high grade 
(dirt-free) acetone. The critical surfaces should not be 
allowed to dry for the last time without first wiping 
them with lens tissue wet with fresh acetone. No 
evidence to suggest the incomplete removal of oil has 
ever been observed. Complete removal of the oil is 
absolutely imperative for several reasons, the most im- 
portant being the fact that the electron beam would 
probably act on the oil (radiation-chemical) so as to 
cause severe contamination. 





Fic. 5. 112,500. Diatom very slightly underfocused. Same 
lens after lapping. 134. This very small asymmetry would have 
been more obvious at exact focus. 
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Fic. 6. 112,500. Thin film of Formvar. 14. Possibly a 
trace of specimen drift. 





Fic. 7. 48,000. 200A (calc.) thick film of silica. Too far 
underfocused to detect the 14u-asymmetry. 


DISCUSSION OF ELECTRON MICROGRAPHS 


The practical use to which the electron microscope is 
put is very largely based on the photographic record of 
the images observed. Because it was the purpose of 
this investigation to increase the “instrumental re- 
solving power” most of the micrographs will be in- 
terpreted with this in mind. The “Report of the 
electron microscope society of America’s Committee on 
Resolution’” has been used as a guide in choosing the 
terminology. Thus, the “instrumental resolving power” 
is based on measurements made on the photographic 
record of an image taken under ideal conditions (speci- 
men, photographic, instrumental, etc.). The “quality 
of the micrograph” is more closely associated with the 
information revealed in relation to what was hoped for 
in any given investigation; although it is a function of 


7 J. App. Phys. 17, 989-996 (1946). 
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the performance of the microscope it is probably most 
closely related to the quality of the electron micro. 
scope specimen. A few electron micrographs are illys- 
trated to demonstrate their high quality as a result of 
better instrument performance. For the sake of cop. 
venience the “minimum distance between adjacent 
particle centers” is used to evaluate the instrumenta] 
resolving power. Reliance on micrographs is, of course 
necessary. Most of the micrographs are illustrated in - 
effort to demonstrate the effectiveness of the pole piece 
lapping technique in eliminating astigmatism rather 
than to claim some specific optimum resolving power, 

In order to make a fair appraisal of the lapping tech- 
nique it is imperative to eliminate the effects of all 
other variables. Unless otherwise stated, the operating 
conditions apropos of these micrographs are briefly 
summarized in Table II. 

Figure 2 illustrates an extreme case of astigmatism. 
The underfocused portion of the image shows at least 

















Fic. 8. 160,000. Sublimed organic pigment. Poor image quality. 
Before lapping. 





Fic. 9. 160,000. Unshadowed silica replica of a silver bromide 
crystal. Good image quality. After lapping. 
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four orders of Fresnel fringes, indicative of good instru- 
ment performance. On the other hand, the image along 
the horizontal plane is in better focus (exhibiting no 
diffraction fringes) thereby demonstrating the astigma- 
tism of this objective pole piece. Experience suggests 
that this amount of asymmetry (20-25) is not un- 
common in many objective lenses. 

Figure 3 is a very slightly underfocused image of the 
same specimen photographed with a different objective 
pole piece. The image is too close to being in focus so 
that only the first-order Fresnel fringe is exhibited. 
The symmetrical distribution of the white halo around 
the entire periphery of the hole (diatom) indicates a 
lens of good quality. 

Astigmatism always becomes more pronounced as 
the image is brought toward exact focus. This is sig- 
nificant because in any critical investigation requiring 
high resolution, reliance on well-focused images should 
be made. In cases where the specimen is extremely thin 
and has little scattering power, a slightly underfocused 
image reveals more information because of its greater 
contrast due to phase delay phenomena. By varying 
the current in the vernier (fourth potentiometer) of 
the modified objective focusing circuit, the astigmatism 
can be detected and measured qualitatively in terms of 
vernier divisions. 

Figures 4 and 5 again illustrate the effect of the 
lapping technique. The holes in diatoms conveniently 
serve this purpose. The image (Fig. 4) in the plane 
perpendicular to the arrow is badly overfocused (focal 
length too short) ; the parallel direction is in better focus. 
Figure 5 illustrates a high quality image of the same 
specimen after lapping. Because diatoms are relatively 
thick, a thin white halo appears just within the holes 
even though the image is, for all intents and purposes, 
in focus. (As a result of the quantitative evaluation® 
this image is now considered to be one or two microns 
underfocused.) 

About one month after the pole pieces had been 
lapped and polished for the first time it became neces- 
sary to polish them again. The bores through and faces 
(especially on the objective pole piece) had become 
badly “tarnished.” (This tarnish may have been a 
contamination coming from the particular type of 
specimen during exposure to the electron beam.) It was 
decided to lap the objective pole piece again lightly, 
starting with the 800 powder. The micrographs in 
Figs. 6 and 7 were taken subsequently. Although the 
contrast in these figures is poor (no objective aperture) 
the images still exhibit about the same amount of 
asymmetry. Because the asymmetries were almost 
entirely eliminated, it has been unnecessary to use a 
compensating objective pole piece spacer described 
earlier by Hillier and Ramberg.’ It is felt that it is more 
desirable to eliminate the asymmetries insofar as pos- 
sible by lapping rather than by using a compensating 
spacer because laps and jigs must be made anyway in 
order to occasionally remove the pole piece tarnish by 
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Fic. 11. 56,000. Same preparation as above. 
Good image quality. 


polishing. If this is done, only a little more effort is 
required to complete the job by carrying out the entire 
lapping procedure. It is conceivable that a compensating 
objective pole piece spacer might be very desirable for 
routine work even after lapping, depending upon how 
badly asymmetrical the pole piece might have been 
initially due to reasons discussed earlier. In any case, 
the last traces of astigmatism can perhaps only be re- 
moved by compensation. 

Admittedly, it is not entirely fair to compare the 
image quality of micrographs taken of different speci- 
mens. However, Figs. 8 and 9 are illustrated for com- 
parison. Both types of samples are very stable in the 
electron beam, and both micrographs (photographed at 
20,000X) represent the optimum quality possible at 
the time that the micrograph was taken. The difference 
in image quality is undoubtedly due to the difference 
in the performances of the lenses. The magnification in 
both these figures is 200,000 diameters. The absence of 


277 











Fic. 12. 160,000X. A silicon monoxide replica of mica shadowed 
with Pt-Pd. Good image quality. 


specimen drift, always a serious problem, should be 
noted. 

Experience during the past several years suggests 
that image quality is often attributable to the per- 
formances of the electron microscope lenses. Figure 8 is 
several years old, whereas Fig. 9 was taken since the 
lenses were first lapped and polished. Note how much 
more “crisp” the latter image is. The contrast is poor; 
the specimen was not shadowed. The latter image is 
however, capable of resolving structure at least on the 
order of 25A. 

Figures 10 and 11 represent a comparison of the 
same specimen, Indanthrene Blue RS, dispersed ultra- 
sonically, demonstrating the “‘before and after” version 
of the lapping technique. Figure 10 is slightly under- 
focused. Underfocusing invariably causes the image to 
be more crisp and to have more aesthetic appeal. Never- 
theless, Fig. 11, taken after the pole pieces had been 
processed, is much more crisp and suggests, even at 
this low magnification, the improvement in resolving 
power due to the lapping technique. 

The structure in Fig. 12 was exhibited by a silicon 
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monoxide replica of mica, shadowed at 10° with a 
platinum-palladium alloy. This structure appears as an 
undesirable “background grain’ when the replica js 
used as a substrate for other objects (viruses, bacteria, 
etc.). The structure is typical of platinum-palladium 
shadowing metal, especially when the metal is relatively 
thick. Although the image is slightly underfocused, the 
quality is good and superior to that possible with an 
“average” objective lens. It should be emphasized that 
this micrograph and all the others were taken at very 
high instrument magnification. : 


CONCLUSION 


The effect of astigmatism, an objective lens asym- 
metry, has been illustrated. A procedure for minimizing 
this inherent defect is outlined. This process involves 
lapping and polishing with fine abrasives all critical 
surfaces on the objective (most important) and pro- 
jector pole pieces. Routine polishing with the B powder 
should be done frequently to remove contamination. 
High quality high magnification electron micrographs 
necessitate routine polishing at least once a month and 
preferably more often. 

Improvement in the instrumental resolving power 
based on measurements made on micrographs was 
illustrated. No specific optimum resolving power is 
claimed. The elimination of astigmatism and the general 
improvement in image crispness unquestionably permit 
greater resolution. A reduction in objective lens asym- 
metry from about 60y to about 1}, has been illustrated. 

Since this initial investigation was completed, another 
objective pole piece was processed in the same way. 
The gratifying results add weight to the significance of 
this technique. 
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Separation of Gases by Fractional Permeation through Membranes 


Sot WELLER* AND WALDO A. STEINERT 
Research and Development Branch, Bureau of Mines, Pittsburgh, Pennsylvania 


(Received September 19, 1949) 


The permeability of a number of thin organic films toward oxygen and nitrogen has been measured. For 
an ethy! cellulose film the studies were extended to include CO2, A, He, and H2. The enrichment of a binary 
gas mixture in a single stage of permeation has been calculated for the extreme cases of perfect mixing and 
no mixing. Application of these results indicates that the use of a fractional permeation process may be of 
practical importance in effecting the separation of oxygen from air, helium from natural gas, and hydrogen 


from coke-oven gas, as examples. 





INTRODUCTION 


HE fact that non-porous rubber membranes show 
a higher permeability to O. than to N2 has been 
known for almost 120 years' and has formed the basis 
for several old patents for the enrichment of air.’ 
Apparently, little attention has been paid in the interim 
to the possible practical importance of this selective 
permeability behavior. Most of the work which has 
been reported on the phenomenon has been done on 
rubber membranes,’ although scattered investigations 
have been made on other materials.* ® 
In 1942, von Elbe,® working with stretched films of 
natural rubber, found that air, diffusing from a pressure 
of 4 atmos. to atmospheric pressure, was enriched to 
an O, content of 33 percent, corresponding to a value 
of 2.4 for the ratio of the permeability constants of 
O. and Ne. Von Elbe’s stretched films, which had a 
thickness of only 0.00038 cm, possessed a permeability 
coefficient toward O,2 of 1.6X10-* mole O2 atmos. 
cm~ min.—!. Calculations based on these results in- 
dicated that a multistage permeation process for ob- 
taining O2 from air was economically unfavorable com- 
pared with the Linde process by a factor of about 2, 
with the possibility of major improvements if films of 
superior properties could be found. It was realized 
that, for possible practical use in effecting the separa- 
tion of gases, films should have the following qualities: 
(1) high absolute permeability, to minimize the area of 
film required; (2) high selective permeability toward 
the desired gas, to reduce the power required for the 
separation; and (3) chemical and physical stability. 
Consideration of literature data**® showed that many 
types of films probably would not be useful because of 
failure to satisfy the first requirement; among these 
were Cellophane, cellulose acetate, Nylon, polyvinyl 
chloride, polyvinylidene chloride, and rubber hydro- 








* Physical chemist. 

t Physicist. 

1 J. V. Mitchell, J. Roy. Inst. 2, 101, 307 (1831). 

?P. Margis, D.R.P.17981, Class 12 (August 7, 1881); M. 
Herzog, U.S. 307,041 (October 21, 1884). 
( +See, for example, G. J. van Amerongen, J. App. Phys. 17, 972 
1946). 

*R. M. Barrer, Diffusion in and through Solids (Cambridge 
University Press, London, 1941), Chapter IX. 

5D. W. Davis, Mod. Packaging 19, 145 (1946). 

°G. von Elbe, U. S. Bureau of Mines (unpublished work). 
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chloride. It was considered desirable to test at least 
rubber, ethyl cellulose, polyethylene, and polystyrene. 


EXPERIMENTAL PROCEDURE 


The apparatus used to measure permeability was 
quite simple. A small Seitz bacterial filter was modified 
to hold the sample of film which was supported on one 
side by filter paper backed by 30-mesh wire screen. 
The exposed area of film was 18 sq. cm. In determining 
permeability to pure gases, the film holder, which was 
immersed in a thermostated water bath, was simul- 
taneously evacuated on both sides of the film with a 
rotary oil pump. The pump was then closed off, the 
pure, dried gas was admitted on the unsupported side 
of the film to the desired pressure, and the rate of gas 
permeation was followed by measuring the rate of 
pressure increase in an enclosed volume on the sup- 
ported (low pressure) side of the film with a tilting 
McLeod gauge (0-5 mm range). The enclosed volume 
on the low pressure side was calibrated so that the 
permeability could be expressed in standard units. 
Typical pressure-time curves, in this case for O2 and 
N:2 through a 0.023 mm polyethylene film, are shown 
in Fig. 1. 

The determination of pressure-time curves was con- 
venient for the study of pure gases but not for gas mix- 
tures. In several cases when gas mixtures were used, 
the composition of the permeated gas was determined 
by connecting the low pressure side of the film holder 
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Fic. 1. Permeability of 0.023-mm polyethylene to O2 and Noe. 
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TABLE I. Film permeability to oxygen and nitrogen at 30°C. 











meability, 
meability, A, i 
Film at os —_ Koy at 21- 
Sup- oy mos.~') X10* Kos _— anton 
Material plier* (mm) Kos Kn: Knz mos.~! X 106) 

Ethy] cellulose A 0.0266 48 20 2.4 3.8 
Ethy!] cellulose B 0.0255 46 14 3.3 
Ethy! cellulose C 0.00755 94 30 3.1 
Polyvinyl 

chloride-acetate A 0.051 18 1.2 1.5 
Vinyl resin and 

Buna N rubber A 0.051 0.70 0.58 1.2 
Natural rubber latex A 0.19 181 86 2.1 11.0 
Naturalrubberlatex G 0.0515 114 44 2.6 
Resproid 1404 E 0.11 30 11 28 
Polyethylene D 0.038 2.1 0.79 2.7 0.6 
Polyethylene F 0.023 2.2 088 2.5 
Polystyrene D 0.025 13 044 3.0 0.8 
Cellulose acetate B_ 0.028 21 #12 18 0.4 
Cellulose propionate B 0.023 28 09 3.2 
Kel-F H 0.051 2.34 1.17 2.0 
Koroseal I 0.038 0.37 0.15 2.4 








* Suppliers: A, Reynolds Metal Company; B, Celanese Corporation of 
America; C, cast in laboratory; D, Bakelite Corporation; E, Respro Inc.; 
F, Plax Corporation; G, cast in laboratory, rubber latex supplied by 
American Anode Inc.; H, M. W. Kellogg Company; I, B. F. Goodrich 
Company. 

b Calculated; density of ethyl! cellulose taken as 1.14 g/cu. cm, of rubber 
as 1.07 g/cu. cm. 

© Reference 5. 


directly to the intake of a mass spectrometer. The 
procedure was otherwise identical with that outlined. 
In some experiments with air, superatmospheric pres- 
sure (4 atmos.) was used, which resulted in the pro- 
duction of enough sample in 16 hours to permit analysis 
of the permeated gas by Orsat apparatus. 

Most of the films studied were commercial films 
supplied by the manufacturer (see Table I). Films of 
ethyl cellulose and of rubber were also cast from solu- 
tion in the laboratory with the use of Bird film-applica- 
tors. It was found possible to make a multiply drawn 
film of ethyl cellulose, having a total thickness of only 
0.0075 mm (0.0003 in.), which did not show any leak- 
age; i.e., the film maintained its selective permeability 
toward oxygen. 


CALCULATION OF ENRICHMENT 
IN SINGLE STAGE 


We assume the permeation of components A and B 
in a binary gas mixture to obey Fick’s law, the rates of 
permeation of each component through the film area, 


dd’, being 


—dna=Qad > [P(na)/(nat Np) 

— p(na’)/(na' +n’) } 
—dng=Qad > [ P(nz)/(na+ns) 

— p(ng’)/(na'+nz’))}. (1) 


P is the high pressure, p the low pressure, m4 and nz 
the moles of A and B, respectively, flowing per unit 
time on the high pressure side, m4’ and mj,’ the corre- 
sponding moles flowing on the low pressure side, and 
Qa and Qz the permeability coefficients (uncorrected 
for thickness) of A and B. 
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In the limiting case, where the composition of gas 
on the high pressure side is held equal to the inlet 
composition and the permeated gas is immediately 
removed by evacuation of the low pressure side, maxi- 
mum enrichment of A is obtained (for Q4>Qz) and the 
ratio of molar flow rates for the components of the 
permeated gas is given by 


na'/np' =dn4/dng=Qa/Qp-na?/np’=an4"/np, (2) 


where a=Q4/Qzs and 4° and mz° are the entering 
molar flow rates of A and B. 

If a finite fraction of gas entering a stage permeates 
during that stage, the composition of the permeated 
gas depends on the nature of the flow conditions on the 
high and low pressure sides of the film. Only two ex- 
treme cases, corresponding to perfect mixing and to no 
mixing, will be considered. 


Case I 


Perfect mixing of gases occurs on both sides of the 
film. The conditions are represented by the following 
diagram. 

P, w, Va" P, nn’, Val 


—> —_—————— 


——J-!-!-!-!- 


7 7 
\?, nN, Ya 

















n° moles of gas per unit time (n°=n4°+n,°) of com- 
position Y4° [Y4°=n4°/(n4°+n~°) | enter the stage at 
pressure P. Leaving the stage per unit time, still at 
pressure P, are n/ moles of unpermeated gas having a 
mole fraction of A equal to Y4’. The n’ moles of gas 
permeating per unit time at pressure p have the com- 
position described by Y 4’. It is assumed that the rate 
of mixing on the high pressure side is so rapid, compared 
with the rates of flow, that the unpermeated gas has, 
at all points in the stage, the same composition as the 
unpermeated gas leaving the stage. In the steady state, 
the following equations of continuity and conservation 
must be satisfied : 


n'V4'=Q4 -[ PV a!—pVa'] (3) 
n'(1—V4’)=Qz D[PU-VYa—p(i-Va’)] (4) 
n°= ni +n’ (5) 

n°Y =n V sf+n'V 4’. (6) 


Let a=Q4/Qz, B=n'/>Qa. From Eqs. (3) and (4) is 
obtained 


,_«—(P-p)/B 


a—l 


6+ P)La—(P-p)/8) 
7 P(a—1) 
=(6+p)V4'/P. (7) 


val 





A 


Y° is assumed known, and in any particular case a 
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value of n’/n® may be assumed. Let n//n°= 
(5), n’/n°=1—~. From Egg. (6) and (7), 


V=yV a+ (1—-y) Va’ 
+a-f 


i 
8 is found by solution of this quadratic equation, all 
the other quantities being known; combination with 
(7) then gives Y4’. This solves the problem, since the 
enrichment of A in the permeated gas is obtained from 
Yy’, and the area >> required to sustain an arbitrary 
rate of permeation is obtained from 8. 


vy; by Eq. 





y—(P—p)/6 
———| (8) 
y—1 


Case II 


Laminar flow (no mixing) occurs on either side of the 
film; the gas composition at any point on the low pres- 
sure side is given by the relative rates of permeation 
of the individual constituents at that point. From Eq. 
(1) there results 








dna 
—dn4= Oud> (p— = ) (9) 
Nat+Nnp dna+dng 
and 
dnp 
—dng=Qzd > (rp —p ). (10) 
nat+np dna+dng 


Let x=dn4/dng, i=na4/ng, and a=Q,4/Qz; divide (9) 


by (10). Then 
irae 
o(P i+1 r—) /( 


Solution of this quadratic gives 


x=f(i)= Ai+C+[47i,2(2AC+a)i+C?]}}, 
where 
A=}{((1—a)p/P+a] 3[(1—a)p/P—1]. 


Separation of variables’ in (12) can be achieved by 
noticing that x=dn4/dng=f(i)=f(nas/npz). Use of ng 
and i as variables results in 





pp) (11) 
i+1 x+1 


(12) 


and C= 


dng di di 
—= = —, (13) 
mp f(i)—i (A—1)i+C+[42?+2BI+C}} 


where 2B=2AC-+a. The right side of Eq. (13) can be 
rationalized by the introduction of a new variable /, 
defined by i= }(C?—?)/(At—B); the result is: 














Np ¢ Af—2Bi+ AC? 
n= — f dt, 
np ep (At—B)(t—a+C)(t—C) 
or 
Np °— B/A Y!—a+C —C 
In—=R In —+ § In—————+ T In , (14) 
np® t—B/A t—a+C t—C 


where R=1/(2A—1), S=[a(A—1)+C]/(2A—1)[(a/ 


VOLUME 21, APRIL, 1950 


TABLE II. Permeability of 0.0075-mm ethyl] cellulose toward 


the constituents of air. 











Permeability coefficient, Qgas/ONn: 
Q, (moles cm~ min,.~! Pure gas Mass 
Gas atmos.~!) X 108 studies spectrometer 
Ne 0.075 . ry (1.0) 
O2 0.231 Eh 
CO; 1.07 “2 3 — 
A 0.170 2.3 3.1 








TABLE II. Temperature dependence of permeability 
of 0.025-mm ethy] cellulose. 











Permeability Qgas/QOne Qgas/Qo2 
Temper- coefficient, Q, at same at same 
ature, (moles cm~? min.~! tempera- tempera- 
Gas — atmos.~!) X106 ture ture 
Ne 30 0.025 (1) 0.31 
40 0.032 (1) 0.32 
50 0.045 (1) 0.35 
Oz 30 0.081 3.3* (1) 
40 0.100 32 (1) 
50 0.130 2.9 (1) 
He 30 0.27 10.7 3.3 
40 0.33 10.2 3.3 
50 0.43 9.6 3.3 
H2 30 0.38 13.2 4.6 
40 0.46 14.4 4.6 
50 0.59 13.1 4.6 








« A value of 3.4 has been obtained on other samples of the same film. 


2)—C], and T=1/(1—A— B/C); the superscript ° des- 
ignates entering gas. This solves the problem of deter- 
mining the enrichment of the permeated gas for an 
arbitrary choice of n° (=n4°+m,°), i°, and i; for a 
given np°=n°/(1+7°), ng’ is then found by Eq. (14), 
and na‘ is determined by n4/=i/ng’. The fraction of 
inlet gas which permeates is (w°—n/)/n°; the fraction 
of A in the permeated gas is (n4°—na‘)/(n°—n’). 

It may be noted that the solution of Eq. (11) is par- 
ticularly simple in the case p=0, for then x=ai, or 
dn4/na=adnp/np, and 


na/ns’= (np/np°)*. 


(15) 


Computation of the permeation area required in 
Case II is somewhat involved. Assume there are no - 
concentration gradients normal to the direction of gas 
flow. Use of Eqs. (12) and (13) in Eq. (11) then results in 








ad | if antiln[ 2,(i)/np° |di (016) 
er EH lr _ 
a alec 
i+1 f(i)+1 


The integral on the right side is perhaps most conveni- 
ently evaluated numerically or graphically. 

Because of the small magnitude of the permeability 
coefficients, it is probable that any practical design of a 
permeation process will involve flow conditions corre- 
sponding to Case II (laminar) rather than to Case I 
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Fic. 2. Enrichment of air in a single stage of permeation. 
P=8, p=1, Q02/ON2=3.4. 


(perfect mixing). It is interesting to note that, for a 
given set of conditions, Case II also results in a greater 
enrichment than does Case I. As an illustration, for the 
particular situation where normal air at 8 atmos. enters 
the stage and half of the entering air is permitted to 
permeate during the stage to the low pressure side at 1 
atmos., the composition of the permeated air in Case I 
is 29.2 percent Oz, and in Case II 32.5 percent Oz. (A 
value of 3.4 was assumed for a.) 


EXPERIMENTAL RESULTS 


The permeability of various films toward O2 and Na, 
determined by experiments with the pure gases, is 
shown in Table I. The specific permeability, K, given 
is corrected for film thickness; K=Qd, where d is the 
thickness and Q is defined by Eq. (1). Where the com- 
parisons are available, the specific permeability ob- 
served is seen to be in reasonable agreement with those 
previously reported. Of the materials investigated, 
natural rubber is outstanding in showing the highest 
permeability; its selectivity, however, as measured by 
the quantity a(a= Ko2/Knz), is not as great as that of 
several other materials. Ethyl cellulose appears to 
satisfy best the joint requirements of high permeability 
and high selectivity. 

Table II shows the permeability coefficients at 30°C 
of a laboratory-cast ethyl cellulose film toward the 
major constituents of air. Also shown is a comparison 
of the relative permeability (with respect to Nz) ob- 
tained from the pure gas studies and from the mass 
spectrometer analysis of air permeating through the film 
into a vacuum. The concentration of argon is increased 
along with that of O, in the permeated gas, though 
to a smaller extent than O.. The permeability toward 
CO; is very high; in a multistage process to obtain high 
purity oxygen, it would probably be desirable to remove 
CO, after the first permeation stage. 

The temperature dependence of the permeability of a 
0.025-mm ethyl cellulose film toward several gases is 
illustrated in Table III. For each gas, the permeability 
increases with increasing temperature. The temperature 
dependence (and therefore the activation energy for 
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permeation) is about the same for O2, He, and H; but 
is greater for N2. Van Amerongen* found a similar 
situation to hold for the same gases and natural rubber, 
Nz having the highese activation energy for permeation 
and H», Oz, and He having lower and approximately 
equal activation energies. For the enrichment of air, 
a compromise has to be established between the use of 
higher temperatures to obtain higher permeability, ang 
lower temperatures to obtain higher selectivity (a). 


DISCUSSION 


Primary consideration has been given above to a 
single stage of permeation. In the absence of a per- 
fectly selective film, it is clear that to obtain gases of 
high purity it would be necessary to employ a multi- 
stage recycle system. The principles of such multistage 
arrangements have been discussed elsewhere.” * Exten- 
sion of the calculations given for a single stage to a 
multistage arrangement is straightforward but will not 
be considered here. 

Since a practical permeation process probably would 
involve flow conditions leading to Eq. (14), calculation 
has been made of the enrichment of air to be expected 
from a single stage of permeation under a particular 
set of conditions. The high pressure has been chosen as 
8 atmos., the low pressure as 1 atmos., and the enrich- 
ment factor a(=Q02/QNe2) as 3.4, the highest value 
which has been observed. Normal air (20.9 percent O,) 
enters the stage. Under these conditions, Fig. 2 shows 
the composition of the permeated gas as a function of 
the fraction a of entering gas which permeates [a= (n° 
—n’)/n°). For negligible permeation (a=0), maximum 
enrichment of the permeated gas is observed, and the 
permeated gas contains 42.5 percent Os. As a=1, the 
percent O2 in the permeated gas approaches 20.9 per- 
cent, the inlet composition. For a=0.5, the permeated 
gas contains 32.5 percent O»2. Figure 2 is important for 
the computation of the net work required for the per- 
meation, since the inlet air must be initially compressed 
by an imperfect compressor, and the energy of the non- 
permeated, compressed gas leaving the stage must be 
utilized by some machine also of less-than-ideal efficiency. 

It is clear from Table III that permeation processes 
may be of value for systems other than O2.—No. The 
usual separation of He from natural gas involves a 
relatively easy separation of He from CH, in one step, 
followed by a second step of more intense refrigeration 
to separate He from residual No». For the ethy] cellulose 
film of Table ITI, Qcx,4/QN2 has been found to be about 
1.5. The separation factor for He with respect both 
to Nz and to CH, is quite large, which means that high 
enrichments can be achieved in each stage. Again, the 
permeability of ethyl cellulose to Hz is much larger 
than to any other permanent gas with the exception of 
He. This has obvious applications, for example to the 


7M. Benedict, Chem. Eng. Prog. 43, 41 (1947). 
8K. Cohen, U. S. Naval Med. Bull. Supp. 1948, 6 (1948). 
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separation of H, from coke-oven gas or from the tail- 
gases of various hydrogenation processes. 
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D.C. Characteristics of Silicon and Germanium Point Contact Crystal Rectifiers. 
Part II. The Multicontact Theory* 


V. A. Jounson, R. N. Smitu,** AnD H. J. YEARIAN 
Purdue University, Lafayette, Indiana 
(Received August 29, 1949) 


Part I has described the d.c. current-voltage characteristics obtained for typical Si and Ge crystal rec- 
tifiers, has given a summary of the published theories of the rectifier, and has shown that none of these 
theories accounts for the principal features of the observed characteristics. Part II describes the multicontact 
theory, an extension of the diode theory, and shows that this theory does account for the behavior of the 
observed characteristics. There also is described a graphical treatment, based upon the multicontact theory, 
which may be used in the analysis of experimental characteristics. The multicontact theory assumes that 
the contact potential at the metal-semiconductor surface varies from spot to spot. It is shown that an 
exponential distribution function for contact potentials may be used to account for the observed logarithmic 
slopes and that the observed temperature behavior of the characteristics may be explained by assuming 
that the distribution function varies with temperature in a manner dependent upon the nature of the 


contact. 


1. INTRODUCTION 


N Part I Yearian' has described the d.c. current- 

voltage characteristics obtained for typical silicon 
and germanium crystal rectifiers. A detailed knowledge 
of such characteristics and a complete theory of the 
rectifying behavior of such crystals have been the aim 
of extensive study in recent years because of the wide- 
spread use of silicon and germanium crystal rectifiers in 
microwave radar. Part I contains a summary of the 
heretofore published theories of the rectifier, and the 
discussion shows that none of these theories accounts 
for the salient features of the observed characteristics. 

In Part II an-extension of the diode theory, the multi- 
contact theory, is described. It is shown that this theory 
does account for the essential properties of the observed 
characteristics. A graphical treatment based upon the 
multicontact theory is described and its application to 
the analysis of experimental characteristics is explained. 
The theory is used in a discussion of the observed change 
in characteristic for a given point contact with change 
in temperature of the contact region. 


2. MULTICONTACT THEORY 


It has been suggested (by Mott, Schottky, Lark- 
Horovitz, and Bethe) that the small slope of a typical 





* This work was performed under OSRD Contract OEMsr-362 
with Purdue University, and was reported in an NDRC Div. 14 
Report dated August 14, 1943. 

** Now at Boeing Aircraft Company, Seattle, Washington. 

'H. J. Yearian, J. App. Phys. 21, 214 (1950), referred to as 
Part I in the current discussion. 
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observed log current vs. voltage characteristic may be 
due to a rapid variation in the properties of the blocking 
layer within the region of contact.” Since the thickness 
of the natural blocking layer is of the order of magnitude 
of the distance between impurity centers, it is quite 
probable that the contact potential at the surface of 
the semiconductor may vary from place to place. It is 
also likely that external impurities and adsorbed layers 
may produce fluctuations in contact potential.* The 
currents flowing across regions of low (negative or small 
positive) contact potential are essentially ohmic. In 
such regions the rate of change of current with applied 
voltage is much smaller than the exponential variation 
which occurs for higher contact potentials. The total 
current is the sum of the currents for regions of low 
and high contact potentials; hence, if the region of low 
contact potential is large enough in comparison to the 
region of high contact potential, the variation in total 
current with voltage rise is much less than the value 
predicted by pure diode theory for a contact with 
constant positive contact potential. 

The multicontact theory assumes that the contact 
area consists of a number of spots, that the contact 
potential y varies from spot to spot, and that the 
observed current is the sum of the contributions of 


2 Preliminary studies based upon the multicontact theory have 
been discussed by R. G. Sachs, NDRC Div. 14 Report No. 168, 
Purdue University (June 15, 1943); Phys. Rev. 69, 682 (1946). 

3 For a different approach to the problem of how surface im- 
perfections, foreign atoms on the surface, etc., may affect rectifi- 
cation, see John Bardeen, “Surface states and rectification at a 
metal semiconductor contact,” Phys. Rev. 71, 717 (1947). 
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the partial currents from these spots. The number of 
spots may be considered to be quite small with dis- 
cretely separated contact potentials; in this case a 
graphical treatment of the summation is convenient. 
Or, a continuous distribution may be assumed such 
that the probability of finding a given contact potential 
between yg and g+dg can be represented by a con- 
tinuous probability density which is a function of ¢, 
and so that the area of the spot having contact potential 
¢ can also be represented as a probability function of ¢. 
The spreading resistance in series with each spot is 
taken as (20d)~', where o is the bulk conductivity of 
the semiconductor and d is the spot diameter. It follows 
that the spreading resistance is a function of ¢ deter- 
mined by the dependence of spot area upon ¢. 

A graphical study shows that the addition of diode 
type currents for a group of spots corresponding to 
very few (three or four) different contact potentials 
produces a total current which is closely exponential, 
or linear on a semilogarithmic plot, over an appreciable 
voltage range. Any value of the logarithmic slope, less 
than e/kT, may be obtained by a suitable choice of the 
parameters governing the distribution. The graphical 
treatment is extended to provide a method whereby a 
total current curve may be rapidly synthesized to fit 
any given experimental characteristic. 

One assumes that the contact consists of a number of 
small diodes, each with its own spreading resistance in 
series. These diodes are effectively in parallel, and so 
the total current is given by 


jad, (1) 
7 
where 


i; = joa;(9;)nj(¢;) exp(—eg;/kT) 
x Lexp|{ (e ‘RT)(Va—ijR,j)} bias 1 | (2) 


is the current flowing through all spots for which the 
contact potential is ¢;. V, is the applied voltage ; 7» de- 
notes the current density due to the NV free electrons 
(or holes) per unit volume in the semiconductor travel- 
ing with mean thermal velocity : 


jo=Ned/4=Ne(kT/2xm)! (3) 


a;(¢;) is the area of each spot having contact potential 
yj, and n;(¢;) is the number of spots having contact 
potential g;. The spreading resistance R,; for all spots 
with contact potential g; is calculated by considering 
the spreading resistances of such spots to be in parallel 
with one another. Then 


R,;= (4/a;)*(4on;)". (4) 


A template of a master curve (Fig. 1) to be used in 
the analysis of experimental characteristics, in the 
forward direction with V,>0.1 volt, may be designed 
as follows: Using semilogarithmic paper with the same 
choice of scales as is made in plotting the experimental 
logi vs. V, characteristics, draw a straight line with 
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logarithmic slope e/kT, i.e., the characteristic of 
diode of single contact potential and zero spreading 
resistance. Choose an arbitrary value for the spreading 
resistance, compute the corresponding potential drops 
in the spreading resistance for a series of current values, 
and plot the characteristic of logi vs. Va, using the 
relation Va= V+R,,i. Mark on the template the point 
at which the iR,; potential drop has a known value, 
such as 0.01 volt. This template may be used to repro. 
duce the current-voltage curve for any diode of any g;. 
R,,; refers to the local series spreading resistance rather 
than to the equivalent spreading resistance of the whole 
contact. 

In order to analyze a given experimental charac- 
teristic, by trial and error slide the template into several 
positions such that the sum of the partial currents so 
obtained closely approximates the given curve. Each 
partial current corresponds to a group of spots on the 
contact having the same contact potential, ¢;. The 
simplest numerical interpretation of the partial cur- 
rents is made by assuming a;(¢;) to be a constant with 
a reasonable value such as a=10~" cm’. Then g; and 
n;(g;) may be evaluated as follows: Let i;’ represent 
the value of the partial current for which the potential 
drop in the spreading resistance is 0.01 volt, i.e., i;’ is 
the current at the index mark on the template. Then 
R,;= (100i;’)-' ohm. Extend the low voltage straight 
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Fic. 1. Multicontact potential template such as is used in the 
analysis of experimental characteristics in the forward direction 
(applied voltage>0.1 volt). The index mark indicates the point 
on the characteristic for which the potential drop in the spreading 
resistance is 0.01 volt. 
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portion of the partial current back to find its inter- 
section, ij0, With the V.=0 axis. Eq. (2) indicates that 


ijo= joan; exp(—eg;/kT). (2’) 


When o and 7p are known from resistivity and Hall 
effect measurements on the semiconductor, m; may be 
computed by use of Eq. (4) and then Eq. (2’) is used 
to determine g;. The product an; represents the total 
area of the spots having contact potential g;. The 
choice of a different value for the area a will yield 
different values for the ;, but the distribution of total 
areas (an;) over the ¢; values will be much the same. 

Figure 2 illustrates the application of the graphical 
method just described to the analysis of the charac- 
teristic obtained for contact in vacuum between a 
tungsten whisker and a germanium sample prepared in 
vacuum.‘ It is found that the observed characteristic 
may be treated as due to three groups of spots with 
gj=0.1, 0.4, and 0.8 volt, respectively. 

Analogous templates and equivalent treatments may 
be designed for the analysis of experimental charac- 
teristics in the back direction and in the forward 
direction for V.<0.1 volt. 

It is to be noted that, in a construction of the type 
illustrated by Fig. 2, the chief contribution by a spot 
of contact potential g; to the approximately linear 
portion of the total current curve is made only over a 
range of V, in the immediate neighborhood of ¢;. This 
affords an interpretation of any abnormal character- 
istic curve; e.g., if the curve of Fig. 2 were slightly 
concave upward in the region about V,=0.4 volt, 
there would be a corresponding decrease in the total 
area corresponding to “B” spots. It is evident that, if 
the observed current-voltage curve is linear (on semi- 
logarithmic plot) over a considerable range, the dis- 
tribution of numbers of spots (for the simplest case of 
assumed constant area) must cover a similar range of o 
and that, to obtain the linear total curve, the value 
of m; must increase very rapidly with increasing ¢;. 

The forward current intercept Jp is determined al- 
most completely by the spots for which g; is greater 
than about 0.05 to 0.1 volt, and it may be seen that Ip 
is necessarily larger than the sum of the ij intercepts 
of the partial currents, >>; ij, where ijo is given by 
Eq. (2). This sum is the contribution of these spots to 
the limiting diode current in the back direction. Thus 
one expects the observed diode back current Jz to be 
less than Jp. This is usually the case (Part I). The sum 
may be increased to give an J/g approaching Jr by 
introduction of spots of very low 9;; this will affect Ir 
and the logarithmic slope a only slightly, but it will 
contribute noticeably to the observed diode current in 
the back direction. The ohmic component of the current 
in the back direction can be reproduced by any suit- 
able distribution of spots having negative contact 
potentials; for such spots there is no barrier and only 


‘ This figure and its analysis were supplied by Dr. R. M. Whaley 
of Purdue University; the authors thank him for this courtesy. 
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Fic. 2. Application of the multicontact theory to the analysis 
of an experimental characteristic. The solid line, indicating the 
experimental curve, is synthesized in a non-unique manner from 
three partial currents, A, B, and C, which correspond to three 
discrete contact potential groups. The insert indicates the dis- 
tribution of spot area among the contact potentials 0.1, 0.4, and 
0.8 volt, respectively. 


R,; need be considered. The observed back resistance 
usually can be accounted for by the existence of a very 
small total area of spots with negative ¢;. If the barrier 
lowering due to image force and tunneling effects 
(Part I) is considered, the spots of very small positive 
contact potenial will also be essentially ohmic in 
nature for current in the back direction. 


3. EXPONENTIAL DISTRIBUTION 


If a distribution function P(g) is introduced to 
describe the dependence of spot area upon contact 
potential, it is found that the theoretical current- 
voltage characteristic calculated with the use of such a 
distribution is essentially independent of the details 
of the function P(g). Only the tail of the distribution 
function at low contact potentials influences the shape 
of the characteristic in that part of the voltage range 
which is of practical interest. Hence it is not possible 
to determine the shape of the entire distribution func- 
tion by use of an experimental characteristic. Since the 
theoretical characteristic depends only upon the tail 
of the distribution, one is free to choose a distribution 
function primarily on the basis of convenience in calcu- 
lation. An exponential type distribution function is 
simple and convenient to use. 

Hence it is assumed that 

(1) The spot area depends upon ¢; according to 


a( 9) = do exp(q¢j). (S) 
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(2) The number of spots having contact potential ¢; 
is given by 


n( gj) = No exp(p¢)). (6) 


p and q are parameters which may be chosen to fit 
experimental data. 

(3) Insertions of Eqs. (5) and (6) into Eq. (4) yields 
for the spreading resistance due to all spots having 
contact potential ¢;: 


R,j= (4ono)“'(ao)* exp(— pyi—¢i/2). (7) 
Equation (2) may now be written 


ij = Nodojo exp{ (p+q—e/kT) ¢;} 
X[exp(e/kT)(Va—R,jij)—1]. (8) 


If V, is greater than about 0.1 volt, the —1 in the last 
bracket may be neglected, and Eq. (8) becomes 


ij= nodojo exp{eVo/kT— (e/kT— p—q)¢;—Rji,}. (9) 


Figure 3 illustrates the construction of a total current 
curve by the summation of partial currents as given by 
Eq. (9) with p= 20 volt and g=0. Such a construction 
yields a total current curve which is straight over an 
appreciable range on a semilogarithmic plot and which 
is parallel to the envelope of the partial current curves. 
The logarithmic slope of the envelope can be shown 
to be 


pt+q/2 e 


-— volt—!; 








a (p+q)Se/kT. (10) 


~ e/kT—q/2 kT 
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Fic. 3. Construction of a total current by the summation of 
partial currents. In this case the spot area is taken as constant 
and the number of spots having contact potential ¢g-volts is 
taken as mo exp(20¢). The partial currents identified by k=0, 2, - - - 
are to be identified as passing through spots having ¢= ¢o+k/40 
volts, where ¢o is an arbitrary contact potential. 
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By suitable choice of p and q, any value of a between 0 
and e/kT may be obtained. The magnitude of i, byt 
not the slope of the characteristic, depends upon cop- 
stants of the material, such as a, jo, do, and mo. 

The assumptions used in the preceding analysis are 
the basis for the following theoretical treatment jp 
which continuous distribution functions are employed, 
The dependence of spot area on contact potential js 
written 


a(y) = do exp(q¢). (11) 


The number of spots having contact potential between 
and 9+d¢ is given by 


n(p)dp=n exp(py)dyg. (12) 


The spreading resistance due to all spots having con- 
tact potential ¢ is 


R.(¢) = (4/ao)*(4ono)—! exp(—pe—q¢e/2). (13) 


Equations (11)-(13) may be used to set up an 
expression for the current in the forward direction. It is 
considered that the tendency is for diode type currents 
to flow through spots for which ¢ is positive and for 
ohmic currents to flow through spots for which ¢ is 
negative. These tendencies are restricted by the fact 
that the current density flowing through any group of 
spots is limited to the current density 7) due to V 
electrons per unit volume traveling with thermal 
velocity. Reference to Eq. (2) for a diode type current 
shows that the current density cannot exceed jy if 
gy>V, but the current density will exceed jo if o<V 
unless some restriction is introduced. In order to con- 
veniently express the total forward current, it is as- 
sumed that if V is large enough to produce the limiting 
current through a given group of spots, then further 
increase in V does not change the current. Since the 
current through a single spot is limited to joa(¢), the 
corresponding potential drop in the spreading resistance 
in series with this spot is jo{ ra(¢)}#/4ae. This quantity 
has a small magnitude (usually less than 0.01 volt) 
and so the iR,(¢) drop may be neglected without serious 
error. V is assumed to be large enough (>>k7/e) so that 
one may replace {exp(eV/kT)—1} by exp(eV/kT7). 
Then the forward current (V>0) becomes 


i(V) = joaono exp(eV/kT) 


x f exp{—(¢/kT——qelde 


V 
+ jetette f expl(pta)e}de (14) 


Jodono é 
a a 4 
a(e/kT— a) kT 


where a=p+q. By setting V=0 in Eq. (14) one ob- 
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TaBLE I. Values obtained from study of the d.c. characteristics at various temperatures for germanium crystals in contact with 
tungsten whiskers. Columns 2, 3, 4, 5, and 7 give measured slopes, intercepts, and back resistances. Columns 6 and 7 permit checking 
the predicted relation J3=sIr. Columns 8, 9, and 10 list bulk properties of the germanium samples. Columns 11, 12, and 13 give 


calculated quantities characteristic of the exponential distribution used in applying the multicontact theory to these samples. 





————— 























1 2 3 4 5 6 7 8 9 10 ll 12 13 
Hall 
Con- jo 
o stant 104 nodo Minimum 
T a IF IB slp Rp mho/ cm*/ amp./_ 107! cm?/ ao no 

Sample a volt~! s=akT/e ma ma ma ohms cm clmb cm? volt 10-8 cm? volt! 
51 —d4 243 22 0.46 0.0003 0.0004 0.00014 254000 28.2 64.5 4.43 0.813 0.35 0.023 

295 20 0.52 0.003 0.0032 0.0016 77000 23.5 61.5 5.09 5.74 1.34 0.043 

394 8.9-6.2 0.30-0.21 0.25-0.40 0.24 0.08 5800 16.8 58.5 6.18 291 72 0.040 

549 7.0-5.0 0.33-0.24 2.0 -3.0 0.3-0.5 0.29 90 18.7 23 17.8 607 15S 0.41 
$1 —d2 286 7.4 0.18 0.20 0.025 0.04 1100 24.0 61.5 5.01 241 3.8 0.63 

436 6.3 0.24 1.0 0.35 0.24 2000 14.8 56.0 6.81 703 56 0.13 

505 4.9-2.8 0.21-0.12 2.0 -4.0 0.6 0.5 200 15.1 37 11.5 833 2.2 3.7 
9H —a 298 7.8 0.20 0.80 0.013 0.16 32000 15.4 280 1.13 4420 400000 0.00011 

358 11.9 0.36 0.71 0.28 0.25 4980 12.3 277 1.25 4380 2600 0.017 

391 11.5 0.38 0.95 0.87 0.36 1670 11.2 275 1.32 5130 360 0.14 

426 9.0 0.33 2.5 3.0 . 0.8 495 10.6 217 1.68 8970 140 0.64 

468 6.6 0.27 5.5 7.1 1.5 145 11.0 105 2.20 12100 44 2.8 

521 7.0 0.31 10.2 7.8 3.2 19 15.4 37 4.17 11800 1.2 95 

574 4.4 0.22 22 ? 4.8 7 27.0 16.5 9.41 8030 0.6 132 
tains the forward current intercept These values of mao will be equal if 

jodom =e Ig=sl rp, (19) 








r= —. (15) 
a(e/kT— a) kT 


The diode type current in the back direction is due 
to all spots having positive contact potentials. Current 
limitation need not be considered because of the small- 
ness of the diode current for V <0, and for the same 
reason the R,i potential drop may be neglected. Then 
the diode current in the back direction (V <0) becomes 


i(V) = jodono{exp(eV/kT)—1} 


x f exp|—(¢/kT—p—g) olde 
0 


Jodono 
= ————{exp(eV/kT)—1}. (16) 
e/kT—a 
The magnitude of the limiting current in the back 
direction is found by letting V-— © ; hence 


I p= joagno(e/kT— a). (17) 


The ohmic current in the back direction is due to all 
spots having negative contact potentials. The resistance 
in the back direction is given by 


0 
1/Re=4ono(ao/n)! f exp{(p+9/2)¢}de 


=4ono(ao/m)*(p+q/2)'. 


The value of the quantity moa) may be found directly 
from either Eq. (15) or Eq. (17); Eq. (15) is preferable 
because Jr is usually determined with greater accuracy 
than Jz. A consistency test for the theory is provided 
by the fact that the values of modo obtained by use of 
Eqs. (15) and (17) should agree within limits dependent 
upon the experimental errors in the values of Jr and Jz. 


(18) 
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where s is the fractional slope akT/e. Table I shows 
corresponding values of Jg and s/J, which are found 
to agree in order of magnitude. For the same reasons as 
given in the discussion on the discrete distribution of 
spots of various contact potentials, J is determined by 
only the spots for which the contact potential is greater 
than about 0.1 volt, whereas J, is increased by the 
presence of spots of lower positive contact potential. 
Hence Jg may exceed the value given in Eq. (19). In 
addition, the effect of barrier lowering on the spots of 
low contact potential tends to increase the measured 
value of Jz. 

The maximum value of modo! may be calculated from 
Eq. (18) by setting g=0; the minimum value of ao! is 
one-half of the maximum value and corresponds to 
setting p=0. A combination of modo and modo values 
yields values for a) and mo; such values are listed in 
Table I. 

In general the values of modo are reasonable, i.e., they 
are small compared to the total whisker area of 10 to 
10-° cm?. There is a noticeable tendency for modo values 
to increase with rising temperature. At the lower tem- 
peratures the ad» values tend to exceed the mod values, 
thus yielding fractional values for n in the neighborhood 
of zero contact potentials. Such a result is contradictory 
to the basic assumption of a statistical distribution of 
a very large number of spots. 

One possible explanation of the small mp» values is 
that the assumed exponential distribution may not be 
valid in the region of negative contact potential. The 
back resistance determines the value of 


f n(y){a(y)}'d¢ 


=e 


and, for any assumed distribution, the value of moa}. 
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CONTACT POTENTIAL (ansitrary units) 
Fic. 4. Effect of temperature change upon the distribution 


function for “welded” contacts. Ordinates represent the contact 
areas corresponding to various contact potentials. 


A distribution falling off more rapidly with increasing 
negative ¢ than an exponential distribution leads to a 
larger value of modo’ for a fixed modo. This produces a 
smaller calculated value of ao and hence a larger value 
of mo, as is desired. 

A second explanation is that the effective conduc- 
tivity of the small ohmic spots is less than the measured 
bulk conductivity of the sample. Then ap is less in 
proportion as o” drops below the bulk value. Weisskopf* 
has advanced the hypothesis that the small spots with 
negative contact potential may be “overloaded” and 
that “‘overloading’’ decreases the effective conductivity. 
The exponential dependence of spot area on contact 
potential may lead, for negative y, to spot diameters 
equal to or smaller than the electronic mean-free-path 
in the semiconductor; Lark-Horovitz has pointed out 
that in such a case a reduction in conductivity is to 
be expected. 

A section of Part I described the effect of image force 
and tunneling in producing a barrier lowering in the 
point contact rectifier. A quantitative introduction of 
barrier lowering into the diode rectifier theory has been 
made by Courant.® Since the multicontact theory is 
based upon the diode theory, calculations have been 
made to ascertain the effects of introducing barrier 
lowering into the multicontact theory. For the forward 
direction the changes are small and may be summarized 
as follows: (1) at high voltage the logarithmic slope is 
constant at the same value given by the multicontact 
theory without barrier lowering, but at lower voltages 
(less than about 0.4 volt) the logarithmic slope with 
lowering considered decreases slightly with decreasing 





5V. F. Weisskopf, Radiation Laboratory Report 133 (May, 
1943). 

6E. Courant, NDRC Div. 14, Cornell University Report, 
Contract OEMsr-429 (May 17, 1943); Phys. Rev. 69, 684 (1946). 
A report of Courant’s results is given in a paper by W. E. Meyer- 
hof, Phys. Rev. 71, 727 (1947). 
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voltage; (2) for a fixed modo value the current calcu- 
lated with barrier lowering considered is greater than 
the current at the same voltage without lowering; the 
factor varies from 1.0 to 1.2, increasing with increas. 
ing a; (3) for a fixed modo value one obtains a higher J, 
intercept on the theoretical curve including barrier 
lowering ; J is higher by about 5 percent to 20 percent 
depending upon a. Another way of stating this result 
is to say that, for an J value taken from a measured 
characteristic, one calculates on the basis of barrier 
lowering a value for modo that is from 5 percent to 20 
percent lower than he would obtain by neglecting 
barrier lowering. 

Since the effect of tunneling alone is to give rectifica- 
tion in the opposite direction from the observed direc- 
tion, one would expect the inclusion of tunneling, 
through barrier lowering, in the multicontact theory to 
give rather marked effects in the back direction charac- 
teristic. Such is found to be the case; both the ohmic 
and diode contributions as calculated without barrier 
lowering are altered. The back resistance corresponding 
to the ohmic current is considerably reduced and hence 
the ohmic current considerably increased. The diode 
contribution is markedly changed; the extent of the 
change depends upon the electron concentration with 
the change greatest for the highest concentration. The 
tunneling produces an exponentially increasing current 
that, at higher voltages, has a logarithmic slope equal 
to or even greater than the forward slope. This ex- 
ponential current tends to cover up the saturation 
current, denoted by Jz. The tendency is for the ohmic 
current to dominate at the lower back voltages; the 
extent of barrier lowering determines the voltage at 
which the exponential current surpasses the ohmic 
current. 

The barrier lowering calculations of Courant assume 
an electron concentration of 5X10'* cm-*; the use of 
these results in the multicontact theory yields calcu- 
lated back currents too high to agree with experiment. 
The agreement would be improved by noting that the 
actual electron concentrations in germanium and silicon 
point contact rectifiers are one or two orders of magni- 
tude less than that assumed by Courant, and hence the 
effect of barrier lowering would not be as great as 
calculated by Courant. 


4. TEMPERATURE BEHAVIOR 


In Part I a description was given of the changes in 
characteristic observed for a given contact as the tem- 
perature is varied. Sets of characteristics for different 
temperatures were obtained both for “free” contacts 
between tungsten whiskers and germanium and for 
“welded” contacts between whisker and germanium in 
General Electric cartridges. The temperature behavior 
of a is dependent upon the type of contact. For free 
contacts, a decreases with increasing temperature in 
such a way that the fractional slope is approximately 
constant. For welded contacts, the value of a is prac- 
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tically independent of temperature. Figures of Part I 
show that the back resistance Rg decreases with in- 
creasing temperature and that the forward intercept I r 
and limiting diode current in the back direction, Jz, 
increase with rising temperature. The plot of logRs 
against temperature can be represented by a straight 
line of negative slope; the plots of log/r and log/s 
against T can be approximated by straight lines of 
positive slope. 

Equation (14) shows that the forward logarithmic 
slope @ is equal to the sum of the distribution param- 
eters p and g, and so @ determines the shape of the 
distribution. The constancy of a with changing tem- 
perature for the “welded” contacts suggests that the 
shape of the distribution is independent of T for these 
contacts, but the dependence of Rag, Jr, and Jz on T 
implies that the distribution has some type of tempera- 
ture dependence. Assume that, although the shape of 
the distribution curve is unchanged, the whole curve is 
shifted by an amount A depending upon the tempera- 
ture change. Let y’ be contact potential, at the new 
temperature, corresponding to the ordinate of the dis- 
tribution curve at ¢ at the original temperature (see 
Fig. 4). Then 


g’=o9—A. (20) 


Introducing this assumption into Eqs. (14), (16), and 
(18) yields 





jo dono e€ 
r= ale/kT’—a) pa exp(aA) =I - exp(aA) (21) 
Ip’ = jo'aono(e/RT’— a)! exp(aA)~Ipexp(aA) (22) 
Rp’ = (2 /ao)*(40'no)—'(a—g/2) exp{ —(a—g/2)A} 
~ Rp exp{—(a—g/2)A}. (23) 


The introduction of the shift A makes it possible to 
treat m9 and do as temperature independent in Eqs. (21), 
(22), and (23). If jo is taken as proportional to T?, the 
temperature dependence predicted by Eq. (21) is 


(T’)}(e/kT’ — a)I p’~exp(aAd). 


Plots against T of log/r’ and log{(Z’)*(e/kT’—a)I r’} 
give lines of equal slopes and so justify the use of the 
simpler expression. As shown in Part I, the plots of 
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logI pr’, logiz’, and logR»’ against T are quite straight 
over a considerable temperature range. This suggests 
the relation 


A=B(T’—T) (24) 


that is, the distribution curve is shifted laterally by 
an amount proportional to the temperature change. 
A change in temperature shifts the distribution so that 
the total area corresponding to negative contact poten- 
tial increases with rising temperature. The value of B 
may be found from the known values of @ and of the 
slopes of log/r’ vs. T and log/s’ vs. T lines. For the 
welded samples, B=1.1-1.2 millivolts per degree as 
determined from the Jr plot and B=1.8-2.0 mv per 
degree from the Jz plot. 

The foregoing discussion does not apply to free con- 
tacts. Since the value of a decreases with rising tem- 
perature, the shape of the distribution curve changes 
and p and q are functions of temperature. The approxi- 
mately constant value of the fractional slope implies 
that a, p, and g are inversely proportional to T. In 
order to explain the temperature behavior of the charac- 
teristics for free contacts, one must assume that the 
distribution curve for ¢ is not only shifted but is also 
flattened as the temperature rises. 


5. SUMMARY 


In conclusion, one can say that (1) the multicontact 
theory accounts for the frequently observed forward 
logarithmic slopes much less than e/kT, and for the 
diode and ohmic components of current in the back 
direction, (2) a distribution of spots with discrete con- 
tact potentials can readily be found such that it will 
yield any given observed characteristic; although such 
a discrete distribution is non-unique, it is useful in 
interpretation of the given characteristic, (3) an expo- 
nential distribution function, with parameters deter- 
mined by experimental values, is satisfactory and 
convenient, and (4) the observed temperature behavior 
may be accounted for by assuming that the distribution 
function varies with temperature in a manner dependent 
on the nature of the contact. It should be noted that 
the treatment just described is incomplete in the sense 
that the constants of the distribution may be found 
empirically from the observed characteristics, but the 
constants cannot be determined by independent physi- 
cal reasoning. 
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Analysis of a Sampling Servo Mechanism 
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An analysis of a sampling servo mechanism with an error-clamping deyice and linear forward and return 
paths is given. The method leads to a determination of the continuous output of the system in terms of 
quadratures and gives explicitly the value of the output at the discrete sampling instants. Frequently this 
is all that is needed in order to study the output variation with time. The question of stability is discussed and 
a criterion for testing the stability of the system is given in terms of the system parameters. 





I. INTRODUCTION 


N a large class of servo mechanisms, error data are 

supplied continuously, the error being a measure of 
the instantaneous deviation of some function of the 
output from the input. In another important class of 
servos, called sampling servo mechanisms,*? error data 
are supplied at discrete, equally spaced instants only. 
The servo mechanism is then given no information 
about the error in the intermediate periods. Such sys- 
tems may be analyzed by using the theory of filters with 
pulsed data.* 

In many applications, the error data, supplied only 
at discrete sampling instants, are passed through a 
device whose output at any time is equal to the input 
at the preceding sampling instant. Such a mechanism is 
called a “clamping device.”” The output of the error- 
clamping device is thus constant for a period equal to 
the interval between sampling instants. This interval 
will be called the sampling period, 7,. Sampling occurs 
at the instants ‘=0, 7,, 27,, ---, NTs, --- 

The mathematical analysis below is carried out by 


employing the “one-sided Green’s function.” Using this, 


and associated concepts, explicit relations are derived 
for the error, response to a step input, and asymptotic 
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A (p) = p®+aip"'+ “es +dniptdn 
B(p) = p™+b,p"!+ — +bm-ipthm 


Fic. 1. Sampling servo system. 








* Present address: School of Mathematics, Institute for Ad- 
vanced Study, Princeton, New Jersey. 

t Department of Electrical Engineering. 

1L. A. MacColl, Fundamental Theory of Servomechanisms (D. 
Van Nostrand Company, Inc., New York, 1945), Chapter 10. 

2R. C. Oldenbourg and H. Sartorius, The Dynamics of Auto- 
matic Controls, translated and edited by H. L. Mason (American 
Society of Mechanical Engineers, New York, 1948), Chapter 5. 

3 James, Nichols, and Philips, Theory of Servomechanisms, Vol. 
25 of M.I.T. Radiation Laboratory Series (McGraw-Hill Book 
Company, Inc., New York, 1947), Chapter 5. 
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value of the output; further, a stability criterion js 
formulated. The output is a continuous function of 
time, and an integral representation is obtained. An 
explicit formula, however, can be given for the output 
at the sampling instants. 


Il. MATHEMATICAL ANALYSIS 


1. Introduction 
The feed-back system which is to be operated as a 
sampling servo mechanism in the sense of the definition 
given in Section I is illustrated in Fig. 1. A(p) and B(p) 
are polynomials in p with constant coefficients. p is the 

differential operator d/dt. Explicitly, 
A(p)=p"+aip"™ "+ ++ -+dniptan (1) 
B(p) = p™+bip™ + ++ +bmapton. (2) 

K and M are constants and 
R= KM 


is defined as the “loop gain.” 
It will be assumed that the system is initially un- 
excited. This implies that 
yY(0)=0, a=0,1, ---,m+n—-1 (3) 


where y(¢) is defined in Fig. 1. 
In accordance with Fig. 1, 


A(p)0(t)= K- €(t) (4) 
and 
Bip) WO=M-0(0). 
Hence 
A(p)B(p)W()=MK- e(t)=R- e(¢). (5) 


Since the initial conditions (3) have been specified, 
the inverse operator [A(p)B(p) }-! is well defined. In 
fact, 


t 
w= f GU, OLR 6 
0 
where G(t, ¢) is the “one-sided Green’s function”’ for the 
incompatible system‘ 
A(p)B(p)y(t) =0 


yY(0)=0, a=0,1,---,m+n—-1 


4E. L. Ince, Ordinary Differential Equations (Dover Publica- 
tions, New York, 1944), p. 254 ff. 


(7) 
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and is given by 








In this determinant, ¢.(/), a=1, 2, ---, m+n, arem-+n 
linearly independent solutions of A(p)B(p)y(t) =0. 

It should be noted that no loss of generality results 
by considering R a constant. For if R were a polynomial 
in p, 

R=R(p)= p*taip™'+ ++ -+e.ptcg (9) 
then 


R(p) e(t) =Cg€N-1 














| oi(2) 2(t) m+n(t) 
'o() $2(¢) dman(t) | 
o1'() 2'(¢) dm+n'(¢) 
Gt, )=(—1)™—1 HOE) galereO0 Smart) (8) 
(5) 2(¢) dmin(f) 
Gi™*™D(E)_galmt™-D(L) a 








the linearly independent solutions ¢.(t) are of the form 
ga(t)=le"*, a=1,2,---, m+n. (10) 


It will now be assumed that the m+n roots, 2q, 
a=1,2,---,m-+n of the characteristic equation for 
A(p)B(p) are all distinct and non-zero. The analysis of 
cases not in this category will be readily apparent from 
the treatment given here. 

With this assumption, 











4 in any sampling interval (V—1)T,<t=NT, since e(t) is Gall)=era!, a=1,2,---, m+n. (11) 
A a “staircase function” (see Section I). Also, it is per- Substituting these values of ¢.(/) in the Green’s func- 
) missible to use a “one-sided Green’s function” instead tion, Eq. (8), yields 
e of the more familiar “two-sided” one* since symmetric : “aie 
properties of the integral operator of Eq. (6) are of no Git, S)=(—1)"*" SY (—1)8estesk W,W-! (12) 
) interest in this paper. B=1 
Since the operator A(p)B(p) has constant coefficients, where W is the Vandermonde determinant 
) — — 
1 1 1 | 
| m+n 
W =|, Vo om ‘= [I (va—1v) (13) 
. yr Pe 1 om ins 1 é mt ar “ 
n- ssa i sa 
and Ws is the minor of the element in the last row and _ tions, 
3) 874 column of W. i, tte 
| mtn Yw=RD €a > Xgwg'-*, B=1,2,---,m+n. (17) 
Ws= II (ai—2;), B=1,2,---,m+n. (14) a=0 p=l 
i,j=1 ‘ 
| fie Letting 
' ) N-1 ’ 
2. The Linear Recurrent Relation for e(f) Zi,n= » €a;*, J=1,2,---,m+n, (18) 
Since ¢(¢) is a staircase function, the value of ¥(/) at yields 
(5) the sampling instant ‘= NT, is : wa j=1, 2,---,m+n 
Zin+q=Zint DL €n4paj A, (19) 
ed, N-1 (a+1)Ts p=0 q= © wee, 
In UNTJ=Ww=RE of GT. Ode (1) si 
— The second term of Eq. (19) does not involve any 
a , summation “up to NV.” It is desired to obtain a relation 
(6) where e()=€a for aT,</=(a+1)T,. Introducing the among the Wy’s which is free of Z;,v. Toward this end 
notation the Wv4,'s are considered. 
the wg= es T's | m+n m+n q—1 
Niqg=RD XaweY Za wtR YE Xad evipwat. (20) 
Xp=(—1)"*"+8WgW-1(1 — wg) 0g vanes & ideal aes inal 
(7) B=1,2,---,m+n, (16) Introducing the m+n-+1 multipliers 4, and summing 
oe 2 : ' 5 G. Kowalewski, Einfiil in die Determinantentheorie (Chel- 
ica Eq. (15) becomes, after a few simple algebraic reduc- sea Pullbtiee Comeau: ea York, 1948), p. 38. meee 
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the products A,Wv+4, up to m+n yields 


min mtn 


x Agvig=R ,% Ag pm Xawa Ze .N 


q=0 a=] 
+R 7 Ag L Xa 5 €v4pWat®. (21) 
q=0 a= 
The Aq, a=0, 1, ---, m+n will be so determined that 


the first member of Eq. (21) on the right vanishes 
without all the A. being identically zero. It is seen that 


m+n 
Dd Agwa’=0, a=1,2,---,m+n (22) 
q=0 


is a sufficient condition. If \m;,=1, then Eq. (22) be- 
comes a system [Eq. (23) ] of (m+n) equations for the 


(m+n) unknowns Xo, Ay, «++, Ampn—1! 
mt+n—l 
DS Agwal?=—we"™", a=1,2,---,m+n. (23) 
q=0 


Since the determinant of this system is again a Vander- 
monde determinant, it is #0 since wa~wg (and aX) 
by hypothesis. Hence the system of equations is con- 
sistent. Since Am;,=10, not all the A, vanish. With 
this choice of the \’s, Eq. (21) reduces (after some 
algebraic manipulations) to 


m+n—1 


€vimint > > 
p=0 


m+n m+n 


[AWtR DL DL AgXawra 4} ewss 
g=6+1 a=1 


m+n 
” om Aghn+¢- (24) 
q=0 


Equation (24) is an equation for the ey’s with constant 
coefficients. It is not a difference equation in the usual 
sense since it is valid only at the sampling instants 
0, T,, 2T,, 3T;, ---. Hence, strictly speaking, Eq. (24) 
is a linear recurrence formula.® 

From Eq. (23) it is seen that the \’s are the indicated 
coefficients of the algebraic equation 


LEON Np niet + + Are+-Ap=0, Ampn=1 (25) 


whose roots are wa, a=1, 2, +--+, m+n. 
If Eq. (24) is written in the compact form 


mtn mtn 
D Aatvia= Lo Aghwie (26) 
a=) q=0 
where 
mn mtn 
Am:n=1, Ag=AgtR Zz p> AgX awa, (27) 
q=8+1 a=1 
B=0,1,---,m+n—1, 
* T. Fort, Finite Differences (Oxford University Press, London, 
1948), p. 115. 
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it is seen that the solution of the homogeneous equation 


men 
a Agév+a=0 (28) 
is 
mtn 
ev= D0 Pars’ (29) 
B=1 


where the rg are the roots of the algebraic equation 


> Aar*=0 (30) 


a=0 


and Pg are periodic constants of period T,. Since Eq, 
(24) is a linear recurrence formula and not a difference 
equation, the Pg are precisely constants in the ordinary 
sense. In writing Eq. (29), it has been tacitly assumed 
that all the roots of Eq. (30) are distinct. If this is not 
the case, the obvious modification 


m+n 


ev= > [PaN@WiX+ DY Para’ 


a=k+1 


is made, where 7; is a root of multiplicity k. 

The particular integral h(N) corresponding to the 
non-homogeneous equation can be obtained by the 
usual method of undetermined coefficients.’ Hence the 
solution of Eq. (26) is 


men 
én = z. Pars’ +h(N). (31) 
p=1 


The constants Pg in the solution [Eq. (31) ] corre- 
sponding to the boundary conditions%of Eq. (3) can 
readily be obtained in the following manner. 

At the time /=0, ¥(0) =0; hence 

(0) = (0) or do 60. (32) 


From Eq. (15) 
Ts 
Yi= Reo f G(T,, ¢)dé. (33) 
0 


Since €, Jo7*G(T,, ¢)d¢ and R are known, y; is known. 
¢; is known since the input ¢(¢) is a given function. 
Since at the sampling instants 


én=on—Wn, (34) 
in particular 


4=¢1—-Y1 (35) 


and hence ¢; is known. Proceeding in this pedestrian 


fashion, €0, €1, ***, €m+n—1 are Calculated. From Eq. (29) 
min 

€a= >. Pargtt+h(a), a=0,1,---,m+n—1. (36) 
p=1 


The determinant of the Ps is non-zero. (It is a Vander- 


7T. Fort (reference 6, p. 126). 


JOURNAL OF APPLIED PHYSICS 











co fo oa 


er ee 6S 


2) 


34) 


35) 
‘ian 
29) 
36) 


der- 


ICS 











monde determinant if the rg are distinct and non-zero.) 
Hence the system (36) may be solved for Ps, B=1, 2, 
wey m+n. 


3. Stability of the Sampling Servo Mechanism 


The servo system illustrated in Fig. 1 will be said to 
be stable if ¢y—-0 as No for any bounded input ¢() 
of finite duration. If ¢*(¢) is such a function, ¢vy*=0 
and h(N’) =0 for N sufficiently large. Therefore, Eq. (31) 
may be written as 


min 
€n = >» Parg’. (37) 
s=1 


It is evident from Eq. (37) that a necessary and suffi- 
cient condition that ey—-0 as N= is that |r| <1. In 
other words, all the roots rg, 8B=1, 2, ---, m-+-n must lie 
inside the unit circle in the complex domain. Since the 
unit circle in the z plane can be transformed into the 
left half-plane of the complex w plane, the Nyquist 
criterion can be applied to determine the stability of 
the system without actually calculating the roots. 


4. Determination of the Output 6(¢) 


To determine the output 6(#), it is noted from Fig. 1 
that 


A(p)0(t) = Ke(?). (38) 
Also, from the feed-back loop 
B(p)¥() = M6(). (39) 


Since Y'(0)=0, a=0, 1, ---, m+n—1 by Eq. (3), it 
follows that 


6)(0)=0, a=0,1,---,n—1. (40) 


Hence the “‘Green’s function method” is applicable and 
t 
a)=K [g(t dels)at (41) 
0 


where g(t, ¢) is a one-sided Green’s function. 

If it is desired to compute @(/) at the sampling 
instants mT,, a method exactly analogous to the one 
discussed for e(¢) leads to the equation 


n n n q-1 
pF 1,On+qg=M eo b, » Vata" L €v480a ® (42) 
q=0 B=0 


q0 a=!l 
where 

Tq etalts (43) 
th, U2, ***, UM, are the distinct non-zero roots of the 


algebraic equation 


a+ayx"-1+---- +a,-1*+a,=0, (44) 
Y,=(—1)"*#A,A-"(1—oa7)ug, a=1,2,++-,n, (45) 
A= II (u;— uj), (46) 
i,j =1 
t>j 
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Aa= II (u;—4%;), a= 1, 2, eae (47) 
“fF 
t,j#a 


and /, are the indicated coefficients of the algebraic 
equation 


x"+1, 4" 14+ tag +1,x+l=0, l,= ‘ (48) 


whose roots are a1, a2, ++, on. Hence if f(N) is any 
particular solution of the non-homogeneous Eq. (42), 


Ov= 5 Que" +f(N). (49) 


The constants Q., a=1, 2, ---, 2 can be obtained in the 
same manner in which the Pg, were determined in Sec- 
tion IT.2. 


5. Response to a Step Input 


If the input ¢(¢) to a stable system is given by u(t) 
where u(t) is the unit step function defined by 


u(t—a)=0 t<a 
’ (SO) 
u(t—a)=1 t>a 
then 
odo= o1=°*'=gy=---=1 (51) 
and 
m+n min 
ps Agov= DL Ag. (52) 
q=0 q=0 
Hence, 
min min 
MN)=LU ALL A.}'=H (53) 
q= a=0 


is a particular solution of Eq. (26). 

As N->, ey—H since |rg| <1, B=1, 2, ---, m+n. 
Hence it is seen that the system does not close out the 
error arising from a step function input. In order to 
adjust the system so that it will close out the steady 
state error, it is sufficient for A(p) to have a simple 
zero at p=O. In this case 


wy=e"Ts=1, (54) 


and the only modification of Eq. (24) is that X, be- 
comes 


X,=(—1)™"*>—"'W W-"T,. (55) 
From Eq. (23) for w:=1, 


m+n—l 


mtn 
> A=-1 or > A,=0 (56) 
q=0 q=0 


since Am+n= 1. Hence Eq. (26) reduces to a homogeneous 
equation and, if the system is stable, 


m+n 
ev= >> PargN—-0 as Nox, (57) 
B=1 


293 








Now the output 6@y satisfies Eq. (42). Since ey—0 as 
N— «x, Eq. (49) can be written 


Oy = Z. QataY + 6 (58) 
a=! 


where 6 is an infinitesimal for V—«. Equation (58) 
gives the output at the sampling instants for a step 
input. 

The asymptotic value of the output is readily ob- 
tained. Since the system is stable by hypothesis and 
¢(t) is bounded, 6(¢) must be bounded. This implies 


|o.|=1, (59) 


a=1,2,---,m. 





But og=ws, B=1, 2, ---, m and since w:=1, o,=1, Al] 
the other o. must be less than one since 2,=0 is the 
only pole of M/A(p) at p=0. Hence 


Ov=Qit DL oaV+5, 


a=2 


(60) 


and thus 
O0= Qi. (61) 


It is noted that the condition |¢.|=1 implies Rea] 
part (%.)=0, a=1, 2, ---,m. In other words, a neces. 
sary condition that the system be stable is that the 
forward transmission have no poles in the right-half of 
the complex p plane. 





Variation of Elastic Moduli and Wave Velocity with Pressure and Temperature in Plastics* 


D. S. Hucues, E. B. BLANKENSHIP, AND R. L. Mrast 
Department of Physics, University of Texas, Austin, Texas 
(Received September 6, 1949) 


The variations in velocity of dilatational waves in the pressure range 0 to 15,000 lb./in.? and temperature 
range 30° to 90°C have been measured for samples of polystyrene, Lucite, and polyethylene. The velocity 
of rotational waves was also measured for polystyrene and Lucite. In polyethylene no trace of a rotational 
wave could be identified. The elastic moduli and Poisson’s ratio are computed over the experimental range. 


INTRODUCTION 


QUICK and simple method of measuring the ve- 

locity of waves in rods is to measure the time of 
transmission of a pulse through a known length. This 
pulse in long thin rods usually travels with the ‘“‘acous- 
tic” velocity given by 


Vs=(E/p)' (1) 


where E is the Young’s modulus of the material and p 
is the density. For short, relatively thick rods the first 
arrival is the dilatational wave whose velocity is given by 


Vo=([(K+3u)/p]} (2) 


where K is the bulk modulus and uy is the rigidity 
modulus. It has been found that following the dilata- 
tional wave! there are other arrivals which arise by 
transformation of the original dilatational pulse at the 
boundaries of the rod into rotational waves. These 
rotational waves cross the rod and at the opposite 
boundary give rise again to a dilatational wave travel- 
ing parallel to the axis of the rod. The angle between 
the normal to the rotational waves and the axis of the 
rod is given by 

sinO=Vpr/V p. (3) 


In reference 1 it is shown that the arrival times to be 


* This work was supported by the ONR under Contract N6- 


onr-266, Task Order VIII. 
t Employed under research grant from Shell Oil Company. 


1D. S. Hughes,W. L. Pondrom, and R. L. Mims, Phys. Rev. 75, 


1552 (1949). 
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expected are given by 
tnm= maD+nBL (4) 


where m is any odd integer and m is subject to the 
condition 
O<mD tanO<nL 


B=1/Vp a=[(Vo?—V2e’)/VoVe}}. (5) 


Thus fo is the direct dilatational wave, /1; is a dilata- 
tional wave that was transformed into a rotational 
wave and back into a dilatational wave, ti. has been 


transformed twice into a rotational wave, f30 is a dilata- 


tional wave that has traversed the rod three times 
without transformation, /3; has traversed the rod three 
times with one transformation, etc. 

In practice, values of m greater than five or six are 


rarely observed even with metals of good acoustic 


properties. With polystyrene, fio, ‘11, and f39 could 
always be identified. With Lucite, only fio and ¢,; could 
be read dependably, and with polyethylene, only tp. 
The values of a and 8 are computed from Eq. (4) 
and the observed times, and from these, the dilata- 
tional and rotational velocities may be derived. 


Vp=8" 
Ve=(?+)3. (6) 
From these velocities and the density p, the elastic 
constants may be derived. 
Define 
R=Vp/Vr. (7) 
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Fic. 1. Block diagram of electronic equipment. 


Then, Poisson’s ratio is 
o= (3 R?—1)/(R’—1), 
the rigidity modulus is 
u=pV rR’, 

the Young’s modulus is 

E=2(1+o)n, 
and the bulk modulus is 

K= E/3(1—2o0). 
APPARATUS 


Figure 1 shows a block diagram of the apparatus. 
This is essentially the same as described in reference 1. 
The TS-100/AP oscilloscope is used as standard for all 
time measurements. This instrument has a circular 
sweep of 80.86-kc frequency of 12.368 usec. per revolu- 
tion. A trigger circuit is provided that operates at sub- 
multiples of this frequency in the range 150 to 500 
pulses per second. This trigger is accurately synchro- 
nized with the circular sweep. The instrument is also 
provided with an intensity gate so that any one se- 
lected revolution, after the trigger, appears on the 
screen. The trigger is sent through a delay line to syn- 
chronize the pulse generator. The pulse generator pro- 
vides pulses with a rise time of about 0.3 ysec., 180-v 
amplitude and length from 0.5 to 60 ysec. A volume 
control was added so that the amplitude could be varied 
from 20 to 180 v. For materials with poor transmission 
these pulses are insufficient. A pulse amplifier consisting 
ofa 6AG7 tube to invert and sharpen the pulse, an 807 
as an amplifier, and a second 807 as a cathode follower 
for an output tube was constructed. This amplifier 
when driven by the pulse generator will provide pulses 
of about 800-v amplitude and rise time of 0.2 usec., 
with an exponential decay of about 5 usec. This sharp 
rise and slow decay both impressed on the driving 
crystal give a very simple pulse in the sample. The 
driving and receiving crystals are 3.5 Mc, x-cut, quartz 
crystals, 1.125 in. in diameter. 

The signal from the receiving crystals is amplified 
by a preamplifier similar to that described by Jordan 
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and Bell? but modified so that the gain is about 10 and 
the band width extends to some 5 Mc. This is followed 
by a video amplifier® which has a gain of about 800 and 
an upper frequency limit of about 8 Mc. The output of 
this amplifier is sent to the radial deflection electrode 
of the TS-100/AP and the vertical plates of the 248 
and 256D oscilloscopes. The 25-usec. R sweep of the 
256D is triggered by the TS-100/AP generator. This 
scope is used for qualitative observations of wave form 
and approximate time checks. The 248 is triggered by 
the delayed intensity gate of the TS-100/AP so that 
any delayed 25- or 100-usec. portion of the record may 
be displayed. This scope is fitted with a blue tube and 
camera for photography. 

The sample may be used either in open air or placed 
in the pressure chamber, Fig. 2. The pressure chamber 
is constructed of Type 309 stainless steel, 4 in. in 
diameter by 12 in. high. The inner chamber is 2 in. in 
diameter by 7 in. high. The cylinder sets in a brass 
tank filled with SAE 30 oil and fitted with heating ele- 
ment, circulating stirrer, and cooling coils. The leads 
from the crystals are brought out through the head of 
the cylinder. 


DATA 


Figure 3 shows records of the waves received through 
polystyrene, Lucite, and polyethelene at room tem- 
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Fic. 2. Schematic diagram of pressure chamber. 
2 W. H. Jordan and P. R. Bell, Rev. Sci. Inst. 18, 703 (1947). 


’ Research Laboratory Series, Electronic Instruments (McGraw- 
Hill Book Company, Inc., New York, 1948), Vol. 21, p. 602. 
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TABLE [. Material: polystyrene. 











TABLE II. Material: Lucite. 

















L =5.090 cm p =1.046 g/cc D =2.626 cm L =7.976 cm p=1.171 g/cc D =2.540 cm 
Pressure Vp VR E X10" p X10u K X10" Pressure Vp Ve » X10" E X10" K X10" 
Ib./in.? m/sec. m/sec. dynes/cm? dynes/cm? dynes/cm? o Ib./in.? m/sec. m/sec. dynes/cm? dynes/cm? dynes/cm? a 
Temperature 31°C Temperature 33°C 
Py 2295 1139 0.3627 0.1358 0.3699 0.336 Po 2621 = 1296 0.1968 §=—-0.5226 0.5422 0.33 
2500 2336 1149 0.3703 0.1381 0.3880 0.340 2500 2666 1320 0.2038 0.5453 0.5602 0,338 
5000 2375 1157 0.3777 0.1404 0.4056 0.342 5000-2702) 1336) 0.2102) 0.5622, 0.5768 =~ 0.338 
7500 2413 «1169S 0.3874 «(0.1435 0.4233—(0.345 75000 2744 1361 0.2175 0.5816 0.5944 0.337 
10000 2448 «= 1181 S«0.3952, «0.1465 = «0.4348 «Ss «0.348 «= 10000 2782) 1375 0.2222, 0.5949 0.6135 0.338 
12500 2481 1187 0.4012 0.1484 0.4520 0.351 12500 2820 1390 0.2274 0.6091 0.6324 0.349 
15000 2515S 1194 0.4063 = (0.1500) 0.45908 »=— 0.353. «15000 2853) 1400 0.2310 0.6195 0.6505 0.341 
Temperature 51°C P Temperature 48°C 
Py «22561121 0,3505 0.1311 0.3572 0.337 fh BR = = - _ 
2500 2304 1134 0.3604 0.1345 0.3749 0.341 ~ e = ae 
5000 2344 ©1147 0.3709 0.1382 0.3976 «0.344 «SUD 2052 1270 OI Oe oan 0.347 
7500 2380 1156 0.3773 0.1402 0.4079 0.347 cs ' — 0.347 
ra A 10000 2719 1315 0.2029 0.5469 0.5978 0.348 
10000 2418 1167 0.3816 0.1427 0.4256 0.349 oe nw tensed 
- » e z 12500 2763 1329 0.2075 0.5595 0.6141 0.348 
12500 2449 1174 0.3923 0.1453 0.4382 0.352 15000 2800 1336 0.2116 0.5719 0.6405 
15000 2488 1185 0.3989 0.1476 0.4551 0.354 ' ' 0205 0.351 
Temperature 72°C P 2468 _ Temperature Ue Cc = - 
Py  —-2238-~S 1106) 0.3422 -0.1278~—:0.3532, «0.339 asng)S 496 Ks me a a 
2500 2275 1118 0.3506 0.1307 0.3675 0.342 so99 2547 — = = a i: 
5000 «2325 «=1129 Ss 0.3586 = 0.1332: 0.3837 — («0.346 7500 2620 1249 0.1840 0.4966 0.5505 0,350 
7500 2359 1142 0.3675 0.1364 0.4024 0.348 10000 2652 1266 0.1889 0.5228 0.5866 0.352 
10000 2399 1153. 0.3743) 0.1385 0.4151 0.351 12500 2705 1289 0.1951 0.5386 0.6091 0,353 
12500 2420 1158 0.3815 0.1409 0.4300 0.353 45 1305 (OO. 05446 0. r 
15000 2456 1167 0.3876 0.1428 0.4457 0.355 ee — — om — 0.356 
Temperature 82°C . 
Py 2205 1090 0.3328 0.1242 0.3390 0.339 may be computed from a knowledge of the coefficient 
2500 2250 1108 0.3444 0.1284 0.3588 0.341 of thermal expansion. Thus, 
5000 2296 1125 0.3560 0.1321 0.3768 0.347 
7500 2339'S «1136 0.3631 = (0.1349 ~—-0.3945 (0.350 Lre= Lf'1+-c(T—T 
10000 2384 «1149 «0.3723 «0.1376 = (0.4136 0.352 o= Lol 1+ ax( 0), 8) 
12500 2407 1154 0.3779 0.1398 0.4237 0.354 . . ° . 
15000 2434 +1163 «03832-«0.1419 0.4352 ~—«0.385 + Where « is the coefficient of thermal expansion, 7) is 
room temperature, JT is temperature at which the 
Temperature 92°C run was made, J» is the length or diameter at room 
Po 2177 1074 = 0.3237, 0.1208 =: 0.3345. 0.340 temperature and pressure, and L7 9 is the computed 
2500 2231 1097 0.3376 0.1258 0.3557 0.344 | d F 
5000 2277 1118 0.3504 0.1305 0.3703 0.348 ength at temperature T and room pressure. from the 
7500 2323 1128 0.3578 0.1328 0.3893 0.350 approximate value of K already computed, the length at 
10000 2364 1140 0.3669 0.1359 0.4059 0.351 . ; = on 
12500 2308 1149 0.3751 0.1383 0.4217. -«0.385 + 2"Y temperature and pressure is given by 
15000 2436 1159 0.3809 0.1409 0.4305 0.356 








perature and pressure. With increase in pressure the 
arrivals become slightly sharper and, with increase in 
temperature, somewhat less sharp; but the changes 
are minor except that with Lucite the /,; arrival dis- 
appears at low pressures and elevated temperatures. 
The trace length is about 100 usec. The arrivals falling 
in this range are indicated. 

The arrivals can be read on the TS-100/AP with a 
probable error of about +0.03 usec. This permits a 
determination of Vp and Vez with a probable error of 
about 0.2 percent. From these velocites and the density 
p, Poisson’s ratio o, the rigidity modulus yp, Young’s 
modulus E, and the bulk modulus K, may be computed 
using Eq. (7). These values are slightly erroneous since 
the length, diameter, and density as measured at room 
temperature and pressure are used. However, this 
first computation gives an approximate value for K 
as a function of pressure at a given temperature. The 
length at any given temperature and room pressure 
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Lrp=L11—(P/3R)], (9) 


where P is the pressure and K is average bulk modulus 
over the pressure range zero to P. Using Eqs. (8) and 
(9), the length and diameter were computed for all 
pressures and temperatures. The density p and the 
velocities Vp and Vz were recomputed as a function of 
pressure and temperature and then Eq. (8) used to re- 
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Fic. 3. Pulse transmission in plastics. 
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compute values of o, u, E, and K. The largest correction Taste III. Material: polyethylene. 
is about two percent. It is assumed that for the purpose ee 
of this correction the differences between the adiabatic a er D=3.505 om 
° assure L 
and isothermal moduli can be neglected. Ib/int — ceases see. ie comm ate 
Table I lists the velocities and elastic moduli for — nals = a ; 
styrene over the range of pressures and tempera- Po 1979-1844 1807) 1725, 1678 = 1643 
Jug nite ani — m ae ee ad ro 2500 2064 1918 1876 1837 1753 1716 
tures. The variation in the rotational velocity wi 5000 2129 ~=—«1991 1939 1004 1829 1792 
both temperature and pressure is very much less than 7500 =. 2193 2061 2010 1973 1897 1864 
. : : nee Gis . a ee 10000 2257 2123 2079 2034 1961 1925 
that in the dilatational velocity. raped the — 12500 2320 2179 2137 «2008 «027Ss«d0as 
modulus increases by approximately six percent for an 15000 2374 2227 2152 2082 2040 


increase in pressure of 15,000 p.s.i. whereas the bulk 
modulus increases over the same range by about 30 
percent. Corresponding to this rise in bulk modulus, 
Poisson’s ratio, a, increases uniformly. 

Table II lists the velocities and elastic moduli for 
Lucite. Although the elastic moduli vary in a some- 
what similar way to those of polystyrene there are 
fundamental differences. At room temperature Poisson’s 
ratio decreases slightly as the pressure is raised reaching 
a minimum at 7500 p.s.i. and then increases slightly 
thereafter. At 48°C the first transformed wave cannot 
be read until a pressure of 5000 p.s.i. is reached and at 
71°C a pressure of 7500 p.s.i. is required. 

This almost certainly indicates a large change in 
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viscous damping of the rotational waves. The first 
appearance of the transformed waves as the pressure 
increases is not sudden but gradual. The pressures 
listed above are those at which a clear definite arrival 
can be identified. At the elevated temperatures, Pois- 
son’s ratio rises very rapidly with pressure in contrast 
to its behavior at room temperature for Lucite and 
polystyrene over the experimental range as shown by 
Fig. 4. 

Table III lists the dilatational velocity for poly- 
ethylene. No trace of a transformed wave could be de- 
tected and the elastic constants could not be computed. 
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The Summation of Fourier Series by Operational Methods 


Louis A. PIPES 
Department of Engineering, University of California, Los Angeles, California 
(Received September 26, 1949) 


A method for the summation of certain types of Fourier series by the use of Laplace transforms is pre- 
sented. The procedure enables one to easily obtain graphical representations of functions defined by Fourier 


series in many cases of practical importance. 


I. INTRODUCTION 


N the mathematical analysis of problems in electric 
circuit theory, mechanical vibrations, heat conduc- 
tion, and other branches of mathematical physics, one 
frequently arrives at solutions that are expressed in the 
form of infinite Fourier series. In many cases, it is more 
convenient to have the solutions of these problems 
expressed in closed form for purposes of calculation. 
Oliver Heaviside! in the second volume of his Electro- 
magnetic Theory used his rather informal “resistance 
operator’ methods to interpret and sum Fourier series. 
As is well known, his mathematical processes were 
sometimes open to question. However, his methods 
frequently lead to useful results most simply, and he 
himself said in several instances, ‘I feel quite certain 
that this could be shown by conventional mathematics.” 
It is the purpose of this discussion to present a method 
for summing certain types of Fourier series of frequent 
occurrence in applied mathematics by the use of the 
modern Laplace method of the “Operational Calculus.” 


Il. FUNDAMENTAL TRANSFORMATIONS 


The method to be described is based upon the fact 
that certain hyperbolic functions can be expressed as an 
infinite series of exponential functions. If we use the 
notation, 

A,=e-**?=exp(—kap) (2.1) 


then the following expansions may be written 


tanh(ap) = 1— 2A2+ 2A4—2A6+ won (2.2) 
coth(ap) = 1+ 2A+2As+ 2A6+ cee (2.3) 
1 
-=2(AitAstAstArt::-) (2.4) 
sinh(ap) 
1 
=2(4,;—A3+A;5s—A7z4+ -::-), (2.5) 
cosh(ap) 


a is a positive real number, and / is a number whose 
real part is positive. 
By the use of a method due to Mittag-Leffler,’ it is 





'O. Heaviside, Electromagnetic Theory (D. Van Nostrand Com- 
pany, Inc., New York, 1925), Vol. II, pp. 107-119. 

2 E. T. Whittaker, and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, London, 1927), pp. 134-136. 
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possible to obtain the following expansions, 
2 1 

tanh(ap) = —; ———- 
apl1+(m/2ap)* 


1 1 
oo ——— — _ --- — a een oe — 
1+(3x/2ap)? 1+(5x/2ap)? 


2 » 1 





=— manne, Ce 
ap yt iCn—De) Zap}? “a 
coth(ap) 
1 1 2 
=—j1+ ay +s te 
ap 1+(n/ap)? 1+(22/ap)? 
1 2 Y 
-— {1+ ——— |, (2.7) 
up n= 1+(n2/ap)? 
1 
cosh(ap) 
1 T 3m 
le oc ad 
a*p?\1+(m/2ap)? 1+(32/2ap)? 
1 » (—1)(2n—1)2r 
8 noone aman, CEE 
a*p? n= 1+(n2/2ap)’ 
1 
sinh(ap) 


1 2 2 
co 
ap 1+(m/ap)? 1+(22/ap)? 


1 £ 2 
=—|1+ (—1)»———_ i (2.9) 
ap n=l 1+(nx/ap)? 


It is possible to expand other combinations of hyper- 
bolic functions in a similar manner, however, the above 
expansions are sufficient to illustrate the general prin- 
ciples of the method to be described. 


Ill. THE LAPLACE TRANSFORMATION 


Modern rigorous “‘operational calculus” is based upon 
the Fourier-Mellin integral equations.’ 
3L. A. Pipes, A pplied Mathematics for Engineers and Physicists 


(McGraw-Hill Book Company, Inc., New York, 1946), Chapter 
XXI. 
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These equations state that, if 





ep) =p f e-P'h(t)dt, (3.1) 
0 
then 
1 ct ja ) ptd 
h(t)=—— stple . (3.2) 
2rj c— 7] p 


where 7=(—1)! and ¢ is a real constant of such magni- 
tude that the poles of the integrand lie entirely to the 
left of the path of integration. For brevity, the notation 


g(p)=Lh(t) or h()=L-g(p) (3.3) 


js used to denote the above relations between the func- 
tions g(p) and A(t). The function g(p) is said to be 
the Laplace transform of h(t) and the function h(?) 
is said to be the inverse Laplace transform of g(p). 
Extensive tables of Laplace transforms have been com- 
piled.* In this discussion we require the transforms of 
the sine and the cosine. These transforms are given by 





nwp nw 1 
L sin(nwt) = = —-————-__ (3.4) 
P+n'w p 1+(nw/p)? 
and 
p? 1 
L cos(nwt) = (3.5) 





P+ (nw)? 7 1+ (nw/p)? 


Another result of the theory of Laplace transform 
that is required is the following one.* 


If 
I'g(p)=h(1) (3.6) 

then 
, 0 t<k ; 
ae h(t—k) t>k, was 


where & is a positive constant. 


IV. SUMMATION OF FOURIER SERIES 
The general method of summation will now be il- 
lustrated by applying it to several special cases. 
Example I 


In certain investigations of physical problems the 
following Fourier series is obtained: 


F,(t)=4[(sint/1)+ (sin3t/3)+ (sin5t/5)+- -- ] 


«© sin(2n—1)t 
=4 >> ——— ¢>0._ (4.1) 
n=1 (2n—1) 
The Laplace transform of the function F(/) repre- 
sented by the series (4.1) may be obtained by taking 
the Laplace transform of each term of the series using 
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(3.4). In this manner one obtains 
1 


rryef— 
pLi+(1/p)? 
1 1 
+>— + -- 
1+(3/p)? 1+(S/p)? 
We now note that, if in Eq. (2.6) we let 





-} (4.2) 


(4.3) 


then we can express the series term of (4.2) in the fol- 


_— om 


a= 7/2, 









































Fe r ar Ir or or 
-7 
SE ood 
+ 
Fic. 1. 


lowing form: 








1 1 1 
F + oo +] 
1+(1/p)? 1+(3/p)? 1+(5/p)? 


=ap/2tanh(ap). (4.4) 
Hence, comparing (4.2) and (4.4) we see that 
LF ,(t)=2a tanh(ap)=tanh(rp/2). (4.5) 
We now use the expansion (2.2) and obtain 
LF \(t)= a1 —2e-*?+ 2e*7?— e474... (4.6) 


This is the Laplace transform of the Fourier series 
(4.1). To obtain the inverse Laplace transform of (4.6) 
and then obtain a representation of the series (4.1) we 
use the result (3.7). The inverse Laplace transform of 
the first term of (4.6) is a step function of height z 
formed at ‘=0. The inverse transform of the second 
term is a step function of height —2zm formed at t= 7. 
The inverse transform of the third term is a step func- 
tion of height +22 formed at ‘=2 and so on. The sum 
of all these step functions is illustrated in Fig. 1. 


Example II 


As a second example let it be required to interpret 
the following Fourier series that occurs in certain 
electrical and heat conduction problems. 


2 1 nol 
F,(t)=- > ~ sin( “ -), 


T n=l § 


(4.7) 


By the use of (3.4), the Laplace transform of (4.7) is 
obtained and is given by: 





LFa(t) 2 S nT 1 
LF,(t)=— >> —-—_—_—__ 
: mr n= nsp 1+-(n2/sp)? 
1 « Z 
=— } ——— - (4.8) 
sp »=1 1+(n2/sp)? 
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If we now compare (4.8) with (2.7) it is seen that 
we have, 


LF,(t)=coth(sp)—1/sp. (4.9) 


By the use of (2.3) this may be written in the follow- 
ing form, ° 


LF .(t) = (1—1/sp+2e-**?+ 2e—**?-+- 2e#P-+ . . .). 


To obtain the inverse transform of F2 we note that 
the inverse transform of the first term is a unit step 
function, the inverse transform of the term —1/sp is 
—t/s, the inverse transform of +2e~**? is a step function 
of height that begins at ‘=2s, etc. The sum of the 
various transforms gives the function F2(/). The result 
is given graphically in Fig. 2. 

This figure is a graphical representation of the Fourier 
series F(t). 


(4.10) 


Example III 


As another example, let it be required to obtain the 
graph of the following Fourier series: 


F(t) = (sint—} sin2t+3 sin3t—-- -) 


=— > (—1)"-sin(nt). 


n=l n 


(4.11) 


In this case we transform (4.11) by the use of Eq. 
(3.4) and note the similarity to Eq. (2.8). Then the 
expansion (2.4) gives the result 


LF ;(t)=(1/p—2me—*?— 2e4*” — 2me5*?-+-,. .). (4.12) 


Now the inverse transform of 1/p is /, the inverse 
transform of —2ze~—*” is a step function of height —2z 
that begins at ‘= 7, etc. The sum of the various inverse 
transforms is F;(/). This function is given graphically 
in Fig. 3. 


f a +! +f +f 
Za Iw hy _— 
$ S 








Fic. 2. 


Example IV 


An interesting series which arises in the analysis of 
the propagation of charge along a cable will now be con- 
sidered. This series represents a row of impulses and the 
function it represents is important in the analysis of the 
disturbances created when lightning hits a transmission 
line. The series to be considered is the following one: 


2 n= 


NTXx nib 
F,(x)=- >> sin( )sin(= -); (4.13) 
§ n=l 


To study this series more easily, the product of 
sines may be transformed into two cosines and written 
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in the following form: 





1 nHx nx(x—b) cosna(x+b) 
re, ; a Re 
§ n=l by § 
Let us first consider the first series of (4.14) and let 
t=x—b. (4.15) 
This series may be written in the form: 
nrst 
=~ 3 cos( = ): (4.16) 
5 n=l s 
By (3.5) it can be transformed to: 
1 
nae > cos——— —— (4.17) 
sn=t 1+(n sp) 


By the use of Eqs. (2.7) and (2.3) this may be written 
in the form, 


L(t) = p/s(1+2e-#”+ 2c... .), 


f LA" Ps Ps 
4a) - wa ——_— 
-r -7r ays 
£ 


Fic. 3. 


(4.18) 











To obtain the inverse transform of this function we 
note that,’ 
I p= 6(2). (4.19) 


The function, 6(/), is an impulse function known in 
the literature as the Dirac function. It has the following 
properties: 


0 t#40 
a) =| (4.20) 
oc t=0 
and 
+0 
J 5(¢)di=1. (4.21) 


As a consequence of (3.7), the inverse transform of 
(4.18) is 


o(t) = 1/s{_6(t)+ 26(t— 2s)+26(t—4s)+...]. 


We note that the first term is an impulse at /=x—b=0 
or at x=b. The second term is an impulse located at 
t=2s or x=2s+6, and so forth. The second series of 
(4.14) may be transformed in a similar manner if the 
substitution ‘=*+ 5 is made and it can be shown that 
this series represents a row of negative impulses at 
x=—b, x=2s—b, etc. A graphical representation of the 
function F(x) defined by (4.13) is given in Fig. 4. 

The function F,(x) is zero for all values of x except 
at the places where it has the values of positive and 
negative pulses of the Dirac type. 


(4.22) 
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Vv. GENERAL CONSIDERATIONS 


The general Fourier series may be written in the form: 


F(t)=Aot dX Ancos(nwt)+ >) B, sin(nwt). (5.1) 
n=1 n=1 
The coefficients A, and B, are known functions of n. 
By the use of Eqs. (3.4) and (3.5), it is possible to 
transform (5.1) into 


s An w < nBn 
F(t)=Aot+d — —+— ———————- (5.2) 
LE Ae 1+ (ora) pp mi + (onw/p) 


The success of the method of interpretation described 
in this discussion depends upon the possibility of 
effecting the summations of (5.2) by the use of the 
Eqs. (2.6)-(2.9) or by formulas derivable from them. 
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The interpretation of the Fourier series can then be 
carried out by the use of Eqs. (2.2)-(2.5) or combina- 
tions of these expansions. 

In many cases, however, the summation of the frac- 
tions of (5.2) may present insurmountable difficulties 
and in such cases, this method of interpretation is not 
applicable. 





Effect of Change of Scale on Sintering Phenomena 


ConyERS HERRING 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received November 16, 1949) 


It is shown that when certain plausible assumptions are fulfilled simple scaling laws govern the times 
required to produce, by sintering at a given temperature, geometrically similar changes in two or more 
systems of solid particles which are identical geometrically except for a difference of scale. It is suggested 
that experimental studies of the effect of such a change of scale may prove valuable in identifying the pre- 
dominant mechanism responsible for sintering under any particular set of conditions, and may also help to 
decide certain fundamental questions in fields such as creep and crystal growth. 


OR the purposes of this paper “sintering” will be 
understood to mean any change in shape which a 
small particle or a cluster of particles of uniform com- 
position undergoes when held at high temperature. In 
the absence of externally applied stresses, such changes 
are believed to be motivated by surface tension, since 
the surface free energy decreases as the particles grow 
together and assume a more compact shape. The trans- 
port of matter which is involved can take place by any 
of four mechanisms: viscous or plastic flow, evaporation 
and condensation, volume diffusion, and surface migra- 
tion. With the aid of certain plausible assumptions the 
rates of transport by each of these mechanisms can be 
computed in terms of the geometrical parameters and 
certain constants of the material such as surface ten- 
sions, diffusion coefficients, etc.! Foremost among the 
assumptions involved is the assumption that the build- 
ing up or tearing down of the surface can occur quite 
readily in response to conditions in the immediately 
adjoining solid or vapor phase. This assumption is 
closely related to the controversial problem of the 


'C. Herring, paper presented at the Symposium on the Physics 
of Powder Metallurgy organized by Sylvania Electric Products, 
Inc., Bayside, Long Island, New York (August 24-26, 1949). 


Plans have been made to publish the papers of the Symposium in 
book form. 
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mechanism of crystal growth, and it would be incorrect, 
at least in cases involving plane crystal facets, if growth 
normal to such facets required a “two-dimensional 
nucleation” process.'? It is the purpose of this note to 
point out that useful information can probably be ob- 
tained, both on the fundamental question of the way 
in which crystals grow and on the more specific question 
of the relative importance of the four transport mecha- 
nisms in specific cases, by a comparison of sintering 
rates for particles or clusters of different sizes but geo- 
metrically similar shapes. 


THE SCALING LAWS 


We shall use the term “cluster” to refer to any par- 
ticle or to a number of particles which have started 
to grow together. Consider two partially sintered 
clusters which are geometrically similar, the linear 
dimensions of number two being A times those of num- 
ber one. For example, if each cluster consists of spherical 

2 The theory of growth by two-dimensional nucleation is sum- 
marized in the book of M. Volmer, Kinetik der Phasenbildung 
(Verlag von Theodor Steinkopff, Dresden and Leipzig, 1939; 
Edwards Brothers, Inc., Ann Arbor, 1945). An alternative theory 
of crystal growth has been proposed by F. C. Frank, to appear in 
Trans. Faraday Soc. (paper presented at the Discussion on Crystal 


Growth sponsored by the Faraday Society and held at Bristol, 
England, April, 1949). 
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grains of radius R, sintered until the radius of the area 
of contact of adjacent grains is a, similarity will require 
R2=XR, d2=Xa;. The question to be considered is, 
how is the time Af, required to produce a given change 
in shape of cluster number one in the sintering process 
related to the time Af. required, at the same tempera- 
ture, to produce a geometrically similar change in the 
second cluster? This relation turns out to be quite 
simple in the following four cases, if the same one of 
the basic mechanisms predominates for both clusters 
and if the above-mentioned assumption of facile growth 
and recession of the surface is valid. 


Viscous Flow of an Amorphous Material 


It is well known that the surface tension ¥ of a spheri- 
cal drop of liquid of radius R produces a pressure p in 
the interior of the drop, given by 


2nRy=7R’*p 
or 


p=2y/R. (1) 


This equation can be shown to give, in more general 
cases, the normal stress p,, immediately under a curved 
surface of any shape, provided R™ is interpreted as the 
mean of the principal curvatures of the surface, these 
being counted positive if convex, negative if concave. 
It can be applied to “amorphous solids” provided the 
temperature is high enough so that the surface layers 
of atoms are reasonably free to rearrange themselves; 
however, the simple form (1) is not valid for crystals.! 

If the surface of a cluster is inhomogeneously curved, 
the normal stresses given by (1) will vary over the 
surface, and to compensate this there must be shearing 
stresses in the interior. For the two sizes of cluster 
mentioned, the stress tensors at corresponding points, 
being determined by (1) and the linear conditions of 
equilibrium, must satisfy 


pis (Ar) = pis (4)/d. (2) 


Thus assuming viscous behavior the strain rates ds;;/dl 
at corresponding points will satisfy 


(ds; ‘dt)2.= (1/A) (ds;;/dt), 


and so the times required for a given change of shape to 
take place will be related by 


Alo=XAL. (3) 


Evaporation and Condensation 


It will be assumed that the mean free path of an 
atom or molecule in the vapor is long compared with 
the dimensions of the particles being sintered, and that 
only one kind of atom or molecule is involved. For a 
liquid or an amorphous solid it is well known that the 
equilibrium vapor pressure over a spherically curved 
surface of radius R is greater than that over a flat 
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surface by the ratio® 
Pr/ Po=exp(2Qey/kTR), (4) 


where Q is the atomic or molecular volume and ¥ the 
surface tension. Application of a similar thermodynamic 
argument to crystals yields a relation which, though 
more complicated, agrees with (4) in having an ex. 
ponent which varies inversely with the first power of 
the linear scale.' If the exponent is small, as is likely 
to be the case if R is of the order of 10~° cm or greater, 
(4) can be written 


Pr=po(1+2Qoy/kTR). (5) 


Now consider any two elements of surface dS, and dS, 
on nearby portions of the cluster being sintered. The 
evaporation rates from these two will be in the ratio 
of their areas and of their equilibrium vapor pressures,* 
If these vapor pressures are different, as they will be 
if the radii of curvature R, and R;, are different, the 
amount of material which in any given time is evapo- 
rated from a, passes directly to 6, and condenses there, 
will be different from the amount passing in the reverse 
direction. Ignoring factors of proportionality which are 
independent of the linear scale factor \, one may write 


rate (a—b) —rate (ba) « dS adSvo(pa— ps) /Trar? 


where rq, is the distance of dS, from dS». Thus the 
rates for the two geometrically similar aggregates we 
are considering bear the ratio 


rate (a—b).— rate (b—a)> 





=?-h?-A1-AK7=H. (6) 
rate (a—b),— rate (b—a), 


A similar equation obviously holds for material trans- 
ported from a to b by any type of trajectory involving 
reflection from some intermediate surface. Since the 
total amount of material which must be transported 
in these ways to produce geometrically similar changes 
in cluster 2 is \* times that for cluster 1, the intervals 
of time required will be related by 


Ato= AtyA?/A= NAN. (7) 


Volume Diffusion 


It can be shown that in a crystal the diffusive flux of 
matter, i.e., of interstitial atoms or lattice vacancies, is 
proportional to the local gradient of the chemical po- 
tential of the diffusing substance. (Use of the chemical 
potential takes account of the effects of both pressure 
gradients and concentration gradients.) Now the value 
of this chemical potential at any place on the boundary 


3 See, for example, E. A. Guggenheim, Modern Thermodynamus 
by The Methods of Willard Gibbs (Methuen and Company, Ltd., 
London, 1933), p. 172. 

* This statement may not be true if the “sticking coefficients” 
aq and a for the two surface elements are different. However, 
since both the probability of evaporation and the probability of 
condensation contain the sticking coefficient as a factor, (6) will 
be correct in any case. 
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of the crystal must coincide with the chemical potential 
of the vapor which is in equilibrium with that portion 
of the crystal surface. For a one-component substance 
we have from (4), or from its extension to the crystal- 
Jine case’ 


chemical potential at surface=const.+-kT In(pr/p.) 
=const.+ B/(linear dimension), (7) 


where B is a quantity which is the same at correspond- 
ing points of the surfaces of the geometrically similar 
clusters 1 and 2. Thus, when a quasi-steady distribu- 
tion of diffusion currents has been set up we have at 
corresponding points of the interiors of the two clusters 


(chem. pot.)2= (chem. pot.);/A 
and 
(flux) >= (flux),/X. (8) 


Since corresponding areas in the two clusters bear the 
ratio A? and the amount of material which must be 
transported goes as \*, the times required to produce 
corresponding amounts of sintering satisfy 


Alo= (A3- 02/02) Aly =F AN. (9) 


Surface Migration 


The scaling law for sintering due to surface migration 
can be derived in a similar way, by starting from the 
assumption that the rate of migration over a given type 
of surface is proportional to the gradient of the chemical 
potential in the plane of the surface. Thus (8) will hold 
for the surface flux as well as for the volume flux. In 
the present case, however, the total rate of transport 
is the product of the flux not by an area but by a length 
in the plane of the surface and normal to the flux direc- 
tion. Thus, instead of (9) we have 


Ate= (A3-d2/A) At = MAN. (10) 
DISCUSSION 


In attempting to draw conclusions from experimental 
comparisons of sintering times for similar systems of 
different sizes, several obvious precautions must be 
observed. One must be sure that the factors deter- 
mining the degree of contamination of the surface are 
kept the same for all the cases being compared. If 
possible, the orientations of the various crystals making 
up each cluster should be the same for the clusters of 
different sizes which are being compared: surface ten- 
sion, surface mobilities, evaporation rates, etc., can be 
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quite different for differently oriented surfaces, the 
more so because preferential adsorption can cause 
different surfaces to acquire widely different degrees of 
contamination. If there is an appreciable delay in the 
formation of the initial bond between two particles, 
time should be measured from the moment when this 
bond is first established. 

When experimental data fail to follow one of the 
scaling laws one must decide whether this is merely 
because more than one of the above mechanisms is 
operative over the range of sizes covered by the experi- 
ment or whether mechanisms basically different from 
those assumed above are involved. In the former case 
there will usually be certain accessible ranges of tem- 
peratures and particle sizes over which only one of the 
four mechanisms contributes appreciably to the changes 
involved, and if data from these ranges are available, 
the transition ranges can easily be identified as such. 
If basically different mechanisms are involved, on the 
other hand, the variation of sintering time with linear 
scale may be of a sort quite inconsistent with the 
hypothesis of a gradual transition from one of the above 
power laws to another. For example, if a change were 
produced by slip or creep which set in abruptly at a 
given critical stress, the sintering time might vary dis- 
continuously with linear scale. An almost discontinuous 
variation might also result if growth of crystal facets 
by two-dimensional nucleation were involved. 

If a given type of sintering experiment is found to 
obey one of the scaling laws, the predominant mecha- 
nism of transport can be inferred. This inference can 
probably be drawn with less ambiguity than in the 
method used by Kuczynski,* who inferred the mecha- 
nism of sintering by comparing the observed rate of 
growth of the neck between a particle and a flat block 
with rates computed theoretically according to each 
of the above mechanisms. According to Kuczynski’s 
calculations, the radius of the neck varies as the nth 
root of the sintering time, where n=2 for viscous flow, 
3 for evaporation and condensation, 5 for volume dif- 
fusion, and 7 for surface migration. Although these 
exponents cannot be far from the truth if the assump- 
tions used in the present paper are correct, uncer- 
tainties in geometrical details of the calculations could 
perhaps affect the values of by as much as 0.5. The 
exponents in the present scaling laws, on the other 
hand, are subject to no such uncertainty. 


4G. C. Kuczynski, J. Met. 1, 169 (1949). 


303 











A Resonant Bar Method for Determining the Elastic Properties of Thin Lamina 


A. W. NOLLE AND P. J. WESTERVELT 
Acoustics Laboratory, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received September 9, 1949) 


A resonant bar method for obtaining the dynamic elastic properties of a thin cement layer is discussed. 
Formulas are deduced for the calculation of Young’s modulus from the measured resonant frequency and 
band width of two similar steel bars, cemented end-to-end. The accuracy of the method is discussed. 


I. INTRODUCTION 


HE method to be described has proved useful in 
obtaining the effective elastic properties of a 
thin layer of cement. In this application two cylindrical 
steel bars (see Fig. 1) of equal length //2 are cemented 
end-to-end forming a single bar. By suitable mearis 
the frequency and Q of the fundamental resonance of 
the cemented bar are measured and compared with 
similar quantities measured for a continuous bar of 
length /. From this comparison it is possible to obtain 
an effective complex Young’s modulus for the thin 
cement film. 

For a discussion of the concept of a complex modulus 
the reader is referred to a recent paper by Nolle.' 
Briefly, the complex modulus is defined as the stress-to- 
strain ratio for sinusoidal displacements. Provided the 
displacements are proportional to e~*“*, the complex 
modulus E can be expressed as E= E,—iE2 where EF; 
is the ordinary Young’s elastic modulus, and E:=wy 
(y=normal viscosity coefficient). 

The moduli are termed “effective” for two reasons. 
In the first place, E; and y are presumed to vary 
with frequency, whereas for a true modulus, E; and y 
would be independent of frequency. Secondly, in 
laterally constrained lamina, the measured modulus 
might lie between that of a Young’s modulus and a 
bulk modulus. 

Approximate formulae will first be derived for EZ; and 
E, under the assumption that the resonant frequency 
of the cemented bar does not differ much from the value 
for the continuous bar. 


Il. APPROXIMATE FORMULA FOR E, 


The fundamental resonant frequency vo of a bar of 
length / is given by 


lyo=c/2, (1) 


S Lx 
hb STEEL BAR 


amen; wanes eee, sams 


Fic. 1. Sketch of cemented bars. 


CEMENT LAYER 





STEEL BAR 

















1A. W. Nolle, “Method for measuring dynamic mechanical 
properties of rubber-like materials,” J. App. Phys. 19, 753 (1948). 
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where the velocity of sound c=(E/p)! (E= Young’s 
modulus; p=density for the bar). 

Increasing the length of the bar by 4 will result in a 
decrease dv of the resonant frequency, given by: 


dv/v9= 61 /l, (2) 


as can be verified by differentiating Eq. (1). Next, 
suppose the element 6/</ lies in the middle of the rod. 
The effect of 6/ can be visualized as that of a spring, 
coupling the two halves of the rod together. If the ele- 
ment had a Young’s modulus £, instead of the modulus 
E of the bar, its length would have to be (E;/E)8l in 
order to give the same fractional change in frequency; 
thus the fractional change due to an element 5} with 
modulus £, is: 

bv/vo= (E/E,)(b/l). (3) 


From Eqs. (1), (3) and the expression E= pc*, we obtain 
an expression for the real part of the complex Young’s 
modulus, £;, of a lamina of thickness bd: 


E, = 4plbv.?(vo/5v). (4) 


It can be shown that Eq. (4) is valid to within 10 per- 
cent provided the band width Av of the resonance of 
the cemented bar is small enough to satisfy (Av) 
<(dv)?, and provided (év/vo)<0.1. These restrictions 
are met in many cases. Formulas that hold when the 
first restriction does not apply will be given in the 
Appendix. 

In the event that 6v/v) is not small with respect 
to unity but that (Av)*<(év)* and b<I, it can be shown 
that a more precise value of EF; is obtained by multi- 
plying the value given by Eq. (4) by the function 


F(év/vo) ° 
év T bv ov Tov 
MUI « 
Vo 2 Vo Vo Vo 


From Eq. (5), F(0.1)=0.90. Hence, when 6v/v9=0.1, 
the value of E, obtained from Eq. (4) will be too high 
by 10 percent. 

Another approximate form results from expanding 
the cotangent in Eq. (5) and retaining the first term 
in the expansion. This leads to the following expression 
which is accurate to within 10 percent, provided 


5v/v9<0.3: 
Vo 
E,= solve —— 1), (6) 
év 
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ghich may be written: 
E,=4plbv,?(v/dv), (7) 


ghere v=vo—46v, the resonant frequency of the ce- 
mented bars. 


Ill. APPROXIMATE FORMULA FOR E, 


We shall look for a relation between E2 (which is a 
measure of the damping of the lamina), the resonant 
jrequency of the cemented bar » and the band width Av 
of the resonance peak. The quantity E2 can be expressed 
in terms of the mechanical resistance, R, of the lamina 
which is supposed to have a thickness d</ and the same 
grea S as that of the bar: 


2= (2mvRb)/S. (8) 


Provided that the Q of the fundamental mode is at all 
times large compared with unity, the band width Av 
is given by ? 


v 
sy=— 


2r 


Decrease of Energy of Free Vibration per Cycle 
= ° 





Total Energy of Vibration 


The total energy of vibration in the bar is the maximum 
kinetic energy, or: 


total energy=(MV,?)/2, (10) 


where M is the equivalent mass of the bar, vibrating 
in its first mode 


M = (plS)/2, (11) 


and Vo is the amplitude of the velocity configuration 
V(x) at a point x<//2 along the bar, measured from 
the plane joining the bar and the sample: 


bp aX oF 
ro-roaf(*)(-9} 


The energy loss per cycle in the lamina is given by: 


1 R2V(«—1/2)? 
loss per cycle “ 





? 
Vv 


or, for dv/v9<K1: 
R s/iv\? 
loss per cycle= eve—(—) ° (12) 
2v Vo 
Introducing Eqs. (10) and (12) into (9) we obtain: 
x R/fdbv\? 
Av=-— —(~) ; 
2 M Vo 


*Slater and Frank, Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1947), p. 32. 
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then, solving for R and using Eq. (11) 


plS f/ vo\? 
R= (=) Ap. 
w \ép 


Introducing the above expression into Eq. (8): 
E.= 2plbvo(vo/dv)2Av, 
or in terms of Fy, given in Eq. (4): 


E,= (E,/2)Av/év. (13) 
Any loss inherent in the continuous unloaded bar is 
effectively added to the loss introduced by the sample. 
Therefore, if the band width of the unloaded rod is not 
negligible in comparison to the band width observed 
with the sample in place, the quantity Av to be used in 
Eq. (12) should be obtained from the relation: 

Av= Avtoadea— APuntoaded- (14) 
The term “band width” as used above denotes the 
difference between the two frequencies for which the 
displacement amplitude of the system is }v2 times the 
value found at resonance, under the condition that the 


system is excited by a sinusoidal force whose amplitude 
is independent of frequency. 


IV. APPLICATIONS 


The method described here may be employed success- 
fully in conjunction with any of the known techniques 
for measuring the fundamental resonant frequency and 
the band width of a rod with free ends. A technique 
that is suitable when the rod is made of magnetostric- 
tive metal has been described in a previous publication.' 
The completely electrostatic technique of Bordoni?® is 
also well suited to this application. This method is 
being used by a group at M.I.T. for the study of de- 
terioration of adhesives.* ° 

In general, this method is suitable for investigating 
the elastic properties of thin samples whose mechanical 
impedance per unit area is large compared to the specific 
acoustic impedance, pc, of the rod material, provided of 
course that the samples can be bonded suitably to the 
rod metal. For the study of samples whose mechanical 
impedance per unit area is small compared to the 
specific acoustic impedance of the rod material, it is 
necessary to place the sample at a position of low im- 
pedance (that is, at an antinode of displacement) with 
respect to the wave pattern in the rod. This case has 
been discussed in connection with the magnetostriction 
technique to which reference has already been made.! 


3P. G. Bordoni, ““Metodo Elettroacustico per Ricerche Speri- 
mentali sulla Elasticita,”” Nuovo Cimento 4, 177 (1947). 


* Ordnance Dept. Project No. TB4-601, Professor A. G. H. 
Dietz, Supervisor. 
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APPENDIX 


More Rigorous Treatment of the Vibration 
of a Split Rod 


It is assumed that the Q of the vibrating system is at least of 
the order of 10 to 100. The motion, then, is closely symmetrical 
about a plane normal to the rod and through the center of the 
viscoelastic sample. This plane of symmetry contains a displace- 
ment node which may be replaced by a termination of infinite 
impedance. The problem resolves into the treatment of a rod 
whose length is that of one-half of the actual rod, terminated by a 
rigidly backed viscoelastic sample whose thickness is half that 
of the actual sample. The analysis is easily performed by the 
hyperbolic tangent method of Morse‘ and is given below in the 
terminology established by him. 

In the plane joining the sample and the metal rod (x=0), the 
specific acoustic impedance 2(E2+iE,)/bw of the half-thickness 
viscoelastic sample must equal the transmission-line impedance 
at this location as given by the function 


z= pc tanhr(a—if»). (15) 


Here 8» represents the value at x=0 of the phase parameter 8 
which obeys the relation 


Bir2= Botl/d. (16) 


Evidently the dynamic modulus, £,—iE2, can be calculated 
from a knowledge of the quantities a and fo. 

It will be shown that these quantities may be evaluated by 
measurement of the resonant frequency and the band width of 
the system. 

Let Kw represent the amplitude of an alternating pressure 
whose magnitude is proportional to frequency, applied to the free 
end of the rod at x=//2. The displacement amplitude at x=//2 
is K/z1/2. Expansion of the hyperbolic tangent Eq. (15) shows that 
the square of this displacement amplitude is proportional to 


A cos*xB1j2+B sin*xBr/2 
B cos*rBij2+A sin*rBi/2 





(17) 


where A =cosh*xa, B=sinh?ra. It may be verified by differentia- 
tion that this squared amplitude is maximum for 8;/2=0. Thus the 


4P. M. Morse, Vibration and Sound (McGraw-Hill Book Com- 
pany, Inc., New York, 1948), second edition. 
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parameter {po is given immediately as 
év 
— (1 ~) 
Bo yl/c v/2vo } ae , (18) 


where v and vo are the frequencies of maximum amplitude for the 
compound rod and for an unmodified rod of length / respectively, 

At the amplitude maximum, the quantity (17) has the valye 
A/B, but this value must reduce to A/2B at either of the two 
frequencies which define the band width. By setting the expres- 
sion (17) equal to A/2B, we obtain 


tan@’1/2= +(AB/(A?—2B?))4, (19) 


where tan§’1/2, which equals +/Av/2c, denotes the values of Bry 
obtaining at the limits of the “pass band.” This expression results 
in the following transcendental equation for a: 


tanh*ra/(1—2 tanh?ra) = tan?(rAv/4y9). (20) 


By means of Eqs. (15), (18), and (20) it is possible to compute 
the specific acoustic impedance or the complex modulus of the 
cement layer from measurements of the resonance frequency and 
the band width of the compound rod. 

Since the above equations are unwieldy for purposes of calcy- 
lation, it is convenient to introduce approximations. Suppose that 
the fractional frequency change év/vo and the fractional band 
width Av/vo are each small compared to unity. In this case the 
equations reduce to 


E,=4plbve?(1+ 5v/v0) (5v/v0)/L(5v/v0)?+(Av/2v0)*}, (21) 
E2/E,= }(Av/5v). (22) 


These equations are valid for any ratio E2/E,. Where this ratio 
is small compared to unity, as is the case for many cements, Eq, 
(21) may be replaced by Eq. (7), obtained in the simpler deriva- 
tion. 

The assumption that the driving-force amplitude is propor. 
tional to frequency, made in the derivation leading to Eqs. (21) 
and (22), is introduced solely to achieve a considerable simplifica- 
tion in the derivation and in the results. This condition can be 
achieved easily in the design of the apparatus, but the distinction 
involved is unimportant when the resonance is sharp, as will be the 
case for hard cements. Results identical to Eqs. (21) and (22) are 
also obtained if it is assumed that the driving-force amplitude is 
independent of frequency and that the detection device responds 
to velocity rather than to amplitude. 
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The Electronic Isograph for Roots of Polynomials 


Byron O. MARSHALL, Jr. 
Air Force Cambridge Research Laboratories, Cambridge, Massachusetts 


(Received August 10, 1949) 


An electronic apparatus which assists in the finding of the roots of polynomials is described. The device 
accepts the coefficients of polynomials of degree 10 or less and yields the absolute magnitude of the roots to 
a precision of 0.01 relative to the largest coefficient in the polynomial and an angular accuracy of 0.3 degree 


on the angle of the root. 


The method used is the electronic analog of the expression 


w=Da,z" 


=Zanr" cosn0+jZanr” sinné. 


Sinn@ and cosvé@ are generated by a motor-driven commutator. The radius r is controlled manually. Hence 
a plot of w is placed on the oscilloscope for a fixed r as a function of @. To find the root r is manipulated 
until w crosses the origin in the w-plane. The value of @ is found by inserting a pip on the intensity of the 
oscilloscope under a variable phase control. When this pip is moved to the origin of the w-plane the phase 


meter indicates the angle of the root in the z plane. 





I. INTRODUCTION 


HE great interest in the location of the roots of 

polynomials is partly evidenced by the great 
number of methods that have been devised for the 
process. The most common “pencil and paper” methods 
include the binomial formula for quadratics, the rather 
awkward formulas for cubics and quartics, Graffe’s 
root squaring method, the various methods of succes- 
sive approximation (Newton’s Birge-Vieta, etc.') and 
several more complicated procedures. These methods, 
however useful for low degree polynomials, are laborious 
and time consuming for greater than fourth or fifth 
degree. A convenient process for finding the roots of 
polynomials of perhaps tenth degree or so would have 
several fold applications: (1) for the solution to the 
great variety of engineering problems that may be 
expressed as functions of polynomials, (2) as an aid to 
large-scale computing machines for which the roots of 
a polynomials must be isolated before further calcula- 
tion can be performed, (3) possibly to give new ap- 
proaches to problems difficult by other mathematical 
procedures, since any analytic function may be ex- 
pressed as a power series, many of which converge 
rapidly, (4) as an adjunct to other mathematical 
processes: complementary solution to differential equa- 
tions, the study of transforms, the determination of 
latent roots of a matrix, and the like. 

Several electrical and mechanical methods have been 
developed for finding the roots of polynomials, some of 
which are: the Bell Laboratories isograph,? the Stibitz 
electrolytic isograph,*? and the University of Texas? 
mechanical synthesizer. The system herein described 
will possess the advantages: (a) of being able to evaluate 


'J. B. Scarborough, Numerical Mathematical Analysis (Johns 
Hopkins Press, Baltimore, Maryland, 1930). 


*R. L. Diezold, “The isograph, a mechanical root finder,” 
Bell Lab. Record (1937). 


'G.R. Stibitz, “An electric root finder,” Memo., Burlington, 
Vermont. 


*S. Leroy Brown and R. G. Packard, Phys. Rev. 73, 646 (1948). 
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a polynomial to three significant figures for all values 
of the complex variables in a matter of minutes, (b) of 
being extendable to operation with automatic com- 
puters, and (c) of allowing additional operations such 
as Fourier synthesis. 


Il. THEORY OF OPERATION 
Given the polynomial 
On2"+n_-12""!: - -do=f(z), 


it is desired to find the values of complex z for which 
f(z)=0. That is, f(z) will have one value for each point 
z=x+jy of the complex plane. In particular, f(z) will 
be zero for some values of z (the roots) and the number 
of roots will equal the degree of the polynomial. By 
de Moivre’s theorem we can set 


z=re’=r(cosé+jsiné) r, Areal, >O 


and the polynomial becomes 
dX agr*ei* = f(z). 
0 


Let @ now be varied periodically from 0 to 27 at a fre- 
quency w/2m cycles per second. It can be seen that the 
kth term may be represented by a sinusoid of frequency 
kw/2x amplified or attenuated by the amount a,r*. It 
is possible to investigate f(z) for all values of z by sum- 
ming these weighted sinusoids and varying r from zero 
to infinity continuously. Also 


f(2=>d ayr* coskut+j> ayr* sinkwt, 
k=0 


k=0 


and a root will obtain when both 


> axr* coskwt=0 
k=0 


n 


dazr* sinkwt=0. 
k=0 
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In other words, both real and imaginary components 
must be zero simultaneously. This situation and the 
value of f(z) for all z are indicated by the isograph. 

Physically, then, the method of solution consists of 
(1) generating the required sinusoids, constant in phase 
relationships and amplitude, (2) multiplying the ampli- 
tude of each sinusoid by its corresponding coefficient, 
ax, (3) multiplying each of these quantities by the 
appropriate r*, r being continuously variable from zero 
to infinity, (4) presentation of the sum by some con- 
venient means. 

There are many existing techniques for performing 
each of the above operations; those for the isograph 
were chosen for ease of operation, reliability and ac- 
curacy of circuits. 


Ill. PHYSICAL DESIGN 


Although it would be possible to introduce complex 
coefficients through phase shifting of each frequency, 
the present model operates with real coefficients only, 
since a method exists (described in a later paragraph) 
for obtaining a polynomial with real coefficients from 
one with complex ones. Let this polynomial be divided 
through by its largest coefficient. All the remaining 
coefficients are now one or smaller and so may be ob- 
tained electrically with potentiometers. Coefficients are 
inverted in sign by reversing the phase of the corre- 
sponding sinusoid. 

Again, it will be shown possible to construct an 
equivalent polynomial 


n 
Liaz’r'keike = f(z), 
k=0 


such that r=1/r’. We can investigate f(z) from 0 to 1 
and f’(z’) in the same range, covering the whole z plane. 
If R designates r when |z| <1, and 7 when |z|>1, 
then R will be everywhere less than one and may also 
be obtained with potential dividers. The value of R” 


1 2 3 

















J2wt r3e?3t 


rtessut 


re r’e re 


Fic. 1. Generation of terms. 
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may be formed by the ganged potentiometers shown jp 
Fig. 1. Each potentiometer is separated from the fol- 
lowing one by buffing amplifiers of gain one. One could 
use a gang of & potentiometers for the kth frequency, 
k+1 for the (k+1)th frequency, and so on, but a more 
convenient method is to produce d.c. voltages propor. 
tional to R*, k between 0 and u, with a gang of » 
potentiometers. It then remains to control the ampli- 
tude of each voltage of frequency kw with the dic. 
voltage R*. 

As to the number of frequencies to be generated, or 
the degree of polynomial that may be generated, ten 
has been chosen for the electronic isograph, since most 
frequent polynomials are of this degree or less. Also, 
as will be shown, the roots of polynomials of higher 
degree may be found if the roots are sufficiently re- 
moved from 1. It is necessary, then to produce the first 
ten harmonics of the base frequency in constant phase 
relationships and of controlled amplitude. Some of the 
many methods of this generation are: 


. Mixing and remixing of the base frequency. 
. Synchronized oscillators or trigger circuits. 

. Magnetic pick-up from revolving gears. 

. The photoelectric analogy of (3). 

. The electrostatic analogy of (3). 

. Square wave generators using commutators. 


nun WN 


The commutators (6) possess the unique property 
of having a large output that is a linear function of the 
applied d.c. voltage, since the d.c. voltage is the ampli- 
tude of the square wave output. Other types of genera- 
tors must be followed by a linear modulator for multi- 
plication of their output by the d.c. voltage, R*. This 
consideration eliminated 30 vacuum tubes from the 
first design of the isograph. Operation using method (2) 
is being considered for another model. 

The ten commutators, Fig. 1, being driven by a 3600 
r.p.m. synchronous motor, have been found to have 
optimum operation with from one to ten segments. 


JUL] 








> 0,6" cos (nwt) 






Da,r" sin (nut) 








O10 r'eJiowt 


























Fic. 2. Block diagram. 
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The output frequencies are therefore 60,120- - -540 and 
600 cycles, each of which will be at least as constant as 
the line frequency and will have permanent relative 
phase. The d.c. voltages from the ganged potentiometer 
are applied to the commutators and each output square 
wave, proportional to R’*, is filtered to obtain a sinus- 
gidal voltage with harmonics less than 0.1 percent. 
The potentiometer for multiplication by the fractional 
g, may be introduced at a convenient point in the sub- 
sequent circuit. 

In view of the range of frequencies employed, the 
type of presentation that immediately suggests itself 
isan oscilloscope. It is convenient to separate the poly- 
nomial into: 


0 


xz x 
j(s)= aeR'e***=F aR" coskutt+j LX a,R* sinkel, 
k=0 k=0 k=0 
which may be achieved electrically by splitting each 
frequency into sinkw/ and coskwt and summing the ten 
of each in linear mixers. If the sum of the cosine voltages 
is supplied to the horizontal deflection circuit of the 
oscilloscope and the sines to the vertical, it is seen that 
a root of the polynomial will occur when the trace of 


f(s) crosses the zero point of the oscilloscope. Such a 


representation has the convenient properties that: 
(a) The complex value of f(z) is the vector from the 
origin to that particular point of the trace, (b) the re- 
gion of greatest interest occurs at the center of the 
scope face, and hence the presentation may be greatly 
amplified for greater precision, and (c) since the param- 
eter of the presentation is 6, varying periodically, a 
particular @ may be indicated by a marker in the 
proper phase relationship to the fundamental fre- 
quency. In the isograph, this marker is produced with 
a differential selsyn to shift the phase of the funda- 
mental by any given angle, a clipper and peaker and 
then intensity modulation of the trace with the peaked 
pulse. In addition, the vector from the origin of the 
oscilloscope face to a point of the trace is the value of 
f(z) at that setting of R and the indicated 06. 

Using the elements described above, the electronic 
isograph appears as shown in the block diagram, Fig. 2. 
It can be seen that the channel for each frequency con- 
sists of rather elementary circuits, linear throughout. 
The zero degree term, the constant in the polynomial, is 
introduced by horizontal and vertical displacements of 
the oscilloscope pattern relative to the etched axes. 
Since all potentiometers have errors of less than 0.07 
percent and all circuits are linear, it is possible to align 
the channels to evaluate a tenth degree polynomial with 
aconstant term to three significant digits. Figure 3(a) 
shows the physical appearance of the isograph. 


IV. OPERATION 


Basic Function—Zeros of Tenth Degree Polyno- 
mial With Real Coefficients 


The only operation that must be performed exter- 
nally is to divide the polynomial by its largest coeffi- 
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Fic. 3. Appearance of isograph. 


cient, the new polynomial having the same roots as the 
original. These coefficients are now entered on the 
vernier coefficient dials, which can be set with an 
accuracy of one part in two thousand. The values of 
f(z) for |z| from zero to one are investigated by the R 
potentiometer through this range. The oscilloscope 
presentation gives at once a trace representing the 
values complex f(z) for all s lying on the circle |z|=R 
for the particular R entered on that dial. A root will be 
indicated by the trace crossing the origin of the pres- 
entation, the magnitude of the root being the R setting 
when this situation obtains. The argument, or phase 
angle, of the root may be read from the @-scale after 
the @-marker has been placed on the portion of the 
trace at the origin. The precision of the root magnitude 
measurement is 0.05 percent and of the argument, 0.1 
degree, which, of course, is one limit of the attainable 
accuracy. 
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To investigate the polynomial for |z| greater than 
one, a slightly different procedure is employed. If the 
transformation 


z=1/Z=1/(re’*) 


is made, the polynomial becomes 


ws n n 
F aish=¥ ay/Zh=¥ a4/ (re) 
k=0 


k=O k=0 


which may be multiplied by r"e’"* to give 


9 = 4,+a,_\re*®+- --+-+aor"e’. 


n 
a,r"—*e'’ 
L a 


k=() 


This transformation is performed simply by inverting 
the order of the coefficients, allowing the completion 
of the investigation of the z plane from 1 to ©. The 
reciprocal of r, r’, and the argument are again read 
from the R and @ scales, respectively. 

Since the figure traversed in the z plane is a circle 
with a radius r (determined by the ganged potenti- 
ometer setting), the figure on the oscilloscope face (the 
w plane) is the transform of the circle. From complex 
variable theory, a line through a branch point of a 
function is transformed into a cusp. The branch points 
are the roots of the derivative, and another method of 
finding roots presents itself. It is merely necessary to 
integrate the polynomial (a simple multiplication by 
integers) and observe the occurrence of cusps on the w 
plane, as shown by the seven simultaneous roots of 


raxirant 


BY 





Rea! Root 


Doubie Reel Root 





i 


Complex Conjugate Roots Seven Roots at Some + 





Typical Polynomic! Pottern Reol Root 


Fic. 4. Real, complex conjugate, double roots, etc. 
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The accuracy of the isograph is greater near (z)=1. 
so that large or small roots should be brought to this 
neighborhood by constructing a polynomial in ¢’, 
being defined as Mz when M is some large (or small) 
real number. 

Many of the properties of the polynomial may be 
observed on the f(z) presentation. The investigation of 
f(z) is carried out over circles about the origin in the ; 
plane, since r is constant at any instant and 4 is being 
scanned. Any polynomial, P,,(z), may be expressed as 
the product 


P,,(2) = A(s— pr) (s— po) ++ (3— pn), 


where /i---p, are the roots of P,(z). The quantity 
(s—p,) will change its argument by 2x as z moves 
around a circle enclosing p,. If the circle C encloses m 
roots, the argument of P,,(z) will change by 2mm for 
each circuit or z on C, or the trace of P,.(z) will enclose 
the origin m times. In other words, the number of 
loops made by the trace of P,,(z) about the origin of the 
oscilloscope is equal to the number of roots of absolute 
value less than the 7 then entered in the isograph. 

The character of each root may also be determined 
from the presentation. Real, complex conjugate, double 
roots, etc., have the characteristic appearance shown 
in Fig. 4. It is also possible to determine some of the 
properties of the derivative at the root from the 
presentation. 

If it is desired to obtain greater accuracy, the poly- 
nomial may be differentiated and the resulting f’(z) 
entered in the isograph as a new polynomial to be 
evaluated at the R and @ of the root’s approximation 
given by the first process. One can then apply Newton's 
formula: 


213=20— [/(z0) ‘f’ (20) J, 


where Zo is the first approximation, 2; a better value. 
It is necessary to calculate the value of f(zo) by some 
auxiliary means; but since each application of Newton’s 
formula usually doubles the number of significant 
figures, the additional calculation is efficient. 


Roots of Polynomials with Complex Coefficients 


A necessary and sufficient condition for a polynomial 
to have real coefficients is that its roots be distributed 
symmetrically about the real axis in the z plane. A 
polynomial with complex coefficients may be changed 
to one with real coefficients by introducing the con- 
jugates of the roots of the original. Since it may be 
shown that 

f(2=((2))m 


the conjugate roots may be introduced by forming the 
product 
F(z) =f(2)-(f(2))mv. 


The new polynomial will in general be of twice the 
degree of the original and have twice the number ol 
roots. The additional roots are the conjugates of the 
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Clipping and Squaring of Voltage Waveform 


Fic. 5. 


desired ones and may be eliminated by substitutions 
in the original polynomial. The roots of F(z) are found 
by as described in the first paragraphs of Section IV. 


Polynomials of Degree Higher Than Ten 


A polynomial of degree 10+-” may have all of its 
roots found by the isograph if » of its roots are suffi- 
ciently removed from one. The upper ten terms will 
give perhaps ten of the roots correct to three places if 
the roots are greater than 1.6 or less than 0.6, assuming 
reasonable coefficients. The terms neglected will con- 
tribute little to the root determination since (1.6)'® is 
greater than 1000 and (0.6)"" is less than 1/1000, mean- 
ing that the lower terms’ contributions are outside the 
accuracy of the instrument. The larger roots, discovered 
by using the upper ten terms, may be divided out of 
the original polynomial, resulting in one of lower de- 
gree which may then be solved by the isograph for the 
remaining roots. 

Again, if the roots are too close to one for the above 
conditions to obtain, it is possible to remove them from 
this neighborhood by defining a new variable or by using 
Horner’s method. 


V. EXTENSIONS 


It is possible to give a presentation much easier to 
interpret by mapping the polynomial over the z plane. 
This is a familiar type of representation and would be 
much more recognizable by mathematicians and en- 
gineers. It is difficult to accomplish but a method which 
would indicate the important points of the map would 
be valuable. One way of doing this, which it is be- 
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lieved will give considerable information to the en- 
gineer, would be as follows. 

The previously mentioned oscilloscope presentation 
was developed by having a voltage on the horizontal 
plates proportional to the sum of the cosines of the 
various terms of the polynomial and was some periodic 
voltage centered about 0. The voltage on the vertical 
plates is the same type representing the sum of the 
sines. If each voltage were clipped at zero and at some 
small voltage above zero (see Fig. 5), and the resulting 
rectangular wave form were placed on the z axis of an 
oscilloscope while at the same time tracing on the face 
of the oscilloscope the circle corresponding to z magni- 
tude=r (r the setting of the r potentiometer), then this 
intensity modulation defines the regions of positive 
real (or imaginary) P,,(z). This means that as 7 is varied 
from 0 to 1 there is obtained on the face of the oscillo- 
scope a set of zones corresponding roughly to the sur- 
face of real (or imaginary) P,(z). The edges of these 
zones, of course, represent the lines real P,(z)=0 (or 
imaginary P,(z)=0). Although this is an approxima- 
tion to the surface P,,(z) mapped above the z plane, the 
significant points, roots, and branch points are given 
accurately. It is possible to put both surfaces on the 
face of the oscilloscope by simply adding the two in- 
tensity modulating voltages. There are then displayed 
on the z plane, intersections of the zero lines indicating 
the roots, and other shapes, the branch points of the 
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polynomial, and it will be possible to trace the be- 
havior of these significant points as coefficients of the 
input polynomial are varied. Figure 6 is an illustration 
of what would be obtained using this presentation on 
the polynomial z*—</4. On the left are the series of 
illustrations representing the transforms of circles in the 
z plane to the w plane which are the usual isograph 
presentation. To the right are the two presentations 
representing the surface real P,,(z) and imaginary P,,(z) 
and Fig. 7 is the sum of the two upon which may be 
seen the roots and the branch points of this function. 
It is believed that this is the first attempt at mapping 
a function electronically. Instrumentation of this pres- 
entation is presently being completed. 





Also, the coincidences of zeros in both real and im- 
aginary parts of P,(z) may be detected electronically 
and presented on the z axis of the oscilloscope repre- 
senting the z plane. The horizontal and vertical volt- 
ages again sweep the oscilloscope beam in a circle of 
r=. The trace is brightened at the roots and the 
presentation is one in which the roots are indicated by 
bright spots on the z plane.® Again it will be possible to 
trace the movement of the roots as coefficients are 
varied. 


VI. CONCLUSION 


The electronic isograph can give rapid solutions to 
reasonably well-behaved polynomials to three places, 
With the addition of a small amount of paper work it js 
possible to find the zeros of all but a very small number 
of polynomials. It is hoped that the isograph will prove 
extremely valuable in servomechanism and other fields 
where the problem may be represented as a polynomial 
and that theoretical analysis of engineering problems 
will be furthered by its use. 
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The Cadmium Sulfide X-Ray Detector* 


RUDOLF FRERICHS 
Department of Physics, Northwestern University, Evanston, Illinois 
(Received September 12, 1949) 


The CdS x-ray detector is compared with the photo-multiplier x-ray detector. Reduced to the same solid 
angle the sensitivity of the CdS x-ray detector is of the same order of magnitude as the sensitivity of the 
photo-multiplier x-ray detector. As the internal amplification of the primarily released electron currents 
in CdS is of the order 10° to 10‘ compared with the amplification in the multiplier tube of 3X 10° the con- 
version process of x-ray quanta in slow electrons in CdS must be more efficient than the corresponding 
processes in the combination crystal phosphor screen photo-multiplier. Calibration curves show a linear 
relation between photo-current and intensity of x-rays at low irradiation levels. At high irradiation satura- 
tion effects occur. Oscilloscope curves of the response at 60 x-ray pulses per second are given. At strong ir- 
radiation the photo-current over a long time increases in a completely reversible way. X-ray intensities as 
low as 150 quanta CuKg per second are registered with a circuit employing a WL 759 trigger tube. 


INTRODUCTION 


HE measurement of x-rays with a combination of 
a crystal phosphor screen and a photoelectric 
cell has been introduced by Herz in 1936.' Since this 


* This investigation was sponsored by the U. S. Navy, Bureau 
of Ships. 

1R. H. Herz, Fortschr. Gebiete Réntgenstrahlen 54, 6 (1936). 
It is interesting to note that in his first papers Réntgen tried to 
determine the distribution in space of the x-rays around the tube 
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time every progress in the development of new phosphor 
screens or photo-cells has increased the sensitivity of 
this method. A great step was achieved in 1941, when 
Hodges and Morgan? introduced the photo-multiplier 
tube x-ray detector. Subsequently this combination 


by photometrie of barium platino cyanide screens. Now the ex- 
pensive and unstable barium platino cyanide screens have gen- 
erally been replaced by crystal phosphors. 

?R. H. Morgan, Am. J. Roent. Rad. Ther. 47, 777 (1942). 
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has been thoroughly investigated* and the photo- 
multiplier x-ray detector is now a sensitive and reliable 
x-ray measuring device. 

On the other hand, it was shown in 1946 by the 
author that synthetic CdS crystals show a large photo- 
conductivity under irradiation with x-rays.‘ In the 
photo-multiplier x-ray detector the energy of the ab- 
sorbed x-rays is transformed at first in energy of slow 
electrons of a few ev. These electrons raised into the con- 
duction band, subsequently recombine with the acti- 
vating impurities and produce photons. A part of these 
photons is absorbed in the photo-cathode of the multi- 
plier and releases a small yield of photo-electrons. These 
in turn release increasing cascades of secondary elec- 
trons at the consecutive stages of the multiplier. One 
photo-electron, liberated from the cathode, yields up to 
1x10° electrons in the anode circuit. In the CdS 
crystal the same primary process of raising a number 
of slow electrons into the conduction band takes place. 
But in contradistinction to the man-made _ photo- 
multiplier arrangement the nature of the crystal pro- 
vides the subsequent amplification of these electron 
currents.® 

While in the photo-multiplier the rate of amplifica- 
tion in the different stages can be easily investigated, 
in CdS the amplification factor is only approximately 
known. Estimates made under rather plausible assump- 
tions yield values of 10° to 10‘. Exact figures could be 
obtained by a simultaneous study of the light emission 
and the photo-conductivity of the irradiated CdS 
crystal. The light emission is determined by the number 
of electrons in the conduction band which recombine 
with the activating impurities. The photo-conductivity 
is related to the lifetime of the positive stationary space 
charges at the activating impurities. They make the 
presence of an additional electron in the conduction 
band possible.® As their lifetime is large, compared with 
the time one electron needs for passing through the 
crystal, a chain of up to 10' electrons cross the crystal, 
until the positive charge is neutralized by recombina- 
tion. This amplification of the primary photo-current 
appears to be less favorable in the CdS crystal than in 
the multiplier tube. The primary processes, however, 
are simpler and are apparently connected with smaller 
losses than the corresponding processes in the combina- 
tion phosphor screen photo-multiplier. 

The purpose of this investigation to compare the 


*H. M. Smith, Gen. Elec. Rev. 48, 13-17 (1945). Marshall, 
Coltman, and Hunter, Rev. Sci. Inst. 18, 504 (1947). J. W. Colt- 
man, Proc. I. R. E. 37, 671 (1949). 

*R. Frerichs, Naturwiss. 33, 281 (1946). R. Frerichs, Phys. 
Rev. 72, 594 (1947). 

* Natural amplification phenomena will play a more important 
role as the number of electronic devices applied in complicated 
mechanism (electronic calculators, electronic brains) reaches 
values which make it necessary to reduce the size and the labor 
involved in the individual device. An example is the recently de- 
veloped transistor, which can replace complicated electron tubes. 
See furthermore: V. K. Zworykin and E. G. Ramberg, Photo- 
electricity, p. 469. 

*R. Frerichs, Phys. Rev. 76, 1869 (1949). 
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TABLE I. X-ray absorption in CdS crystals. 





Crystal thickness 
99 percent 99.9 percent 
Wave-length absorption absorption 


0.13A 


7.4mm 11.1 mm 
0.20 2.16 3.24 
0.31 0.66 0.99 
0.40 0.36 0.54 
0.45 0.25 0.37 
0.47 (K edge) 1.30 1.95 
0.51 1.06 1.59 
0.61 0.62 0.93 
0.71 0.42 0.63 
0.83 0.28 0.42 
0.92 0.20 0.30 
1.04 0.14 0.21 
2.09 0.02 0.03 
3.02 0.009 0.013 
3.72 (L edge) 0.028 0.042 
6.14 0.008 0.012 
9.86 0.002 0.003 


two devices under identical conditions in order to find 
out for which purpose the one or the other might be 
best applied. 


D.C. MEASUREMENTS OF THE PHOTO-CURRENT 


Measurements were performed with copper target 
tubes provided with beryllium windows.’ The tubes 
were used with half-wave and with full wave rectifica- 
tion but without condensors. They furnished 60 (half- 
wave), 120 (full wave) x-ray pulses per second. 

For a comparison at higher intensities the crystal, 
as well as the photo-multiplier x-ray detector, were 
placed in the beam at a distance of 50 cm from the 
target. For this informatory experiment no filtering 
other than 1.5-mm beryllium window was used. The 
photo-multiplier tube was used with 102 volts across 
each dynode corresponding to an over-all amplification 
of the electron current by a factor of 1.310° The 
d.c. currents were measured with a sensitive micro- 
amperemeter (full scale 5, 50, 500, 5000 10~® amp.). 
The photo-multiplier tube was shielded in a brass con- 
tainer, and a fluoroscopic screen, Patterson Type B, 
was attached at the tube surface behind a black, paper 
window. The dark current of the tube was about 1 1077 
amp. When the multiplier was irradiated without the 
phosphor screen at 24 kv and 10 ma, the current rose 
to 3.8+0.210~* amp. The crystals to be investigated 
have sensitive areas of the order of 1 mm’. Accordingly, 
a comparable size of the phosphor screen was used. The 
phosphor layer was scratched from the supporting 
cardboard leaving an area of 1X5 mm. Under these 
conditions the current obtained under x-ray irradiation 
amounted to 12.5X10-® amp., but quickly dropped to 
9X 10~-* amp. because of the fatigue effects extensively 
discussed by Marshall, Coltman, and Hunter.* 

The CdS crystal showed a bright red luminescence 
under irradiation with filtered ultraviolet. It is known 





7 The author is greatly indebted to Dr. J. C. M. Brentano, who 
made the equipment of his x-ray laboratory available to him. 
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Taste II. Current through crystal and multiplier as a 
function of the x-ray intensity. 

















X-ray tube Current X10~* amp. 
Potential Current r per min. Crystal Photo-multiplier 
70 kv 2.1 ma 0.063 0.487 0.463 
65 a5 0.450 0.390 
60 2.1 0.425 0.325 
50 a 0.031 0.375 0.270 
45 2.1 0.306 0.220 
40 2.1 0.250 0.165 
35 2.1 0.175 0.110 
30 2.1 0.014 0.100 0.068 
25 2.1 0.037 0.037 
20 ya 0.005 0.011 
15 2.1 0.000 0.002 





(0.5 mm Cu filter) 





that luminescent CdS crystals yield large amplifica- 
tion.* The sensitive area between the Aquadag elec- 
trodes was 0.31.5 mm*. It was mounted in a brass 
tube with a black, paper window. The leads were well 
insulated and shielded. At an applied potential of 280 
volts the dark current remained smaller than 1X10-°; 
it could not be observed with the microamperemeter 
used. Within five seconds the current rose under irra- 
diation to 27+1X10-* amp. The amount of energy 
absorbed in the phosphor layer or in the crystal was 
not determined. The thickness of the crystals was not 
uniform. These crystals show a ribbon-like structure. 
Therefore, exact measurements of the absorption are 
difficult to perform. It was observed, however, with a 
fluoroscopic screen that only a small amount of incident 
soft x-rays passed through the crystal at its average 
thickness of 0.2 mm. Table I shows the thickness which 
is necessary to absorb 99 or 99.9 percent of the incident 
irradiation at different wave-lengths. The values are 
calculated from the mass absorption coefficients of 
cadmium determined by Laubert and Biermann.** In 
the range between 1 and 2A no data were available. 
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Fic. 1. Photo-current in CdS as a function of the x-ray intensity. 





8 This is to be expected from the theory outlined in reference 6. 
High luminescence proves that sufficient activating impurities 
are present which furnish the positive stationary space charges 
necessary for the compensation of the transported negative 
charges. 

88S. Laubert, Ann. d. Physik 40, 553-578 (1941). H. H. Bier- 
mann, Ann. d. Physik 26, 740 (1936). 


314 





It was not attempted to consider the influence of the 
scattering coefficient which is contained in these meas- 
urements but which is usually much smaller than the 
coefficient of true absorption. In contradistinction to 
other photo-conductors with larger dark currents, it 
is not necessary to chose the thinnest crystals. For 
short wave-lengths it is recommended to irradiate the 
ribbon-like crystals (a>b>c) through the surfaces 
aXc or even 6Xc in order to obtain high absorption, 
Thus, the effective area can be small, which is an ad. 
vantage for measuring narrow bundles of x-rays. 

From these experiments it follows that reduced to 
the same solid angle which corresponds to an effective 
area of 0.5 mm’, the photo-currents obtained in CdS are 
one order of magnitude larger than those obtained with 
the multiplier. 

The luminescent screen used (Patterson B) is not the 
most efficient. The photo-multiplier responds about 
three times better to the blue luminescent screen, 
Type C. It should be possible to use the entire light 
emitted by the phosphor. For instance, with a spherical 
mirror such as Coltman* used. Furthermore, the sensi- 
tive area of the phosphor screen generally should be 
larger (50 mm?) in order to increase the solid angle 
without increasing the dark current. 

On the other hand, the potential applied at the CdS 
crystal can be increased until the dark current reaches 
values comparable with the photo-multiplier dark cur- 
rent. Furthermore, it is possible to assemble different 
crystals in one plane and to connect the electrodes 
parallel. 

In conclusion we might state that using d.c. currents 
the CdS crystal can be made one order of magnitude 
more sensitive per unit area than the photo-multiplier 
x-ray detector. The experiments show that the mecha- 
nism of transforming x-ray quanta into slow electrons in 
CdS is apparently much more effective than the trans- 
forming of x-rays—slow electrons—photons—photo- 
electrons at the photo-cathode since a deficiency in 
amplification of 10~? to 10-* is more than compensated. 


THE PHOTO-CURRENT IN CdS AS A FUNCTION 
OF THE X-RAY IRRADIATION 


A few measurements were made to study the photo- 
current in CdS as a function of the irradiation. It was 
previously observed by the author® that at high irra- 
diation levels—for instance, with gamma-rays—the 
current produced in CdS crystals is proportional to the 
square root of the intensity of irradiation. This relation 
follows theoretically from the recombination processes 
involved in these secondary photo-currents. In equi- 
librium after prolonged and strong irradiation, the 
number 1 of the electrons in the conduction band and 
thus the current is determined by 


dn/dt=aI—bn?=0. 


I is intensity of the impinging radiation; a is a factor 
which contains the absorption in the crystal and the 
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efaciency of conversing x-rays in slow electrons. The 
factor 6 determines the recombination rate between 
electrons in the conduction band and activating im- 
purities in the lattice. At the first approximation trap- 
ping and releasing of electrons, which play such an 
important role in persistent phosphorescence, do not 
need to be considered in the equilibrium state. The 
number of the electrons which are trapped per second is 
equal to the number of electrons which are released 
from the traps into the conduction band per second. 
We make the assumption that first-order processes do 
not take part. Nail, Pearlman, and Urbach® recently 
pointed out that at low irradiation levels in crystal 
phosphors first-order processes such as energy transfer 
from trapped electrons to the lattice by direct transi- 
tion can occur. Under certain circumstances a region 
of proportionality to the square root of the exciting 
intensity is situated between linear regions at low and 
extremely high intensities. Therefore, the dependence 
of the photo-current from the incident radiation should 
not be linear at high intensities. It might be pointed 
out here that the same is to be expected for the photo- 
multiplier x-ray detector if a crystal phosphor is used.'° 
The combination with a fluorescent emitter, for in- 
stance, barium platino cyanide, yields a linear char- 
acteristic as fluorescent substances do not show any 
saturation effects." 

Some measurements were taken with the copper 
target tube at 40 kv and 20 ma. The crystal was used 
with 22.5 volts. The distance between crystal and 
target was varied from 8 to 147 cm. The results are 
plotted in the log-log diagram Fig. 1. The abscissa con- 
tains the true x-ray intensities. According to the manu- 
facturer of the apparatus, at 40 kv and 20 ma the in- 
tensity of the unfiltered x-rays at 50-cm distance from 
the target amounts to 100 r per min. According to the 
measurements of Day and Taylor,” considerable cor- 
rections have to be applied at the simple distance 
square relation, if the tube potential is low and if no 
filters are interposed. The intensity values in Fig. 2 are 
corrected, using Fig. 4 of Day and Taylor, assuming a 
value of 40 kv and 1.5-mm beryllium window. The 
curve covers the range 10 r per min. up to 5000 r per 
min. It is straight at low values and becomes curved 
above 100 r per min. The tube used in our experiments 
with 40-kv peak current emits a spectrum, the dis- 
tribution of which shifts periodically with the alter- 
nating voltage applied. In Fig. 1 the size of corrections 
is marked under the conservative assumption that the 
actual average voltage would be as low as 20 kv. An- 


* Nail, Perlman, and Urbach, “Preparation and characteristics 
of solid luminescent materials,” Cornell University, Symposium 
(1946), p. 190. 

Q. Glasser, Medical Physics (Chicago 1944), p. 1293. Figure 1, 
Patterson Type B screens show an increase of brightness which is 
less than proportional to the impinging radiation at high intensi- 
ties (3-4 r per min.) especially at lower x-ray tube potentials. 

" W. de Groot, Physica 6, 393 (1939). 

"F. H. Day and L. S. Taylor, J. Research Nat. Bur. Stand. 
40, 393 (1948). 
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TABLE IIT. Current through crystal and multiplier at 
different filtering. 











X-ray tube Thickness of Current X10~* amp. 
Potential Current Al filter Crystal Photo-multiplier 
60 kv 2.2 ma 0 0.475 0.355 
60 yo 1 in. 0.200 0.080 
60 2.2 hin. 0.100 0.032 
60 2.2 2 in. 0.042 0.012 
60 22 1 in. 0.017 0.005 
60 ye. 


5/4 in. 0.005 


0.002 


other possible correction, the slow change of the photo- 
current with time, will be discussed later. 
Measurements at low intensity levels have been per- 
formed by Mr. J. E. Jacobs of the Department of Elec- 
trical Engineering, Northwestern Technological In- 
stitute.'* The measurements were taken with a tungsten 
target tube. The x-rays in Table II are filtered by 0.5 
mm Cu. The r values were determined by a Victoreen 
r meter. The crystal had a sensitive area of 31.5 
mm’; the field strength applied was low and equal 90 
volts per 3 mm. The currents were measured with a 
d.c. amplifier. The photo-multiplier tube 931A was 
selected from a large number. The potential at the 
single dynodes was 105 volts. A Patterson E, industrial 
screen was used behind a lead aperture of 3X1.5 mm. 
This limited the solid angle to the value of the crystal. 
With increasing potential the efficiency becomes 
smaller similarly as the efficiency of an ionization 
chamber decreases with increasing hardness or radia- 
tion. As the radiation was not homogeneous, it is not 
possible to construct a curve, sensitivity versus wave- 
length." The general shape of such a curve should 
indicate that ionization in air and photo-conductivity 
in CdS are not parallel, if the hardness of the x-rays is 
changed.'® Furthermore, the K absorption edge of 
cadmium at 0.460A should produce a discontinuity in 
this curve analogous to the discontinuity produced in 
the photographic plate due to the silver K edge. Similar 














Fic. 2. 30 kv, 20 ma, distance target-crystal=17 cm, CdS 
crystal area=0.3X1.5 mm, applied potential=1.55 volts, cur- 
rent amplitude=5.5X 10-8 amp. 


13 The author is much indebted to Mr. Jacobs for the facility 
of using these values in the present investigation. 

4 It might be useful to determine this dependency, for instance, 
with the powerful filter method developed by H. Kustner, Zeits. f. 
Physik 70, 324 (1931). According to his measurements mono- 
chromatic radiations AA=0.005A with intensities from 5X 10 to 
27X 10-3 r per min. can be produced in the wave-length region 
0.128 to 2.50A. 

18 For a comparison of the effects produced by x-rays of different 
wave-lengths at ionization in air, at fluorescent screens and at the 
photographic plate see: G. L. Clark, A pplied X-Rays (New York, 
1940), p. 68, Fig. 48. 
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discontinuities are to be expected with the crystal 
phosphor photo-multiplier x-ray detector at the zinc 
and cadmium K absorption edges. 

Table III contains further measurements with the 
photo-multiplier and the CdS crystal obtained by Mr. 
Jacobs. The potential was constant, and different thick- 
nesses of aluminum filtering were applied. Crystal and 
photo-multiplier were used in 150-cm distance from the 
tungsten target tube. 


THE SPEED OF RESPONSE 

As the photo-multiplier can follow light pulses of the 
order of 10°° sec. the speed of the photo-multiplier 
x-ray detector is determined by the properties of the 
screen used. Fast responding phosphors (calcium tung- 
state) show, according to Marshall, Coltman, and 
Hunter, a fast and exponential decline of the photo- 
current, after irradiation with x-ray pulses of 1 usec. 
duration. The somewhat persistent sulfide screens, 
Patterson B and C, are slower. According to their 
oscillograms the response of the phosphor screen does 
not match the short x-ray pulse applied. It is not pos- 
sible to determine its exact shape from such meas- 
urements. 

Identical experiments could not be performed with 
the CdS crystal, as the necessary radar pulsing equip- 
ment was not available. However, the usual chopping 
of the x-ray output with 60, respectively, 120 pulses 
per second, which is obtained by one way or two way 
rectifiers is very useful for the oscilloscopic observation 
of the currents in CdS. 

A comparison was made of the current versus time 
curves obtained with the photo-multiplier x-ray de- 
tector and the CdS crystal at the half-wave tube. The 
comparison of Figs. 2 and 3 shows that the reproduction 
of the x-ray intensity curve obtained with these two 
devices is nearly identical. The declining branch in 
the photo-multiplier curve approaches the ideal curve 
more perfectly,'® but also at these low frequencies the 
slow decline of the phosphor in the photo-multiplier 
can be observed. According to Marshall, Coltman, and 
Hunter, the screens, Type B and C, are somewhat 
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Fic. 3. 30 kv, 8 ma, distance 50 cm, photo-multiplier x-ray 
detector, screen size=1 mm, Patterson Type B, dynode poten- 
tial= 123 volts, current amplitude=1.3X 1077 amp. 


16 The intensity of the afterglow of the phosphor is proportional! 
to the number of recombination processes bn?. The photo-current 
is proportional to the number m of electrons in the conduction 
band. Hence the optical decay is faster than the decay of the 
photo-current. Verified by L. Gildart and A. W. Ewald in a paper 
given at the Oak Ridge meeting of the Physical Society (March, 
1950). 
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persistent. This dissymmetry is to be attributed to the 
afterglow of the phosphor. The curves show that at 
these rather low frequencies the CdS crystal follows the 
x-ray intensity distribution with good approximation, 
Figure 4 has been taken with the CdS crystal connected 
directly to the input resistance of the oscilloscope with- 
out battery. In the polar crystal the x-rays produce 4 
small e.m.f., which can be observed with the oscillo- 
scope, if the irradiation is strong enough.'** 

Curve 4 shows the current in the crystal under 
weak irradiation. As it has been observed with the 
luminescence of crystal phosphors, the slope of the 
raising and declining branch of these curves depends 
upon the intensity of irradiation. At low intensities the 
current rises and declines slowly, and the x-ray curve js 
badly reproduced. One should expect that at low in- 
tensities the curve of the photo-multiplier x-ray de- 
tector should show some similar shape. 

From these experiments it can be concluded that for 
x-ray pulses of 60 per sec. the CdS crystal can replace 
the photo-multiplier x-ray detector. 





a 











Fic. 4. 40 kv, 20 ma, 17 cm distance, CdS crystal without poten- 
tial applied, crystal photo-current amplitude = 4.8 X 10° amp. 


EFFECTS DUE TO PROLONGED IRRADIATION 


The fatigue effects observed in photo-multiplier x-ray 
detectors are due to the multiplier tube. With suff- 
ciently low levels of irradiation they can be greatly re- 
duced. The phosphor screen used with the photo- 
multiplier shows no change in its sensitivity with pro- 
longed irradiation. An experiment was made to find out 
whether small changes in the brightness of the phosphor 
screen take place at prolonged irradiation with intense 
x-rays. The detector was irradiated with 36,000 r at 
60 pulses per sec. In order to avoid fatigue of the 
multiplier the potential at the dynodes was interrupted 
during this irradiation. The currents observed at the 
beginning and at the end of this irradiation agreed within 
0.6 percent. This proves that the Patterson B screen 
does not undergo any observable changes in its lumi- 
nosity. Such effects could be due to a slow rearrange- 
ment of the electrons in the traps of different depths. 

A CdS crystal was adjusted so that it showed a 
photo-current of 85X10-® amp., after a few seconds of 
irradiation. This current slowly increased during 11 hr. 
of continuous irradiation until it finally reached 182 
< 10-* amp. The irradiation during this period amounted 
to 2.5X10° r. The x-rays were pulsed (60 per sec.) and 
the potential at the crystal was kept constant. The 
dark current remained throughout this experiment be- 
low 10-° amp. After about 12 hr. recovery the crystal 


168 T. Broser and R. Warminsky, Zeits. f. Naturforschung 5A, 63 
(1950). 
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Fic. 5. 40 kv, 20 ma, 130 cm distance, CdS crystal, potential ap- 
plied at crystal=45 volts, current amplitude= 1.2 107° amp. 











reassumed its original value, corresponding to 85x 10~® 
amp. at that particular level of irradiation; and no 
permanent changes remained. This slow change of the 
resistance has been investigated with gamma-rays.® It 
is attributed to a rearrangement in the occupancy of 
deep and shallow traps during prolonged and inter- 
mittent irradiation. 

The slow increase in the final current has to be con- 
sidered at all d.c. measurements with these crystals. 
In the measurements of Fig. 1 the currents were always 
read after 5 sec. irradiation. 

It has been shown by the author that the original 
high dark resistance can be quickly restored by irradia- 
tion with infra-red light. 


MEASURING OF SMALL X-RAY INTENSITIES 
WITH CdS CRYSTALS 

Measurements of very weak x-rays were made using 
a trigger tube (Westinghouse WL759) in a circuit 
developed by Dr. R. J. Cashman.’ The current in 
the crystals (active area 0.5X6 mm?) charges a well- 
insulated condensor. As soon as the potential across 
the condensor reaches a defined value, the trigger tube 
starts, and the resultant impulse is counted by a suit- 
able amplifier and an electromagnetic counting device. 
The frequency of this periodic discharging is a scale 
for the intensity of the impinging radiation and cur- 
rents of the order of 10 amp. can easily be measured. 

The copper target x-ray tube, used in a full wave 
rectifier circuit, was applied with reduced heating cur- 
rent. The number of quanta emitted by the tube were 
determined by a Geiger-Miiller counter with a measured 
efficiency of 40 percent for the copper K,q line mono- 
chromatized by a simple rocksalt spectrometer. The 
exit slit in front of the Geiger-Miiller tube of 3 mm? 
defined the same bundle of x-rays with the crystal and 
with the counter. 

With 1900 quanta hitting the crystal the condensor 
was charged within 12 to 13 sec. to the starting poten- 
tial of the trigger tube. With this irradiation (about 
150 quanta per sec.) a periodical trigging every 12 to 
13 sec. is produced. This state is reached three minutes 
after the irradiation of the crystal has started. How- 
ever, 20 min. after the x-ray irradiation was interrupted 


"W. B. Nottingham, Rev. Sci. Inst. 11, 2 (1940). R. J. Cash- 
man, reference 10, p. 918, Fig. 20. 


VOLUME 21, APRIL, 1950 


the crystal was still counting with a rate of one trigger- 
ing in 55 to 59 sec. This persistent conductivity can be 
quickly reduced to zero, if a small amount of infra-red 
simultaneously illuminates the crystal during the ir- 
radiation with x-rays. The conductivity reached under 
x-ray irradiation is lowered somewhat by the simul- 
taneous infra-red irradiation. 2300 quanta are necessary 
to charge the smallest capacity so that the trigger tube 
starts every 11 sec. Under the additional infra-red 
irradiation the trigger tube stops after counting two or 
three more counts (equivalent to 2300 quanta each), as 
soon as the x-ray irradiation is.interrupted. No more 
counts were observed in the following 10 hr. The addi- 
tional infra-red irradiation can also be applied between 
the different triggerings. It should be possible to design 
a circuit where each triggering flashes a small infra-red 
lamp (for instance, a xenon discharge), which reduces 
the persistent conductivity. 

Thus, the trigger circuit is quite promising for the 
measuring of small numbers of x-ray quanta. Further 
experiments have to be made to find the actual limit 
of this method. As the current at 150 x-ray quanta per 
sec. is of the order of 1X10-" amp.=6.3X 10’ electron 
charges per sec. the efficiency in this case is 4.2 10° 
electrons per x-ray quantum. 


CONCLUSIONS 


The measurements show that the sensitivity of the 
CdS crystal can be compared directly with the sensi- 
tivity of the photo-multiplier x-ray detector. The 
crystal has in its present form the disadvantage that 
the response to x-ray pulses is apparently slower and 
that the current reaches a final value only after long 
irradiation. As the persistence in the original zinc 
sulfide screens has been greatly reduced by “‘killers,”’ 
it might be possible to reduce the inertial of CdS by 
suitable impurities. On the other hand, the crystals do 
not show the fatigue effects observed with multiplier 
tubes. Their small size is a further advantage in some 
applications. As the crystal size defines the sensitive 
volume, it is not necessary to screen the receiver with 
lead slits. 

The crystals can be grown in large numbers. They 
afford no treatment but a suitable mounting, for in- 
stance on a polystyrene strip, and the application of 
the Aquadag electrodes. As the crystal current is pro- 
portional to the first power of the potential applied no 
power of supply of extreme constancy is necessary. 

The present measurements deal with such intensities 
that the effects of single x-ray quanta have not been 
considered. The regularities of electron pulses produced 
in these crystals afford further detailed investigations.'® 

18S. G. Zizzo and J. B. Platt, Phys. Rev. 76, 704 (1949) studied 
the pulses due to x-ray quanta as well as the continuous photo- 
current in CdS crystals obtained from the author. 

Note added in proof: Measurements of the efficiency of the photo- 
currents produced in CdS crystals by irradiation with x-rays have 
been recently published by Y. Fassbender and O. Hachenberg, 


Ann. d. Physik (6) 6, 229 (1949). They confirm our results regard- 
ing the amplification factor in CdS. 
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Diffraction by a Cylindrical Obstacle* 


CHARLES H. Papas 
Cruft Laboratory, Harvard University, Cambridge, Massachusetts 


(Received September 23, 1949) 


The diffraction of a plane electromagnetic wave by an infinitely 
long, perfectly conducting cylinder has been treated by a varia- 
tional method (see the two papers by H. Levine and J. Schwinger). 
The incident field is assumed to be polarized in the direction of the 
cylinder axis, and thus the entire field is of two-dimensional na- 
ture. This formulation yields an expression for the diffracted 
cylindrical wave amplitude, at distances from the cylinder large 
compared to its transverse dimension and the wave-length, which 
is stationary relative to small independent variations of the surface 
currents arising from plane-wave excitation along a pair of direc- 
tions in space; furthermore, the stationary form of the diffracted 


I. INTRODUCTION 


HE theoretical examination of the diffraction of a 

steady-state plane electromagnetic wave by a 
cylindrical obstacle has interested many investigators. 
One of the earliest treatments proceeds according to 
the Fourier-Lamé eigenfunction method. The incident 
electromagnetic wave is assumed to be polarized parallel 
to the axis of the perfectly conducting, circular cylinder. 
The axis of the cylinder lies along the x axis, and the 
incident wave has only an x component of the electric 
field, E,'"*(p,6), and a y component of the magnetic 
field, H,'"*(p,6) (Fig. 1). For an incident wave whose 
electric field is of unit amplitude and propagating in 
the direction ¢, ie., E,'"°=exp[ikp cos(¢—¢;) |, the 
corresponding scattered electric field is given by 


E,"(p,6— $1) 
co J m(ka) 
=—)>> (i)"»——_——H,," (kp) cosm(@— 1), (1) 
—2 HH, (ka) 


where J,,(x) are the Bessel functions, and H,,“(x) are 
the Hankel functions of the first kind, and k=27 
+ wave-length. 











Fic. 1. Diffracting circular cylinder. 


* The research reported in this document was made possible 
through support extended Cruft Laboratory, Harvard University, 
jointly by the Navy Department (ONR), the Signal Corps of the 
U. S. Army, and the U. S. Air Force, under ONR Contract N5ori- 
76, T. O. I. 
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amplitude is independent of the scale of the surface currents. [In 
accordance with a theorem of Levine and Schwinger, the total 
plane-wave scattering cross section is simply related to the dif- 
fracted cylindrical wave amplitude in the direction of incidence. 
To examine the high frequency behavior of the cross section, the 
surface current induced by a plane wave is taken different from 
zero only on the illuminated part of the cylinder, where its valye 
is derived from the tangential component of the incident magnetic 
field. The resulting cross section is obtained and is shown to ap- 
proach 4a when ka approaches infinity (k=24+wave-length, ¢ 
equals the radius of cylinder). 





The inadequacy of the rigorous representation (1) 
stems from the fact that its convergence becomes slower 
with increasing values of ka, i.e., at high frequencies, 
To avoid this difficulty, Debye! represented the scat- 
tered field by a Fourier integral in the following manner, 
Let 


Hy, (kp) 
f{(m)=—————— cosm(o— 9), 
HH» (ka) 


where m can be considered to be a continuous real 
variable. According to the Fourier integral theorem, 


1 x x 
f(m)=— nf f(a) explin(m—a) |da 


2rd _. 


1 «© D 
= f du expCium) f f(a): cospa:da 
0 


TY x 


1 7% © He) (Rp) 
= -f du exptinm) f ——=— 
Td _« 0 HH, (ka) 
-cosa(d@— 1) - cosua: da. 
Then, 


1 « 
Es(0,6—o1)=—- Lo (t)"Im(ha) 


iii 


e * (kp) 
f du exp(ium) f —_—— cosa(@— 1) - coswa: da. 
- Jo HH, (ka) 


Since 


> (i)"Jm(ka)exp(imp) = exp(ika cosy), 


m=—e 


by interchanging the order of summation and integra- 


1P. Debye, “Das electromagnetische Feld um einem Zylinder 
und die Theorie des Regenbogens,” Physik. Zeits. 9, 775-778 
(1908). 
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tion Debye’s integral representation is obtained: 


1 a] 
E“(p,o—¢1) = — -f exp(ika cosu)du 


TY? _w 


© H, (kp) 
x f cosa(@—@;)-cosua-da. (2) 
0 HH, (ka) 








By an approximate evaluation of (2) for large ka, he 
obtained 


ka cos(o/2)\? . i) 
5(p,o) = — (- — ——) ex {i (o—22 cos) 3) 
E,(p kp I - 


for the scattered electric field resulting from a plane 
wave incident in the direction ¢,=0. 

Up to the present we have had the rigorous eigen- 
function expansion of the scattered field (1) which 
suffers from convergemce difficulties for large ka, and 
the Debye summation scheme yielding the expression 
(3) for the high frequency far-zone scattered field, valid 
for directions not in the neighborhood of ¢=7. Conse- 
quently (3) cannot be used to calculate the total scat- 
tering cross section of the cylinder; (1) can be used, 
however, even for large values of ka, i.e., at high fre- 
quencies, but only with considerable heuristic manipu- 
lation of the slowly convergent eigenfunction expansion. 

It is the purpose of this paper to show that the afore- 
mentioned difficulties can be avoided if the problem is 
formulated from the start using a variational principle 
in the manner of Levine and Schwinger.” * This formula- 
tion yields an expression for the diffracted cylindrical 
wave amplitude, at distances from the cylinder large 
compared to its transverse dimension and the wave- 
length, which is stationary relative to small inde- 
pendent variations of the surface currents arising from 
plane-wave excitation along a pair of directions in 
space. Furthermore, the stationary form of the dif- 
fracted amplitude is independent of the scale of the 
surface currents. The total plane-wave scattering cross 
section is simply related to the diffracted cylindrical 
wave amplitude in the direction of incidence. To ex- 
amine the high frequency behavior of the cross section 
(ka>1), the surface current induced by a plane wave 
is taken different from zero only on the illuminated 
part of the cylinder, where its value is derived from the 
tengential component of the incident magnetic field. 


Il. INTEGRAL EQUATION FORMULATION 


Consider a plane electromagnetic wave incident upon 
a perfectly conducting circular cylinder of radius a, 
whose axis lies along the x axis of a rectangular co- 
ordinate system, Fig. 1. The incident wave is polarized 
parallel to the axis of this cylinder, its electric field 





*H. Levine and J. Schwinger, “On the theory of diffraction by 
ee in an infinite plane screen, I,” Phys. Rev. 74, 958-974 
(1948), 

*H. Levine and J. Schwinger, “On the theory of diffraction by 


an aperture in an infinite plane screen, II,” Phys. Rev. 75, 1423- 
1432 (1949). 
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Fic. 2. Integration 
domain. 





being given by 


E,""*(p,¢) = expLikp cos(@— $1) J, (1) 


where p,g are cylindrical coordinates, k= 22+ wave- 
length, and ¢; is the direction of propagation. The 
scattered electric field, E,**(p,¢), is also polarized 
parallel to the cylinder axis. The electric field at any 
point 7, r being a two-dimensional vector from the 
origin to any point (p,¢), is the sum of the incident and 
scattered fields, E,(r)= E,i"*(r)+E,*(r). The problem 
is formulated in terms of these electric fields. To 
emphasize their two-dimensional scalar nature, denote 
them by y(r)=E.(r), pire(r)=E,i"e(r), and y*(r) 
= E,"(r). 
Note that ¥(r) satisfies the scalar wave equation 


(V?-+ R*)p(r) =0, (2) 


and the two-dimensional scalar Green’s function 
G(r,r’) satisfies the inhomogeneous scalar wave equation 


(V?+k*)G(r,r’) = —8(r—r’), (3) 


where the inhomogeneous term is the two-dimensional 
Dirac delta-function. Applying Green’s second scalar 
identity to ¥(r) and G(r,r’), we obtain 


[lee nie+ eve) —VOry(0"+ IGE) Mr 
° @ a 
-{ | Ger.n)—vir) ver) —ae' is, (4) 
81 +89 On’ On’ 
where the derivative in the surface integral is taken in 
the direction of the outward normal (Fig. 2). The sur- 
face integral extends over the surface of the scattering 
cylinder, s;, and a concentric cylinder, s2, of very large 
radius. In view of (2) and (3) the volume integral be- 


comes ¥(r), and since ¥(r)=0 when 7 lies on the scat- 
tering cylinder, it follows that 


) 
v(r)= feen—wons 
8] on’ 


rs) re) 
+ f | aon —vee) —vir)— G(r) as. (5) 
89 on’ on’ 
Recalling that ¥(r)=yi"*(r)+y"(r), the integral over s» 
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in (5) becomes 


Oo ) ; 
f G(r’) —pive(r’) — pire (re )—G(r',,r) le 
val. on’ on’ 


0 0 
+ f [eww y"(r')-—y*(r’)- Gira) fs 
os on’ On’ 


The first integral yields y'"*(r) and the second disap- 
pears due to the asymptotic behavior of the integrand 
for r'—»« , and (5) takes the form 


0 
Hiry=ve(+ f Gt'y)- V(r’ ds’. (6) 
- on’ 


Since (0/dn')p(r')= — (0/dp’) E.(p’ 6’) = iwuH 4(p' 6’) and 
ds’ = ad@’ , (6) becomes 


¥(p,6) =y'"*(p,o) 
+f iapH .(a,6')G(a,o';p,6)-adg’. (7) 


H,(a,¢’) is numerically equal to the surface-current 
density at the point (a,¢’) on the cylinder. Let J¢,(¢’) 
= iwuall,(a,¢’), where I¢,(¢’) is proportional to the 
current density at the point (a,¢’) due to the incident 
wave (1) propagating in the direction ¢;. With this 
notation, (7) becomes 


Hin.8)=v"(o.)+ f T4,(¢')G(a,9';p,o)do’. (8) 
0 


Since ¥(a,¢) =0, i.e., Z, must disappear at the surface 
of the cylinder, the following integral equation is ob- 
tained by placing p=a in (8): 


O=ypire(p,o)+ f I ¢,(’)G(a,¢’ ;a,6) dq’ 
0 
or 


—expLika cos(o—d1)]= f T+,(')G(a,¢’ ;a,6)dd’. (9) 
0 


The solution of this integral equation would yield 
I 4,(), i.e., the current except for a numerical factor, 
produced by a plane incident wave traveling in the 
direction ¢:. By substituting this solution back into 
(8) and carrying out the indicated integration, the 
diffracted field ¥(p,¢) could be determined. Two objec- 
tions are immediately apparent, the first is the difficult 
problem of solving (9) for J¢,(¢’), the second is the 
evaluation of the integral in (8) once J¢,(¢’) is deter- 
mined. Moreover, to obtain the total scattering cross 
section, still another integration would have to be per- 
formed. Use will be made of the integral equation (9) 
to formulate a variational principle for the scattered 
wave amplitude. 
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III. VARIATIONAL PRINCIPLE FOR 
SCATTERED WAVE AMPLITUDE 


Since the two-dimensional Green’s function, G(r,r’), 
has to satisfy the inhomogeneous wave equation (3) 
and the radiation condition, i.e., it must represent at 
large distances from the cylinder outwardly propagat- 
ing cylindrical waves, it follows that G(r,r’)=(j 4)H, 





X(kir—r’|). For large r, the leading term of the 
asymptotic expansion is 
rx: G(r’) 
~-( -) explit)|r—Y Jexp( —e 
4\ rk|r—r'| 4}’ 
where 


\r—r’ =[p?+p”—2pp’ cos(o—¢’) ] 
p’ 
free) 


p 


With these asymptotic values the scattered field, which 
is given by the integral in (8), at large distances becomes 


if 2%} 
rot~(2.)' esi 


tikp 
x| f[ el-ita cos(— 4) Hood] 
0 


The scattered wave amplitude is represented by the 
quantity in square brackets. We denote it by A(¢,4)): 


Ao.) = f exp[—ika cos(¢—¢") Io,(¢')dd!. (10) 


0 


As the notation explicitly denotes, A(¢,¢1) is the scat- 
tered wave amplitude in the direction ¢ for an incident 
wave traveling in the direction ¢). 

Multiplication of the integral equation (9) by J,,(¢) 
and integration with respect to @ (in accordance with 
the notation that J»,(¢) is iwua times the surface- 
current density at the point (a,6) due to an incident 
plane wave traveling in the direction ¢2) leads to 


er 


7 f exp[ the coe(¢—¢1) Vo,(6)d0 
0 


7 f J dgls,(¢)G(a,6';a,6)Te,(6")de’. (11) 
0 0 


But according to (10), 


| exp[ika cos(¢—¢;) |I¢,(o)do 


= f exp[ — ika cos(r+1—¢) JI ¢,(¢)d 
‘ =A(r+¢1,$2). (12 


JOURNAL OF APPLIED PHYSICS 





i. 
(3) 
t at 
gat- 
LH, 
the 


r the 
1): 


scat- 
ident 


64(0) 

with 
rface- 
ident 





4(x+¢1,02) Tepresents the scattered wave amplitude 
in the direction of r+, due to an incident wave 
traveling in the direction ¢», and it is clear that it must 
equal the scattered wave amplitude in the direction 
s+, due to an incident wave traveling in the direc- 
tion ¢1. This reciprocity relation is given by the equality, 


A(a+4,62) = A (4+ 2,0). (13) 


J f dol o.(o)G(a,d' :a,o)1 o,(o' dg’ 
1 1 0 Yo 


Al(r+¢2,0,) 1 (4-+1,¢2) r 


0 


The expression (14) is homogeneous in /¢,(¢), /¢,(@) 
and stationary with respect to independent first-order 
variations about their correct values (determined by 
integral equations of the form (9)). The property of 
homogeneity is clear. To show the stationary property 
of (14), proceed as follows. Clearing fractions in (14), 


| exp[ika cos(¢— 41) lJ ¢,(¢)do 
0 


2r 


x | exp[ ika cos(@— ¢o) ]I¢,()do 
0 


--4f f dol o.(6)G(o,d' Io, (¢' dd’, 
0 “0 


where A= A (4+¢1,¢2), G(¢’,6)=G(a,¢’ ;a,o). Now take 
the variations of J ,(¢), I¢,(@), and A. 


or 


| exp[ tka cos(@—¢) ]614.(¢)do 
0 
xf exp[ika cos(@—¢2) |J¢,(¢)do 
0 
+f exp[ika cos(¢—¢)) J ¢.(¢)do 
0 
xf exp[ ka cos(@— $2) ]é/ ¢,(¢)d¢; 
0 
--14 ff d10.(0)G066)1e,(6)de 
0 0 


Aff dbl ¢.(¢)G(o,¢' To, (o’ )dd’ 


-af f dol ¢.(¢)G(,¢’ bl 4, (' dd’. 
0 0 
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Dividing (11) by 


f exp[ika cos(¢—¢1) |I¢,(¢)de 
0 


x f exp[ika cos(@—¢2) |Jo,(o)do, 
0 


and taking into consideration (12) and (13), 


(14) 


or 


exp[ ika cos(@—¢ We.(ovde f exp[ika cos(@— 2) | o,(@)do 


0 


Using (12) and (13) this can be written in the form 


af exp[ika cos(¢— 1) ]6/¢,(¢)do 


+4 f expLika cos(@— 2) |é/¢,(o)d@ 
0 
--04 f i) dol ¢,.(¢)G(o,0') 1 ¢,(’ dd’ 
0 0 


-af f dpi! ¢,(¢)G(o,¢')T¢,(¢' do’ 
0 0 


-af f dol ¢.(¢)G(o,0') 51 4, (o’ dd’. 
0 0 


Combining terms, this equation becomes 


sa f f dol ¢.(¢)G(o,o’) I ¢,(’ dd’ 
0 0 


--4f iosteso)| f dd'G(¢,¢')I¢,(¢’) 
0 


0 


or 


+exp[ika costo—<)]|—a f dq’ bl ¢,(¢’) 


0 
lf doG(¢,¢’)14,() 
0 


+exp[ika cos(o'—6)] (15) 


If J¢,(¢) and J¢,(¢) satisfy integral equations of the 
form (9), then the square-bracket terms in (15) vanish 
identically. Hence A is stationary with respect to first- 
order independent variations of J¢,(¢) and I¢,(@). 


IV. A THEOREM CONCERNING THE TOTAL 
SCATTERING CROSS SECTION AND 
SCATTERED WAVE AMPLITUDE 


The total scattering cross section is defined by the 
ratio of the total scattered power per unit length of 
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cylinder to the incident power per unit area. The time- 
average incident power per unit area, Si", is given by 
4 ReEX H*=} ReE*XH, where the asterisk indicates 
the conjugate complex and Re the real part. Since 


E,\"°= exp(ikz) 


and 
1 @ k 
H,'°=—- —E,'**=—exp(ikz), 
lwp OZ wu 
then 
: " k 
Sivec= 2 ReE,*'"H,ic=—. 
2wu 


The time-average scattered power, P*”, passing 
through a cylinder s2 of large radius is equal to the 
time-average power leaving the cylindrical surface sj, 
1.e., 


P= Re f (E."*(p,6))(— H4""(p,0) pd 


=Re fe; **(a,o))(— H 5**(a,) Jad. 
81 


The total scattering cross section, o, is then given by 


the a 
Pre 
“ei Re- f E, = (a9) —E 2**(a,o)ad. (16) 
ine 0p 





2r 
0 


At low frequencies ka<<1; also choose /,(@) = 
The numerator then becomes 


27 2x l 27 27 
J J doa," sa,6)d0'=— f f dodo’ H(k\r—r'| ) 
4 0 0 


-f f dod¢’ x End m(ka)H» (ka)cosm(o—¢’) 


= im’ J o(ka)Ho(ka). 


and 


f exp(ika cosd)d@= 2rJ o(ka), 


0 


0 


Consequently 
1 im J o( (ka) Ho(ka) _ i Ho(ka) 
A(x,1) 7 [2Jo(ka) P 4 Jo(ka) 
ant 
4 Jo°(ka) 
———— (20) 
- Ie (ka) + N¢ (ka) 
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Iy(¢) =|, 


f exp(—ika cosd)do = 24J (ka). 





At the surface of the cylinder, E,*"(a,¢) = — E,*"""(ag). 
hence : 
1 if ) 
diene Re- f = E,*"™(a,o)—(E.(a ) 
k 1 0 Op : 
— E,"*(a,9) Jadg, 


But 
acs E,'"*(a,o)ado=0, 
0 dp 


and consequently 
i if 
“ Re- f exp[ —ika cos(¢—¢1) | ¢,(¢)dg, (17) 
to 


where use has been made of a(0/0p)E.(a,6) = —iwuaH, 
X (a,6) = —I¢,(¢). In view of (10) and (17) o can be 
represented in terms of the scattered wave amplitude: 


es 1 
=— Re-A (91,91) =- Im4A (¢1,¢1), (18) 
k i k 


where Im means imaginary part. 


V. LOW FREQUENCY SCATTERING 
CROSS SECTION 
To find the total scattering cross section it is neces- 
sary first to compute A(¢1,¢:) from (14) and then to 
use (18). Let ¢:=0 and @.=7 in (14); then 


S f dol ,(o)G(a,¢’ ;a,6)To(¢' do’ 


—- ————. (19) 





f exp(ika cons toae exp(—ika cosd)Io(¢)d@ 
0 





Suppose, instead of taking J -(¢) = = Io($)=1, the fol- 
lowing more general representation is used: 


Io(¢)=>- Am Cosma, 
0 


I,(¢) => A m cos (d— r=. A ,(— 1)" cosmo, 
0 


where the A,,’s are constants. Substitution in (19) 


gives for the numerator: 


f f dol .(@)G(a,’ 3a,6)1(’ )dd’ 
0 0 


1 2r 2r - 
--f f dsde'( > An(—1)™ cosm ) 
4d, Jy m0 


> €pJ p(ka)H , (ka Jeosp(o—¢")) 
p=0 


n=0 
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> é. cos) : 





V 








19) 


fol- 


mo, 


(19) | 


é) 


‘SICS 





Let 1 or or 
Can=(—1)"- f f dod¢’ cosme 
4 0 0 








p=0 
But 
27 27 4n°5,"6,” 
f f dodo’ cosmd cosp(¢— ¢’)cosng’ = ————_, 
0 “0 és 
where 
1 m=n 1 m=0 
5,"= | and €,= | ; 
QO mn 2 m>1 
and hence 
(-— 1 )”" tar? 
Can= — 5 "Im (Ra) Hy, (ka). 
(Em) 
The numerator becomes the double series, 
4 2A ah mné A, ae 


For the denominator the following is obtained: 


27 
i) 


-{ exp(ika cos)o - Am(— 1)" cosmodo 
0 


exp(ika cose) e(6)de f exp(—ika cosd)Io(o)do 
0 


m=0 


xf exp(—ika cos)¢ >> A, cosnddp 
0 


n=0 


-(z An(—1)"24(i)"Ja(ta) ) 


m=0 


x ( > A,2x(— iJ, (ta)). 
n=0 


By setting B,, = 2r(—i)"J,,(ka), it follows that 


® * 2) 


= Bs Ak ant n 


1 m=0 n=0 


= ——_________, (21) 


> €pJ p(ka)H, (ka)cosp(o— 6) Joosns’ 


In view of the stationary character of A(m,1), dif- 
ferentiation of (21) with respect to A» gives 


A(x,r) > AnCnn=— Bn > A,B,, m=0, 1, 2,- (22) 
n=0 n=0 


To simplify (22 
that 


) the coefficients D, are introduced so 


A(r,r)=— 2 B,D), 


n=0 


(23) 


where the B,’s are determined by the simultaneous 
equations 


oa) 


: a Cw "im — | = 


n=0 


m=0, 1, 2,--- (24) 


Since Cnn=0 when m#n only the diagonal terms of 
(24) are different from zero, i.e., Dra= Bn/Cnn, and hence 








? - (€,2 aa )*J « k ))? 
A(x,x)=—->d - ~=5 €n2a(—i)"J n(ka 
n=0C, =0 in?(—1)"J,(ka)H, (ka) 
* J (ka) 
=4i> ¢, —, (25) 


n=0 H, (ka) 


Applying the theorem (18) to (25) the total scattering 
cross section is obtained. It is 


4 x €nJ n°(ka) 
=— 7 ; a a 
kn=0 J ,7(ka) +N ,?(ka) 





(26) 


where use has been made of the form H,,“(ka) = J ,(ka) 
+iN,(ka). Since ka<1, only the first term of (26) 
contributes appreciably to the value of o. Therefore 


+ J (ka) 
pie messin (27) 
k Te (ka)+ Ne’ (ka) 
Comparing (20) with (27) it is seen that the expressions 
are identical. It appears that for low frequencies (ka<1) 
very accurate results are obtained by taking the current 
on the cylinder to be independent of ¢. 


VI. HIGH FREQUENCY SCATTERING 
CROSS SECTION 


Now consider the frequency of the incident wave to 
be high, i.e., ka>>1. In (14) let ¢:=32/2, d2=2/2, and 
for this choice the following result is obtained: 


f fp dol, (p)G( a,’ a,0)1 3, o(d’ dd’ 
1 


- on as | 3r T ) 
A(x+ -, *) f at wie ay eo wf = vile? ) |r o(p)dp 
7 
>A 4 0 é 
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In accordance with the assumed convention, /,/2(@) 
and J3,/2.(@) are proportional to the surface currents 
induced by incident waves propagating in the directions 
m/2 and 3/2 respectively. For an incident wave prop- 
agating in the direction ¢;; H4.'"*(p,6)=—(k/wp) 
x cos(¢— 1) explikp cos(¢—¢@;) }. It is assumed that 
the high frequency current induced by a plane wave is 
different from zero only on the illuminated half of the 
cylinder, where its value is numerically equal to the 
tangential component of the incident magnetic field. 
That is, for a trial function we take 


I ¢,(@) =const. cos(¢—@,)expLika cos(¢—¢) }. (29) 


r 


Since 


{ singde f singdd@ 





Hence, 


I ..2(@) =const. sing exp[ika sing | for r<@<2r 
== () for 0<o<r, 


and 


I ;-/2(@) = — const. sing exp —ika sing | for O0<o<-r 
=() for r<o<2r. 


Substituting these trial functions in (28) and noting 
that A(m+3m/2,9/2)= A(w/2,2/2), we get 


Jr 


f dg’ sind’ exp[ — tka sino’) | sing exp(ika sing)G(a,¢’ ;a,¢) 


r 


0 


a i _ so-0'| 
G(a,¢' 54,6) =—-H" 2a] sin( * — Jl Js 
4 | 2 | 
1 i - or _ . . 7 \ o—¢' 
; = f wf d@ sind’ sing expl_ — ika(sing’— sing) JH >" nas ms i (30 
ye 5 2 


then 


v1 16/7, . 
A{ - 
(=) 


Let ¢=2x—£. Then singd= —sint, d= —dé, and 


(—) (=) 
ising — = sin - ' 
2 /| | 2 


With this change of variables (30) becomes* 
1 1 bg ® 
— =— -f ie’ f dé sing’ siné 
16-5 0 


i leiataaccias ok |. (Ete 
< exp[ — ika(sing’+siné) JH" 2ka|sin( ~~) 


! 
| 


I). 


Let the variables be changed again according to the 
following transformation 


(o'+&)/2=B+7/2, 
8 


(o’—£)/2=a. 





1/2 
T Fic. 3. Integration 
Od > O domain. 
an T 
2 2 
-Ti/2 


* The author received enlightening discussions on integrals of 
this class from Professor F. Tricomi. 
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Then 


sing’ sing= 3(cos2a+cos28), sing’+sinE= 2 cosa cos8, 
a(9’,£) dec 
——-=2, and |sin((é+¢’)/2)! =cosa. 
0(a,8) 


It follows that in terms of a and 8, 


1 t 
-=— ff exp(— 2ika cosa cos@) 
16 Q 


X (cos*a+ cos2B8)H 9" (2ka coss), (31) 


where ( is the square region in the a, 8 plane shown in 
Fig. 3. In view of the symmetry in a@ and 8 about 
a=B8=0, we can confine the integration to the tri- 
angular region T, Consequently, 


1 i 7? r/2—B 
| saithind f asf da exp(— 2ika cosa cos3 
rr 44, dy 
Af{ -, 
(;) 


X (cos2a+ cos28)Ho"'(2RkR cos8). (32 
Consider first the integration with respect to a. Since 
ka>>1, the main contribution to the value of this in- 
tegral occurs in the neighborhood of a=0 (provided 
82/2). An approximate evaluation is obtained by 
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the method of stationary phase: 


/2-B 


| da exp(— 2ika cosa cosf)(cos2a+ cos28) 


0 
mt \} cos’*B 7 
= (~) exp(— 2ika cos@) exp( i"). 
ka/ (cos6)! 4 


There remains the task of evaluating the following 
integral: 


1 ifr? T 7/2 cos*B 
——-=--(=) ex (=) f dg 

"3 4\ ka 4] Jy (cosé)? 
(55) 


Xexp[ —2ika cosB JH) (2ka cosB). (33) 








As B7/2 the integrand disappears, and hence the 
contribution to the integral in the neighborhood of 
g=1/2 is very small. When B¥72/2 and ka—~, 


Ho" (2ka cosf) 


2 4 
~ (——) exp(2ika cos8)exp(—im/4). (34) 
2rka cos8 


After substituting this asymptotic form into (33) and 
changing the upper limit from 7/2 to Bo, the result is 


1 i 1 7% 1 
serene tn —f d8 cos8=—— sinBy (35) 
A (x 2,7, 2) 4 ka 0 4ka 


for the leading term of the asymptotic development of 
[1/A(x/2,r/2) ] in reciprocal powers of ka. Application 
of the theorem (18) to (35) gives for the total scattering 
cross section 


1 "7 4a 4a 
o=—-ImA (=*) ~ = q (36) 
k 22/7 sin®o (1—(4/ka)?)! 


Choose 8 such that cos89>=4/ka. This choice guarantees 
the argument of the Hankel function to be equal to or 
greater than 8 for the entire range of values from B=0 
to B=8o, and thereby allows the replacement of the 
Hankel function by the first term of its asymptotic 
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ko 25 30 35 


Fic. 4. ok versus ka. Solid curve computed from (26). 
Broken curve computed from (36). 


development. It is seen that as ka—, o—4a which is 
the geometric optics scattering cross section and 
physically equal to twice the projected area of a unit 
length of the scattering cylinder. Figure 4 shows a 
plot of ok versus ka. For values of ka less than 10, 
Eq. (26) was used to compute ck; for ka larger than 8, 
Eq. (36) was used. In the region 8 <ka <10 the broken 
and solid curves overlap. 

The author wishes to acknowledge the generous 
help of Dr. Harold Levine of Harvard University, 
without whose patient and clear explanations this 
paper would never have been completed. The assistance 
of Miss J. Klimas and Mrs. R. Stokey with numerical 
calculations is gratefully acknowledged. 
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Air Temperature Modification by Vertical Transport* 


RoBert G. FLEAGLE 
University of Washington, Seattle, Washington 
(Received October 3, 1949) 


It is suggested that when the air temperature increases upward an efficient and economical method for 
modifying low temperatures near the ground is to force air downward through vertical stacks from the rela- 
tively warm air aloft. Theory is developed which shows that the necessary power per unit mass is mainly a 
function of the air velocity in the stack. The energy required by this method is compared with the energy 
required to heat the air originally near the ground, and it is shown that under a strong temperature inver- 
sion the power method requires considerably less energy than the heating method. 





INTRODUCTION 


EMPERATURE modification by a combination 
of radiational cooling and direct application of 
heat (both accomplished by smudge pots) is the stand- 
ard method used by fruit growers in avoiding low noc- 
turnal temperatures near the ground. Under conditions 
requiring the use of smudge pots the temperature of the 
air usually increases rapidly with height; at 100-200 
feet above the ground the temperature may be 5 to 
10° C higher than the temperature near the ground. Re- 
cently, this normal temperature inversion has been 
utilized in modifying the temperatures near the ground; 
large fans have been set up above the trees to mix.the 
cold and warm air.' It appears that a more effective 
and better controlled method would be to conduct the 
warm air downward through vertical stacks and ex- 
haust it within the orchard. It is proposed to investigate 
the energy required for this process and to compare it 
with the energy required by direct heating. The applica- 
tion to maintenance of outdoor temperature-sensitive 
installations, machinery, and supplies is obvious. 


THEORY 


Consider the energy required to force a unit mass of 
air through a vertical stack at a speed, v2. Some energy 
is converted into kinetic energy, some is lost in friction 
at the sides of the stack, and some is required to over- 
come the buoyant force experienced by the warm air 
in being displaced downward into colder air. Where M 
represents the energy per gram supplied by the fan; 
F,, the energy per gram dissipated by friction; and W, 
the energy per gram required to overcome atmospheric 
stability, the principle of conservation of energy re- 
quires that, 


M=}0?+F,+W. © (1) 
The mass of air passing through the stack per second 
is given by mr*pv2, where p represents air density and r 
represents radius of the stack. We therefore have for 
the power required of the motor, 


P(ergs/sec.) = mr°pv2{}02+F,+W}. (2) 


* Contribution No. 5, Department of Meteorology and Clima- 
tology, University of Washington. 
1R. E. Ahrens, “Breath of steel,” Steelways, No. 12, 32 (1947). 
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The frictional loss of energy per unit mass in funda- 
mental c.g.s. units is given by the empirical expression, 


Sho? 
- 4r 





F, ’ (3) 


where f represents a dimensionless coefficient depending 
upon roughness of conduit and the Reynolds number 
and h represents length of the conduit.? Several values 
of f are shown in Table I below.* Table I shows that f 
is not sensitive to changes in r or v2 within the ranges 
applicable to this problem. The single value of 0.02 
will be used in future computations. 

The work required to bring air down the stack against 
the buoyant force due to atmospheric stability remains 
to be computed. Where F represents the net upward 





oe OP. 
sec. 
1 100 
| 
| 
| ; 
2 
eo 
«710 
10° y 
° 
0.1 ' 10 100 m sec. 


Fic. 1. Power required by fan as function of velocity for 
a=0, 1, 10K/(100 m) as computed from Eq. (12). 





2 Am. Soc. Heating and Ventilating Eng., Heating, Ventilating, 
Air Conditioning Guide (Waverly Press, Inc., Baltimore, Mary- 
land, 1949), pp. 807-808. ‘ 

’ Computed from (3) using data supplied in Am. Soc. Heating 
and Ventilating Eng. (see reference 2). 
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force per gram on the displaced air, we have, 


0 
w=-f Fdz. (4) 
h 


The net force per gram is given by, 
— p—e" (p/RT)—(p/RT’) 
ee § — 

p p/RI 1 


where the prime indicates a property of the moving air, 
p represents pressure; 7’, absolute temperature; and R, 
the gas constant for air. Substitution of (5) in (4) gives, 








°T'—T 
W= -ef —dz. (6) 
oh T 

m 
Bec. 

10T 

= - 

6 - 

s 
. aziO 
2+ 0 
2 ; > 8 m/sec, 
v 


Fic. 2. Air speed within stack, (v2), as a function of horizontal 
wind speed at the top of the stack, (7) fora=0 and 10K /(100 m) 
as computed from Eq. (13). 


We shall assume that the temperature in the undis- 
turbed air may be expressed by a linear function of 
elevation and that the disturbed air neither gains nor 
loses heat to the stack walls. Thus, the descending air 
increases in temperature at the adiabatic rate. We may 
express these assumptions by the following: 


T= Totaz (7) 


g 
T’=Totah+ —-(h—2z). (8) 
Cp 


Equation (6) now may be written, for a~0 


W= 





g(a+ wed 9 (h—z)dz . 
7 (9) 
h 


(To/a)+z 


a 
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Fic. 3. Power required by fan compared with rate of energy 
required for heating (H) as function of rate of temperature in- 
crease with height (a). The bracketed numbers indicate the air 
speed within the stack in m/sec. 


Integration gives, 


; g To Th 
W = — gf 1+-— = (14+ =)ioe“+i, (10) 
aACy a To 


where 7), represents the temperature at the height of 
the top of the stack. For purposes of computation it is 
sufficiently accurate to replace JT )+az by To in the 
denominator of (9). This leads to, 


W = gh?/2T (a+ (g/cp)). (11) 


Equation (11) holds for a=0 since division by a is not 
required in the integration. 
Finally, substituting (3) and (11) in (2) results in, 


9 


gh* g 
P=nr'prr 0.502(1-+0014/n)+—_(at~) ; (12) 
2T 


0 Cp 


In order to visualize the relative importance of the in- 
dividual terms in this rather cumbersome equation, 
P is plotted as a function of v2 and a in Fig. 1 using the 
following arbitrary values: 


r=0.5 meter 
h=50 meters 
T)=270° K 


Figure 1 shows that within the power range between 
0.1 and 100 horsepower the lapse rate does not affect 
seriously the air speed within the stack. 
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TABLE I. 











r(cm) v2(m/sec.) f 
15 2.5 0.022 
15 5.1 0.021 
15 50.8 0.018 
46 2.5 0.019 
46 5.1 0.016 
46 50.8 0.013 








It is of interest to investigate the speed within the 
stack which is possible without the use of a fan. A 
horizontal opening at the top of the stack free to rotate 
so that it always faces the wind stream is assumed. For 
this case, the kinetic energy of the moving air must be 
added to the left side of (1) and M set equal to zero. 
Equation (12) then becomes, 


h gh’ g 
0.se2( +0.01-)+=—(a+=) =0.5v;?._ (13) 


r 0 Cp 


In Fig. 2, v2 is plotted as a function of », and @ using 
the same arbitrary values listed above. Figure 2 in- 
dicates that the air speed within the stack is of the 
same order of magnitude as the wind speed. It appears 
that where only a small quantity of air is required, the 
kinetic energy of the wind at the height of the top of 
the stack might be sufficient to do the job alone. How- 
ever, it should be realized that when the wind speed 
at the top of the stack exceeds about 5 m.p.sec. the 
resulting mechanical turbulence is likely to prevent the 
creation of a large temperature inversion. In other 
words, at high wind speeds the warm air is conducted 
to the ground without the assistance of fan and stack. 


POWER COMPARISON 


It is important to compare the energy required to 
produce at the ground a certain temperature increase 
by the method described here with the energy required 
to heat the original air through the same temperature 
interval. The rate of expenditure of heat required by 
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the latter process may be written, 


H=rpvocp Ti+ (gh/cp)—To |. (14) 
Substitution of T+ ah for T), leads to, 
H =r’ pvec,h(at (g/cp)). (15) 


This energy requirement may be compared with P by 
plotting P and H as functions of a for certain arbitrary 
values of v2, say 5 and 10 m/sec. In Fig. 3 P and # 
have been computed for air at sea level using the same 
values of r, h, and Ty used before. Inspection of Fig. 3 
shows that economy of the power method over the 
heating method ranges from a factor of about 5 to a 
factor of about 100. The relative economy varies in a 
direct sense with the strength of the temperature in- 
version. Economy of power is greater at the lower 
velocity (5 m/sec.) than at the higher velocity (10 
m/sec.). It follows that maximum efficiency would be 
attained with fans operating at slow speed in stacks of 
large radius. Of course the economy in energy expended 
by the power method must be balanced against the 
greater cost of mechanical energy. Also, the greater 
efficiency attained with large stacks must be balanced 
against the greater initial cost of large stacks. Deter- 
mination of the economy of cost of installation and 
operation depends upon local factors beyond the scope 
of this paper. 

Aside from the question of economy, advantages of 
the power method over the heating method include: 
greater uniformity in temperature, absence of smoke, 
gas, and dirt, less attention required, and the possi- 
bility of utilizing the kinetic energy of the wind. Dis- 
advantages. include: more critical dependence on a 
large temperature inversion, greater initial expense 
(unless existing stacks may be used). 
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Mode Conversion Losses in Transmission of Circular Electric Waves 
through Slightly Non-Cylindrical Guides 


SAMUEL P. MorGaAn, Jr. 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received July 8, 1949) 


A general expression is derived for the effective attenuation of circular electric (TEo1) waves owing to 
mode conversions in a section of wave guide whose shape deviates slightly in any specified manner from a 
perfect circular cylinder. Numerical predictions are in good agreement with experiment for the special case 
of transmission through an elliptically deformed section of pipe. The effect of random distortions in a long 
wave guide line is analyzed in terms of the mean-square values of the Fourier coefficients describing the 
distortions; and from the general formulas it appears that the mode conversion losses depend in large meas- 
ure upon the statistical distribution of the various types of distortion. Under certain rather arbitrary simpli- 
fying assumptions about this distribution, it is calculated that mode conversions in a 4.732-inch copper pipe 
whose radius deviates by 1 mil r.m.s. from that of an average cylinder will increase the attenuation of the 
TEv mode at 3.2 cm by an amount equal to 8 percent of the theoretical copper losses. The dependence on 
frequency of mode conversion losses in such a guide is discussed. 





I. INTRODUCTION 


HE propagation of electromagnetic energy through 

a perfectly conducting cylindrical guide may 
take place at sufficiently high frequencies in any one 
of a number of independent transmission modes, the 
field pattern for a given mode being the same, up to 
phase, at every cross section of the guide. The natural 
modes in circular and rectangular guides are well known, 
and it has been shown"? that for a cylindrical guide 
whose uniform cross section deviates but slightly from 
circular, the natural modes are only slightly different 
in field configuration from the corresponding modes for 
a circular cylinder. If however the size or shape of the 
cross section varies slightly from point to point, so 
that the guide is not strictly cylindrical, then although 
one may still represent the field at any given section by 
an expansion in terms of the natural modes of a circular 
cylinder, these modes are no longer independent but 
coupled to each other by the distortion. Electromag- 
netic energy in any mode will, on passing through a dis- 
torted section of guide, be partially converted into 
other modes, of which those above cut-off can be ex- 
pected to propagate through the guide with different 
phase velocities from the original mode and, in the 
case of a physical guide, with different attenuations 
due to the finite conductivity of the walls. Thus the 
original mode exhibits an increase in effective attenua- 
tion owing to mode conversions in the distorted section, 
provided of course that no other mode is present at a 
sufficiently high level to return an appreciable amount 
of energy by reconversion. 

Mode conversion losses become of practical import- 
ance when one attempts to transmit a mode which has 
intrinsically low copper loss, such as the lowest order 
circular electric (7 Eo:) wave in a round pipe, through a 
guide so large that many other modes are freely pro- 
pagated at the chosen frequency. It is easy to imagine 
that in transmission of the TE», mode through com- 


1S. A. Schelkunoff, J. App. Phys. 9, 484 (1938). 
*M. Jouguet, Comptes Rendus 266, 1436 (1948). 
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mercial copper pipe of diameter several times the 
wave-length, mode conversion losses might under some 
conditions be an appreciable fraction of the total loss; 
and it seems desirable to have a theoretical estimate of 
the magnitude of this effect. In the present paper we 
treat the following problem: 

A pure TE; wave propagating in the forward direc- 
tion through a perfectly conducting circular pipe passes 
through a distorted section, the only restrictions on 
the form of the distortion being that the deviation from 
perfect circularity is small compared to the pipe radius, 
and there are no discontinuities in the surface of the 
pipe. No real generality is lost by the assumption of 
infinite conductivity, since to first approximation the 
losses from the TE, mode due to finite conductivity 
and due to mode conversions are additive.* The dis- 
torted section will in general couple an infinite number 
of other modes to the circular electric mode; but if this 
section is of finite length then at sufficient distances on 
each side of it we shall find only those modes which 
propagate freely in the original circular pipe, and the 
power carried in each direction by these propagating 
modes can be calculated. The power which has been 
abstracted from the incident TE, mode can be ex- 
pressed in terms of an effective attenuation or, if de- 
sired, in terms of an average attenuation per unit 
length caused by mode conversions in the distorted 
section. In the present analysis the mode conversions 
are supposed to take place either in an infinitely long 
pipe or in one where each undesired mode is terminated 


p= a+ ep(9,2) 


Fic. 1. Longitudinal section of slightly non-cylindrical wave guide. 


* Inhomogeneity in the conductivity of the inner wall of the 
guide would couple the TE: mode to other modes even if the walls 
were perfectly smooth and circular; but an order-of-magnitude 
calculation has shown that for such variations in conductivity 
as are likely to occur in practice the coupling would be far smaller 
than the anticipated geometrical mode coupling effects. 


329 








in its own characteristic impedance, and it is assumed 
that the level of unwanted modes never becomes high 
enough in the distorted pipe so that reconversion from 
these modes into To, needs to be taken into account. 

Since the following sections of this paper are largely 
mathematical, it may be well to indicate their contents 
in advance. In Section II a general formula is derived, 
to the first order of approximation, for the power scat- 
tered into modes other than TE, by an arbitrarily dis- 
torted section of pipe. In Section III this formula is 
applied to a pipe a short section of which has been 
squeezed into elliptical shape, and good numerical 
agreement is obtained with experiment. In Section IV 
we calculate the average mode conversion losses in sec- 
tions of pipe whose departures from circularity may be 
described by finite Fourier series with randomly dis- 
tributed coefficients, and under certain simplifying 
assumptions we obtain numerical results for a few 
specific cases. The appendices include certain formal 
mathematical work and a tabulation of some numerical 
constants. 


Il. GENERAL FORMULA FOR MODE 
CONVERSION LOSSES 


Consider a perfectly conducting wave guide (Fig. 1) 
whose inner surface is defined by 


p=at+epi(y,z), OS e<2r, —x<z<w, (1) 


where p;(¢,2) is a continuous function of ¢ and 2, and. 


¢ is a small dimensionless parameter such that €p;(¢,z) 
measures the departure of the guide from perfect cir- 
cularity at any point. The inward unit normal to the 
guide surface is given by 


n=no+ en, = —e, + €[ (dp:/ady)e yt (dpi/dz)e. | 


up to terms of order e, where e,, e,, €. are unit vectors 
in the direction of increasing p, ¢, 2 respectively. 

The electric vector of a possible electromagnetic 
field in the guide defined by (1) may be taken as 


E(p,¢,2) = Eo(p,9,2) + eE(0,¢,2), 
1 

(ee TO 
b 

k 2a(ire)4 











ke s—- 
-——————_ _- k  —————_ +} 


[ ' Fic. 2. Longitudinal section of circular guide whose center 
section has been deformed into elliptical shape. 


where all fields are assumed to satisfy Maxwell’s equa- 
tions and to vary harmonically with time. Ep is chosen 
to satisfy the appropriate boundary conditions for a 
conducting cylinder of radius a; in particular it may 
represent any of the progressive waves which are pos- 
sible in a circular wave guide. The perturbation field 
E, is chosen so that in the distorted guide the total 
field satisfies the condition 


nX E=0 at p=a+ epi(¢,2). (2) 
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If we write 


Eo(a+ €p1,¢,2) = Eo(a,¢,2)+ €pi(y,2)OEo(p,9,2)/dp],_., 
we find that (2) becomes, up to first order in e, 


[nX Ep |a, ¢. et e[ Mo X p,0Eo/dp 
+moXE,+m XEo]a,»,:=0, (3) 


and the zero-order term vanishes automatically since 
it merely expresses the boundary condition on E, jn 
the undistorted guide. If we equate to zero the first 
order terms in (3) we obtain expressions for the ¢ 
and z-components of E; at p=a in terms of p; and the 
components of Ep and of their derivatives at p=a. The 
relations are somewhat simplified if, as in the present 
analysis, we take Ep to be the field of a circular electric 
wave. Thus if 


Eo= Eo(p,2)e ¢, 
then on writing out the components of (3) we have 
E,,(4,¢,2) = [p10Eo/dp Ja, 23 E,.(4a,¢,2) =(), (4) 


The problem of determining the fields in a wave 
guide, given the tangential component of the electric 
field at the wall, has recently been treated in the litera- 
ture ;> we give here a development sufficient for our 
purpose. The boundary conditions (4) require that the 
perturbation field be purely transverse electric and 
hence derivable from a stream function V;(p,¢,z) satis- 
fying the wave equation and such that* 


Ey=—9OV;/pdg, E1g=dV:/dp. 


We write for VY; a series of the form 


E,(a,z) = 0, 


WV; (p,¢,2) = pw pa A nmW nm(P,9;2); 
1 


n=0 m= 


where the functions VY,» correspond to the natural 
transverse electric waves in a conducting circular 
guide; thus °® 

Os 


ants 
WV nm(p,9,2)=Jn(Xnmp) ny exp(T am2), 
sin 


Son” (Xnm?— B*)}, 


where J is the free-space wave-length corresponding to 
the given frequency and Xnm@=Rnm is the mth positive 
root of J,’(x)=0. It is shown formally in Appendix I 
that 


A nm nm(p,$,2) 
ad (€nRnm J n(XnmP))/(22T nmO(R nm? — n*)J .(Rnm)) 
x [fe ¢(a,¢’,2’ )exp(— Pam | z—2 | ) 


Xcosn(y—¢y’)dz'dg’, (5) 


B=2rn/x, 


3A. F. Stevenson, J. App. Phys. 19, 24 (1948), Section II. 

4S. A. Schelkunoff, Electromagnetic Waves (D. van Nostrand 
Company, Inc., New York, 1943), p. 380. 

5 Reference 4, pp. 389-390. 
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where ¢’ and 2’ are coordinates covering that part of 
the surface p=a on which £j, is different from zero, 
and where 


1, n=0, 
en= 
2, nX0. 


Suppose now that the field Ep is that of a pure TE, 
wave traveling in the positive z-direction; i.e., 


Wo= AJo(xo.1p)exp(—To12), 
Eo= — Axor 1(xop)exp(—T'o12), 
[dE dp |p—a =—A xo1"J o(Ror)exp(— To12), 


so that from (4), 
E1¢(a,¢,2) = AxorJ o(Ro1)pi(¢,2z)exp(—Toiz). (6) 


Now supposing further that the distorted section of the 


guide is of finite length /, so that 
pily,z)=0 for |z|>4I, 


we shall find that at sufficient distances from the dis- 
torted section the field E, consists only of progressive 
TEnm Waves propagating away from it. Thus setting 


T am= than = i(B?—xnm?)* 


for the waves which are above cut-off, we find from (5) 
and (6) after some manipulation 


[A mY nm }*= — 1A BamJ n(XnmP)LC nm* cosng 
+Snamn* sinng Jexp(Fihnmz), (7) 
€nR nm Ror7J o( Ror) 
Rantt( Ran? —n2)J Tn(Rnm) 


—f f pi(y’,2’ exp(—i(hosF lam)2’) 
a ra? 


x “ ‘dz'dg’. (8) 


sin 


Bium= 





Cam 
S. 


nm 


In these equations the upper signs refer to waves 
traveling in the positive z direction for z>3/ and the 
lower signs to waves traveling in the negative z direction 
for s< — 3. 

The average power carried past any cross section of 
the guide by the TE, mode whose stream function is 
given by (7) is ® 


Xnm ‘hun 
Pran* = “f f | A an* V nm*| *pdpdy 
wu 


1 tham 








A* Bam? (Rnm?—N?)J ?(Rnm) 
XL! Cam*|?+ | Sam*|*], 


where w and uw are respectively the angular frequency 


* Reference 4, p. 385. 
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TABLE I. Increase in attenuation of TE mode due to 30 round 
trips through elliptically distorted section of wave guide. 








60N 60N 
(theoretical) (experimental) 





dmax dmin € 
4.774” 4.674” 0.0106 1.11 db 0.95 db 
4.790" 4.659” 0.0139 1.91 db 1.85 db 
4.822” 4.624” 0.0210 4.36 db 4.15 db 
4.851” 4.590” 0.0276 7.59 db 8.0 db 





and the permeability of the medium filling the guide. 
Since the total power carried by the incident TEo, 
wave is 





tho 
Po= Ako? J ?(Ror), 


wu 
the relative power in the two “scattered” TE» waves is 


» - 
OP wns x 





= ED nm{_|Cnm*|?+ | Snm*|?], (9) 
0 

where 

enkork nm 


. (ho2) (Anm@) (Ram? — n?) 


The fraction of the total power which is lost from the 
original TE»; wave through mode conversions is 


AP/Po= é ps OP as? + Pek) ‘Po, (11) 


n,m 





(10) 


where the summation is extended over all the modes 
which are above cut-off except TEo:*. 

The attenuation of the TEo; mode caused by mode 
conversions in the distorted section is evidently just 


N=—In(i—AP/Po)~AP/ Po nepers 
=4.343AP/ Po decibels, (12) 


where AP/ P» is given by (11). The average attenuation 
per unit length of distorted section is 


a=4,343AP/(Pol) db/unit length. (13) 


III. SHORT ELLIPTICAL SECTION 
IN CIRCULAR GUIDE 


A measurement under controlled conditions of the 
mode conversion losses exhibited by the TE, wave in 
a slightly non-circular pipe has been made by A. C. 
Beck and A. P. King at Bell Telephone Laboratories.’ 
Their experiment consisted in placing two steel plates 
each somewhat more than 6 inches long on opposite 
sides of the center section of a 2}-foot piece of 5-inch 
(outside diameter) pipe and applying pressure with C 
clamps, then measuring the increase in attenuation 
caused by the pipe as a function of the increase in the 
major axis of the distorted section over the diameter 
of the original pipe. It is not difficult to apply the 
theory of the preceding section to this special case. 

Consider a slightly non-cylindrical pipe, as in Fig. 2, 





7A. C. Beck and A. P. King (unpublished observations). 
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whose deviation from perfect circularity is given by: 


€pi(¢,2) = eaf(z)cos2¢, (14) 
1, 0< |2| <4s; 
f(z)=(l—2|2|)/U-s), 3s<|2| <3; = (15) 
0, z|>4l 


These equations represent a section of pipe, of length /, 
which is held with circular pipe clamps at each end and 
whose center section, of length s, is squeezed into an 
approximately elliptical shape of the same perimeter 
as the original pipe, the transition between the clamped 
ends and the distorted center section being linear. 
Measurements of the section of pipe used in the experi- 
ments showed that this transition was in fact very 
nearly linear. Of course a real pipe would not have the 
discontinuities in slope exhibited by (15) at z=+4s and 
z=+4/; but in view of the other idealizations present 
in our formulation of the problem we do not feel that 
much would be gained by choosing a more complicated 
shape function with continuous slope. 

In order to obtain the mode conversion losses in a 
pipe whose deformation is given by (14), we have to 
calculate the coefficients Crm* and Srn* defined by (8) 
of the preceding section. It is easily seen that all of these 
quantities vanish except 


1 2n hl 
Cont =— f f(z’ )exp(— i(horF hom)z’ )cos*2¢'dz'dg’ 
2ra 0 —\l 
1 7?! 
--{ f(z’ )cos(hoyF hom)2'dz’ 
ao 


2[ cos} (ho: hom) s — Cos} (ho: hom)l | 


(ho: htom)2a (l— S) 


As might have been anticipated, an elliptical deforma- 
tion couples only TE, modes to the TEo,; wave. The 
attenuation of the circular electric mode by a single 
passage through the distorted section is, using Eqs. 
(9) to (12) of Section II, 


N =4.3432 ¥ Dom{| Com*|?+ | Com™|?] db, 


m 


(16) 


where the summation includes all TE»2,, modes which 
are above cut-off in the circular pipe. 

Using the numerical values which prevailed in the 
experimental work, namely 


A\=3.20 cm, a=2.366 in.=6.010 cm, 
l=77 cm, s=17 cm, 


we find that the only TE, waves which are above 
cut-off are TE2;, TE22, and TE2;. A calculation the de- 
tails of which will be omitted gives for the value of the 
sum on the right side of (16): 


3 
DY Deml| Com |?+ | Com |? ]= 38.12, 


m= 
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of which the TE2,+ mode contributes over 99.9 percent 
and the TE::+ about 0.09 percent, while the TE,,+ 
and the three “backward” waves contribute entirely 
negligible amounts. Thus from (16) the attenuation 
per one-way trip through the elliptical section is 


N=165.6é db. (17) 


If the distortion of the pipe is given by (14) and 
(15), then the parameter ¢ is related to the major and 
minor axes dmax and dmin of the center section by 


buon ‘aad din in 


=, (18 
dmax + dmin ) 


When ¢ has been determined* by (18), the theoretical 
attenuation is easily calculated from (17). The com- 
parison between the values so calculated and repre. 
sentative experimental values, for a total of 30 round 
trips through the distorted section, is set forth in 
Table I. We regard the agreement between theory and 
experiment as quite satisfactory. 


IV. RANDOM DISTORTIONS IN CIRCULAR GUIDE 


A complete specification of the inner surface of a 
given section of pipe by means of the function €p;(¢,z) 
would allow us, at least in principle, to calculate by the 
formulas of Section II the mode conversion losses in 
that particular pipe. To obtain such detailed knowledge 
of €pi(y,z) by actual measurement would, however, be 
highly impracticable, and at any rate we are not likely 
to be so interested in the properties of a single section 
of pipe as in the average properties of a line composed 
of many sections of pipe whose deviations from circu- 
larity will be more or less random. In the following 
paragraphs we shall calculate, for sections of pipe 
having a certain degree of randomness in shape, the 
average mode conversion loss per unit length in terms 
of the root-mean-square departure of the pipe from a 
perfect circular cylinder. 

We shall begin by describing the deformation of a 
specific section of pipe in terms of a double Fourier 
series in the circumferential variable g and the axial 
distance z. The deformation is thus characterized by 
its Fourier coefficients, which for an arbitrary continu- 
ous distortion will be a doubly infinite set of constants. 
In the subsequent numerical calculations, however, it 
will be necessary to deal with only a finite number of 
Fourier components; this will essentially restrict us to 
sections of pipe which exhibit only gradual changes in 
shape and no very closely spaced “‘ripples”’. 

We shall proceed to express the mode conversion 
losses associated with the given pipe in terms of the 
Fourier coefficients of the distortion. We then consider 

* The sample of pipe squeezed by Beck and King evidently 
had a radius a=}(dmax+@min) smaller by about 0.005 in. than the 
nominal radius, namely 2.366 in., of the wave guide line from which 
it was taken. Our results should not be appreciably affected by the 


fact that we used the latter value of a in the calculations leading 
to (17). 
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a large number of different sections of pipe (all of equal 
length for simplicity), whose shapes are defined by 
different sets of Fourier amplitudes. We suppose that 
any particular Fourier coefficient is as likely to be 
negative as positive, so that the mean value of each 
coeficient, averaged over all the sections of pipe, is 
zero. It is also assumed that the various coefficients 
describing an individual section of pipe are uncorre- 
lated, i.e., that the mean value of the product of any 
two different coefficients, averaged over all sections, is 
zero. These assumptions enable us to express the aver- 
age attenuation per unit length caused by mode con- 
versions in a wave guide line composed of many such 
sections in terms of the r.m.s. values of the Fourier 
coefficients used to describe the departure of the in- 
dividual sections from perfect circularity. By making 
specific assumptions about the r.m.s. values of the am- 
plitudes of the various harmonic components of dis- 
tortion, we can calculate numerically the theoretical 
mode conversion losses in a long line. 

Let us therefore consider a section of pipe whose de- 
formation is given by a finite Fourier series: 


Ss T 2aiz 2niz 
Dd €s€¢ («. cos——+ b,, sin—— }coss¢ 
l l 


s=0 t=0 


2nlz 2nitz 
+ («. cos——+d,, sin sinso} (19) 
l l 


for —3/<s<3l and O< g<2r. The coefficients as:, 1, 
Ct, and d,, are related to p;(¢,z) by the following scheme: 


" "I 
Cst dst 


1 
€pi( 9,2) =4€ 





2nlz 2nis | 
cos—— cossg sin——coss¢ | 
2 Qn hl l l 
-—{ f pi(¢,2) dzd¢g. 
rly, 41 2nlz 2niz 
cos-—— sinsg sin—— sinsy 
l l 
(20) 


The mean-square value of €p,(¢,z) is 


i f. pr “(eaddede= [> 5 i EEA” 
~ Dal s=0 (=0 


8 T gs F S T 
LES EY ebe2t+2¥E¥ eatt4¥U¥ it (21) 


“s=0 1 s=1 t=0 s=1 1 


The quantities C,,,* and San* which measure the mode 
conversion losses are given by (8) to be 





Cam*t= pear: 's ea nt} nmi — ib ntknme* |, 
4a? t=0 
i £ 

S nm*= » EL Cntf nmi — 1d ntZ nme], 
4a? t=0 
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where 


} 
Sanit f CO0S( ho ltinm)2’ cos(2atz’ /l)dz’ 
hl 


(— )'2 (hit Nnm)P sin} (ho hnm)l 
(hor hnm)?PP— 4? 





1 
gomit= f sin (hoiF hinm)2’ sin(2rtz' /l)dz’ 


= 


ae )'4artl sing (horF hinm)! 





(hor lnm)? P— 4” e 








Hence 
1 
1Can*|*= > > € r€| Gnrf nmr* F — 1DarZ amr + | 
16a‘ r=0 t=0 
X [antfnme t+ ibntnme* |, (22) 
1 
| Sam* [=n > > € r€tLCarf nmr*— —idnr¥nmr* | 
16a4 r=0 t=0 
x [cp of nmi=t+ id nt nmt* |. (23) 


On inserting these values into Eq. (9) and summing 
over ” and m as in Eq. (11) we have an explicit expres- 
sion for the total power converted into other modes, as 
a function of the Fourier coefficients @s1, bst, cst, and dst 
describing the inner surface of the pipe. 

Now let us imagine that we have a large number of 
sections of pipe, each of which will for the present be 
assumed to have the same length /. Let the kth section 
be represented by a finite Fourier series of the form 
(19), with coefficients 


dst, ber, Coe, der (k=1, 2,3, +++). (24) 


For all values of k, s, and ¢ we may define, in accord 
with (20), 
bo =co™ =dyo™ =do, =0. (25) 


We assume that the coefficients (24) which define the 
various sections of pipe (excluding those which vanish 
identically by (25)) are statistically independent random 
variables in k with mean zero and standard deviation ot. 
In other words, using angular brackets to denote 
averages over k, so that 


(f)=lim (1/K) Ef), 


we assume that 


(2)s1= (b)at= (C)e1= (d)ar=0 


(ds ?) = (bs?) = (Cet) _ (d,?) =; é, (26) 


while the average value of the product of any two co- 
efficients with different subscripts is zero. We emphasize 
that these assumptions concerning the statistical be- 
havior of the coefficients (24), while they may seem 
to possess a considerable degree of plausibility, are 
introduced at this stage as mathematical hypotheses; 


and 
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TABLE II. 








‘S“ oat/oo 

s 0 1 2 3 4 
0 25 20 15 10 5 
1 20 16 12 8 4 
2 15 12 9 6 3 
3 10 8 6 4 2 
4 5 4 3 2 1 








we are not here concerned with proving their validity 
for any particular wave guide line. 

It is easily seen from (21) and (26) that the average 
value of o* taken over a large number of sections of 
pipe is given in terms of the quantities o,,? by 


1 1s Lf Ss T 
(o*)= e| ont > o0'+- d oorF+ © DY otf (27) 


4 t=1 4 s=1 s=1 t=1 


provided that ¢,,=0 for s>S and/or ¢>T. In principle, 
of course, we may take S and T as large as desired. 

If we add together Eqs. (22) and (23) and average 
the result over k, then using (25) and (26) and the 
assumed statistical independence of the different co- 
efficients we obtain: 


(| Cnm*|?-+ | Snm*|?) 
En 


16a‘ 





T 
| (f nmo*)°O no +4 > Cf nmi*)?+ (me) ou? 
t=1 








e,/* sin?} oor nor 


4a (hor hinm)P 


+40 : 
1 LE (hor nm)? P— 40° P 





T (horFhinm)? P+ 4°? 
}« (28) 


Hence finally we get from (9), (11), and (13) the fol- 
lowing expression for the average attenuation per unit 
length in a line composed of a great number of sections 
of pipe of length /, each deviating in a random way from 
a perfect circular cylinder: 


9 


4.343¢é s 
(a)= ‘oe LX LX Daml{|Cam* |?+ | Sum*|*) 


n=0 m 
+(| Cam |?+|Sam7|?)] db/unit length. (29) 


In (29) the summation over m is taken to include all 
the modes which are above cut-off for a given value of 
n (except that the 7Eo:* mode is omitted). 

In view of the algebraic complexity of the final ex- 
pression for (a), it is worth while to point out some 
dimensional considerations which will permit us to 
introduce scale factors. If we fix our attention on the 
attenuation per wave-length (a)A, it is not difficult to 
show that (29) may be written in the form 


(a)A=F(d/a, 1/d; o00/a, 0710/4, o01/4, o20/a,---), (30) 
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where the function F depends only on the indicated 
dimensionless ratios. In other words, if we multiply aj] 
linear dimensions of the wave guide line by a given 
scale factor and simultaneously multiply the frequency 
by the reciprocal of the same factor, the attenuation 
per wave-length due to mode conversion losses remains 
constant. We shall make use of this relationship 
presently. 

The question may be raised here whether the func. 
tion F which appears in (30) depends critically upon 
the assumed length (in wave-lengths) //X of the ip- 
dividual sections of pipe. Physically it seems very un- 
likely that the mode conversion losses in an extended 
line whose individual sections are hundreds of wave- 
lengths long would be much altered by moderate frac- 
tional changes in the lengths of these sections. On the 
other hand, it is easy to set up idealized configurations 
in which the theoretical mode conversion losses do de- 
pend markedly on phase relations determined by the 
length of the section in which the conversions take 
place, and it is perhaps not @ priori clear by inspection 
of (29) that similar effects do not occur in this more 
complicated case. To settle the question it is possible 
to average the right side of (29) over a selected range of 
values of 1. Thus we find that the average attenuation 
per unit length owing to mode conversions in a line 
composed of a great number of sections of pipe whose 
deviations from circularity are random in the sense 
defined above, and whose lengths are distributed uni- 
formly between /; and J», is 


4.343@ s 


a(1;,/2)) = ———— 


Calum 


T 
«|= tA anit + Tone) db/unit length, (31) 


t=0 


where 
(hor hnm)P+ 4°? : 


dl 
[ (hosFhinm)P?P— 4rt P 





1 7” 
T ame -—{ L sin*4 (ho;-Flnm)l 
a? lh 





~ Ah =h y {In| (han) "Pa 
01 nm) a 


— Cil| (hor hnm)l— 2xt| J—Cil| (ho17FAnm)l+ 2nt| 
+ nt Sif (ho: hnm)l— 2et]— at Sil (hor Anm)l+ 2x1] 
4??? sin?}(hoiFlinm)l \" 


“ . (32) 
4 (hor ham)? — 4°? | lh 





Before we can calculate numerical values of (a), it 
is necessary to reduce considerably the number of 
parameters involved in the general expression (29). If 
we knew the relative magnitudes of the mean-square 
Fourier amplitudes ¢,/ occurring in (28), it would be 
a simple matter to express their absolute magnitudes in 
terms of (co?) by (27) and thus to express the mode con- 
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yersion losses in terms of the latter quantity. Unfor- 
tunately information about the individual o,,’s is not 
at present available. It may be argued that in view of 
the structural rigidity of commercial copper pipe the 
amplitudes of the higher harmonics in the distortion 
must tend rapidly to zero, but this tells us little about 
the behavior of o,, for the first few terms of the series. 
In the absence of more detailed information and for 
the purpose of obtaining a numerical result, we shall 
arbitrarily assume that only the constant term and the 
first four harmonics in both the circumferential and the 
axial directions occur in the expression (19) for the 
distortion of a typical section of pipe; and we shall 
further assume that the r.m.s. amplitudes of these 
harmonics are given by 


os1=(S—s)(S—Z)oo, O<s, t<4, (33) 


where go is a length proportional to the r.m.s. deviation 
of the wave guide line from an average circular cylinder. 
The relative magnitudes of the non-vanishing g,;’s are 
thus assumed to be as shown in Table II: 

It is easy to determine from (27) and (33) that the 
mean-square deviation of the wave guide line from an 
average cylinder is given by 


(a?) = 1314.1e0?. 


Numerical calculations have been carried out, under 
the assumptions just described, to obtain the mode 
conversion losses in transmission of T-Eo; power through 
a long wave guide composed of 20-foot sections of 
5-inch (outside diameter) pipe at both X-band and 
K-band wave-lengths. For the X-band case we take 


A=3.20 cm, A/a=0.532, 
a=2.366 in., //A=190.5. 
1= 20 ft., 


Substitution of these values into (29) gives, after a 
lengthy calculation, 


(a)=4.92(0?)/a? db/cm, (34) 


where (o”) and a? are expressed in the same units. The 
numerical coefficient in (34) represents the combined 
effect of 14 forward modes (excluding TEo;*+) and 15 
backward modes; but it turns out that the TE3;+ and 
TE.;+ modes together account for 97.6 percent of the 
total (TE3;*+, 85.8 percent; TE2;*, 11.8 percent). It will 
in general be true that pipe deformations which are 
long compared to the wave-length convert power from 
the TE9; mode mostly into those (transverse electric) 
modes whose phase velocities are nearest the TEp. 
Physically it is evident that unless the phase velocities 
of two modes are nearly equal, they will phase in and 
out so rapidly that over a distance of several wave- 
lengths the net power transfer will be small.* 

*On the other iand, unpublished calculations have indicated 
that the effect of a surface irregularity which is short compared to 
the wave-length is to couple the TE» mode most strongly to those 
modes which are near cut-off. With such an irregularity one might 


expect pronounced resonance phenomena if the frequency were 
varied through the cut-off frequency of a particular higher mode. 
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If the r.m.s. deviation (o*)! of the pipe from a per- 
fect circular cylinder is expressed in mils, then since 
a= 2.366 in., (34) becomes 


(a) =0.879X 10-6" nits) db/cm. (35) 


This value may be compared with the theoretical 
attenuation a» due solely to heat losses. We find from 
the usual wave guide formulas® that for the 7Eo, mode 


at 3.2 cm in a copper pipe of diameter 4.732 in. and 
resistivity 1.72 10~* ohm cm,? 


ag= 1.076X 10— db/cm, (36) © 


so that the ratio of mode conversion losses to theo- 
retical heat losses, each expressed in db/cm, is 


(a)/a9=0.0817(07 mits). (37) 


A discrepancy of 8 percent of the theoretical copper 
losses could be accounted for by mode conversions, 
under the assumptions that led to (34), if the r.m.s. 
deviation of the pipe from perfect circularity were 1 
mil. We may point out that if the circumferential 
variations in the pipe surface were sinusoidal, a 1-mil 
value of (o?)! as here defined would correspond to a 
maximum variation of 2.83 mils in the radius, or, in 
the case of an even harmonic, to a difference of 5.66 
mils between maximum and minimum internal di- 
ameters. 

We should stress that the numbers just obtained de- 
pend rather strongly upon the assumptions which we 
made concerning the relative magnitudes of the various 
ds¢’S; in particular, the results are sentitive to variations 
in the relative amounts of second and third harmonics 
in the circumferential distortion, since these harmonics 
couple the two modes, TE2; and TE3;, whose phase 
velocities are closest to TEo,. It may be of interest to 
record the results of a calculation made under the 
assumption that all of the o,,’s corresponding to har- 
monics of degree not greater than four are present in 
equal amounts; i.e., 


=d01, O<s, i<4, 
*“‘=(, otherwise. 


Then we find from (27) that 
(a?) = 18.06€o,’, 
and from (29) and (36), after extensive computation, 
(a)/ao=0.205(07 mits), 


which is two and one-half times the value of (a)/ay 
given by (37). Although the “tapered” distribution of 
amplitudes (33) seems physically much more reason- 


o 


(38) 


5 Reference 4, p. 390. 

® The effective resistivity of metallic surfaces at centimeter 
wave-lengths is appreciably higher than the d.c. resistivity of the 
bulk metal, because of surface roughness and corrosion. See 
E. Maxwell, J. App. Phys. 18, 629 (1947), and S. P. Morgan, Jr., 
J. App. Phys. 20, 352 (1949). In estimating mode conversion losses 
from measurements of total line attenuation it is first necessary 
to take account of these augmented heat losses. 
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TABLE III. Values of the coefficients Dam for \ a=0.532. 











\ Dam 

aN. 0 1 2 3 4 
1 1.7305 1.085 3.770 8.592 16.27 
2 6.824 7.363 13.38 22.97 38.21 
3 22.77 23.86 43.16 112.3 ~ 
4 ion ma — 2 


244.3 


TABLE IV. Values of the coefficients Dim for \/a=0.208. 











Dam 

\n 

m™ 0 1 2 3 4 
1 0.2401 0.1562 0.5325 1.798 2.146 
2 0.8208 0.9710 1.642 2.514 3.607 
3 1.7830 2.499 3.559 4.845 6.384 
a 3.208 4.858 6.400 8.230 10.39 
5 5.249 8.270 10.47 13.07 16.19 
6 8.207 13.16 16.35 20.24 25.06 
7 12.78 20.41 25.43 31.97 40.98 
8 21.16 32.36 — - 


41.96 








able than the “flat” distribution (38), it must be re- 
membered, in view of our lack of experimental meas- 
urements, that the actual distribution in commercial 
copper pipe may be quite different from either of these 
assumed distributions. 

In order to compare mode conversion losses in the 
same pipe at different frequencies, we turn now to K- 
band wave-lengths and take 


A=1.25cm, A/a=0.208, 
a=2.366 in., 1/A=488. 
1=20 ft., 


If we assume, as in obtaining (34), that the o,,’s are 
given by (33), a calculation similar to the preceding 
one gives 


(a) = 2.94(0*)/a? db/cm, (39) 
or, if (0)! is expressed in mils, 
(a)=0.525X 10—*(o" mits) db/cm. (40) 


In deriving the numerical coefficient of Eq. (39) con- 
tributions have been included from the 37 forward 
modes whose phase velocities are nearest to that of 
the T Eo, mode; the contributions of the other modes 
would be too small to affect the third significant figure. 
It appears during the calculation that 98.2 percent of 
the mode converted power is carried by five modes 
(TEs3;*, 51.8 percent; TE2:*, 27.3 percent; TE\2*, 12.4 
percent; TE,,*, 4.7 percent; TE,,*, 2.0 percent). 
Equations (39) and (40) may be compared re- 
spectively with (34) and (35); we see that in absolute 
magnitude the mode conversion losses at 1.25 cm are 
only 0.597 times the losses due to mode conversions in 
the same pipe at 3.2 cm. But the copper losses for the 
TE, mode diminish even more rapidly as the fre- 
quency is increased ;* at 1.25 cm the theoretical at- 


*In practice however surface roughness effects become more 
significant as the skin depth for eddy currents is reduced. 
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tenuation of this mode in a 4.732-inch pipe is 
a= 2.51 10~* db/cm. 


Hence the ratio of mode conversion loss to theoretical] 
heat loss at 1.25 cm is 


(a) /a9 = 0.20%"? mits), (41) 


and this is 2.56 times the relative mode conversion loss 
at 3.2 cm. 

As a check on the preceding calculations, we have 
determined from (31) and (32) the average mode con- 
version power carried by the TE2,+ and TEs3;+ modes 
at 3.2 cm for pipe sections ranging in length from 15 to 
25 feet. Thus substituting 


A=3.20 cm, 
a= 2.366 in., 


j,= 15 ft., 
l,=25 ft., 
we find that 
(a(1,, 12) ~4.67(0?)/a? db/cm, (42) 


where the right side is a very close lower limit to the 
actual value of (a(/;, /2)). Similarly, taking 


A=1.25cm, /1,=15 ft., 
a= 2.366 in., J2=25 ft., 


and considering the five modes nearest in phase ve- 
locity to TEo,, we find 


(a(1;, l2)) = 3.0367) /a? db/cm. (43) 


On comparing (42) with (34) and (43) with (39) we 
see that the results obtained by considering 20-foot 
sections of pipe are within a few percent of the average 
results for lengths between 15 and 25 feet. 

Finally we may inquire the effect of mode conversions 
on the To; wave at K-band in a smaller guide, say a 
2-inch pipe instead of 5-inch. We get approximately 
this case if we scale down the results for X-band ina 
5-inch pipe, using the dimensional relation (30) and 
the calculations which led to (34). The latter equation 
may be written 

(a)A = 15.75(0?)/a? db/wave-length, (44) 
and this relation holds for the values 
a=0.924 in., /=7.81 ft., 


since the ratios \/a and //X are the same as those for 
which it was derived. But at \=1.25 cm, (44) gives 


(a) = 12.60(7)/a? db/cm, 
or, if (o”)} is expressed in mils, 
(a)= 14.76X 10-6? nits) db/cm. 


Since the theoretical copper losses for the T’Eo, mode 
at 1.25 cm in a guide of inside diameter 1.848 in. lead 
to an attenuation 


ap=4.41X 10— db/cm, 


A=1.25 cm, 


we find for the ratio of mode conversion losses to heat 
losses, 


(a)/ag=0.335(0" mits). (45) 
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Comparing (45) with (41), we see that when we go 
from a 4.732-inch pipe to a 1.848-inch pipe at 1.25 cm, 
we increase the relative mode conversion losses, for a 
fixed value of (07 miis), by a factor of 1.60. 
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APPENDIX I 


Excitation of Transverse Electric Modes by 
Tangential Electric Field at Boundary 


Let the tangential components of the electric field 
vanish over the surface p=a of a circular wave guide 





B(ae)=[0¥0/@}~=E| 


n=0 


(C) 


But if we write 6(g—y’) as a Fourier series in ¢ and 
§(z—z’) as a contour integral,'° (A2) becomes 


of 1 ¢ shays 
E,(a,g,z)=lim © |. f 
(c) 


~ ; 1 
-—" 2ri 275 





€n sinznt 
Xexply(z— 2 


wr ant 





cosm(g—¢’), (A4) 


the contour (C) in the y-plane being along the imaginary 
axis indented to the right at the origin, as in Fig. 3. 
We determine A,(y) by comparing (A3) and (A4), and 
obtain, on letting s and ¢ pass to zero under the signs 
of summation and integration, the result 


Vo(0,9,2 59’ 52’) 
“ E f J sSanR Shell én 
cy) (P+7")'J,'T(P+7’*)!a] Qn 





n=0 Dri 


Xcosn(y— yg’) 





© €aly 
=) — cosn(y—¢’), 
n=0 LY 
where 
1 ¢ Inl(&+~7*)'p lexply(z—2’) Jdy ) 
._=— . (AS 
2midic) = (B+) *J,'L(P+7’)'a] 


It is easily shown that the integrand in (AS) is a 
single-valued function of y, so that J, can be evaluated 
in terms of the residues at the poles of the integrand. 
These poles are at the points* y=+Tnm, where kam 

” Reference 4, pp. 34-35. 

* For n=0 there are also poles at y= +i, but the contribution 


of these poles to the stream function is of the form constant 
Xexp(+782), which leads to no non-vanishing fields. 
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En 
f A BPI UB-+ Pa erey | cosn(y—¢’). 
Tv 





everywhere except in a finite region S where they are 
given by 


E,=E(a,¢,2), E,=0. (Al) 


The stream function ¥(p,g,2) corresponding to these 
assigned boundary values may be found by the fol- 
lowing formal procedure: 

Let the stream function giving the boundary value 


E,= E(4,¢,2) = 5(y— ¢’)5(z—2’), (A2) 


where 6 is the unit impulse-function, be 
Vo(p,9,2 5¢’ ,2') 


-5| 


n=0 


En 
f A,(y)J LE + a) oeray|* cosn(y—¢’), 
LT 


(C) 


where the contour (C) in the y plane will be specified 
presently and A,(y7) isa function to be determined. Now 


(A3) 





= (6°-+T'nm?)*a is the mth positive root of J,/(x)=0 and 
I'm is the corresponding natural propagation constant 
in the guide. The contour (C) is indented to the right 
of the poles on the negative imaginary y-axis and to 
the left of the poles on the positive imaginary y-axis; 
then if z>z’ it is closed with an infinite semi-circle in 
the left half-plane, thus including an infinite number 
of poles on the negative real axis. With the aid of 
’Hospital’s rule and Bessel’s equation it is easy to 
show that 
Raat 


lim : _ ’ 
y¥—7>—Tnm J .T@+y7’) ta | LT nm@?(Ram?— n?)J n(Rnm) 








so that the contribution of the pole at y= —I'mn to the 
stream function Vo(p,¢9,2;¢’,2’) is 


Rnm€nJ n(Xnmp)cosn(y— ¢g’ )exp[ —T nm(z—2’) ] 
2aT nm (Ram? — 17) n(Rnm) 





(A6) 


for z>z’. If z<z’ the contour (C) is to be closed with an 
infinite semicircle in the right half-plane; the end result 





¥- plane 
Iam * } 
_— ~ 
oY 
ei bom 
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Fic. 3. The contour (C) in the y-plane. 








is to change the sign of the exponent in the last factor of (A6). Hence in general 


Enum? n(Xnmp)cosn(y— y’ )expl —Tnm| s—2'| j 
Volo,9,259°.2)=L DL : (A7) 
n=0 m=1 22T nmO(Rnm?— n*) J n(Rnm) 








Having the stream function which corresponds to an 
impulse-function boundary value of E,, we are able to 
write down at once the stream function for the general 
field given by (A1); it is 


which corresponds by (A7) to Eq. (5) of Sec. 
tion IT. 


APPENDIX II 


Some values of the quantities D,», defined by (10) 
have been calculated for particular choices of \/a and 


viow)= ff Blae'sWloesie's\as'de', 
5 are given in Tables III and IV. 





Wettability, a Function of the Polarizability of the Surface Ions 
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The wettability of crystals, glasses, and even of water itself can be temporarily decreased by bringing ions 
of high polarizability into their surfaces. Base exchange experiments are described where the hydrogen ions 
present in the surface layers of bentonite (a clay mineral of high exchange capacity) and of a soda-lime glass 
are replaced by different cations. This substitution seems to have no particular effect on the hydrophilic 
and rheological properties of the carriers as long as their surfaces are kept in contact with water. After 
drying, however, the surfaces which contain ions of high polarizability become hydrophobic, at least tem- 
porarily. A porous clay film will no longer absorb water instantaneously after having been treated with 
Ni**, Mn?*, Hg**, or similar ions with incomplete outer electron shells. Contact angles with water up to 70° 
could be ebserved for a short period for Hg?* and Pb?* clays. 

Glass capillary tubes which have been treated with non-noble gas-type ions show a capillary rise which is 
much smaller than that observed with the tubes which have been treated with HCl and water only. This 
depression of the capillary rise, too, is temporary and can be observed only if the glass wall has been 
thoroughly dried previous to the experiment and if the capillary rise is measured in the upward direction. 

An explanation is presented for these and allied phenomena on the basis of the polarization of ions in the 
strongly asymmetrical forcefields of interfaces. The experiments are correlated with the hysteresis of the 
contact angle and with observations concerning adhesion phenomena and catalytic activities of heavy 
metal ions at interfaces. 


I. INTRODUCTION This uncertainty about the forcefields of surfaces and 





HE present difficulty in the understanding and in 
the correct interpretation of surface phenomena, 
such as heterogeneous catalysis, adhesion and wetting 
properties of solids, is partly the result of not being 
able to directly measure the surface forces emanating 
from a solid without changing the surface structure. 
For example, the forcefields emanating from the surfaces 
of alkali halides cannot be measured by bringing the 
salts onto a platinum surface and then determining 
their adhesion, because a metal surface in contact with 
NaCl is not identical with one in contact with KI. It is 
now well established that the electrical properties of 
metal films are changed if they are brought in contact 
with different gases or solids. The checkered forcefield 
of the cube face of NaCl or of a glass surface polarizes 
the metal surface by inducing higher electron densities 
opposite the cations and lower electron densities oppo- 
site the anions. The metals respond to the external force- 
field by producing image forces and these in turn affect 
the surface structures of the alkali halides. 
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their change with the environment is not generally 
appreciated. A surface of galena (PbS), for example, 
exerts different forces upon its environment depending 
on its chemical composition. The galena surface under- 
goes a structural change if one medium, say air, is 
replaced by another, for example, water. The force- 
fields of the highly polarizable Pb?* and S*~ ions can 
assume directional properties. This structural change in 
the galena surface affects its contact angle with a liquid 
and, as a result, the contact angle depends on whether 
the liquid is advancing over or receding from the solid 
surface. Adam! in his authoritative book writes on this 
hysteresis phenomenon as follows: “. . . mathematical 
works on Capillarity rarely mention it at all. It may, 
however, be observed without any apparatus with 
almost any rain drop traveling down an ordinarily 
dirty window pane. This difference between advancing 
and receding angles is often called the ‘hysteresis’ of 


1N. K. Adam, The Physics and Chemistry of Surfaces (Oxford 
University Press, London, 1941), third edition, p. 180. 
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the contact angle. Early references to it in the literature 
are scarce; Rayleigh referred to it in 1890; Pockels 
measured it for several liquids; Sulman studied it in 
connection with the flotation of minerals. It is well 
known to those who have measured surface tension by 
the rise in a capillary tube, for the rise is often less if 
the liquid is pushing its way up from below than if it 
is falling from a point above its final equilibrium height. 

“The cause of the ‘hysteresis’ of contact angles is still 
obscure. It looks superficially as if there was a frictional 
resistance to motion of the liquid edge over the solid.” 

It is the object of this paper to explain this hysteresis 
of the contact angle. Experiments with solid-liquid and 
liquid-gas interfaces are described and their explanation 
is based on the polarizability of ions and the effect which 
the asymmetrical forcefield of an interface exerts upon 
the direction of valency forces. 

A note on this subject has been published as a Letter 
to the Editor.'* 


Il. THE POLARIZABILITY OF IONS AND SOME 
OF ITS MANIFESTATIONS 


The polarizability of a molecule is frequently meas- 
ured by its response to the alternating electromagnetic 
field of light. It can be easily computed from refractive 
index, molecular weight, and density. The polarizability 
is a measure for the change which takes place in the 
outer electronic orbits if an atom, molecule, or ion is 
exposed to an external electrical field. The polarizability 
of an ion depends on its size, charge, and on its electron 
configuration. The rules governing polarization of ions 
have been derived by Fajans? and his school. 

Without going into details, some of these rules shall 
be mentioned. 

(a) Anions are more polarizable than cations of the 
same configuration. For example, the ions which have 
the electron structure of the inert gas atom, neon, show 
polarizabilities which decrease with increasing nuclear 
charge. 


O?-> F-> Ne> Na*> Mg". 


(b) For ions of the same electrical charge and of com- 
parable electron configuration, the polarizability in- 
creases with the size (Table I). 

(c) The polarizability of cations of approximately 
equal size is larger for those of 18 outer electrons than 
for those of the noble gas type, but is greatest for those 
cations which have only one or two outer electrons. 


Sr*+(8 outer electrons) << Cd?*+(18 outer electrons) 
<Pb?*+(18+ 2 outer electrons). 


The mercurous ion Hg* has only one outer electron and 
its polarizability is, therefore, extremely high. 
The polarizability of an ion can be described as its 


‘* Enright, Sonders, and Weyl, J. App. Phys. 20, 1011 (1949). 
*(a) K. Fajans, Chemical Forces and Optical Properties of Sub- 
stances (McGraw-Hill Book Company, Inc., New York, 1931). 
(b) N. Bauer and K. Fajans, J. Am. Chem. Soc. 64, 3023 (1942). 
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TABLE I. Molar refraction of gaseous ions in cc 
(after Bauer and Fajans).* 





























He Lit Be** 
0.521 0.08 pas 
O?- F- Ne Nat Mg?t 
6.95 2.44 1.00 0.47 0.26 
> cr A a” Ca** 
22.7 9.06 4.20 2.25 1.40 
Se*- Br- Kr Rbt Sr** 
28.8 12.66 6.39 3.79 2.58 
Te a Xe Cst Ba?* 
40.9 19.21 10.43 6.53 4.73 








® See reference 2(a). 


ability to adjust its own forcefield to that of the environ- 
ment. This concept has been used by Weyl’ for explain- 
ing adhesion phenomena and solubilities involving two 
incompatible media. A metal, for example, ordinarily is 
not soluble in a fused glass. Glasses, say soda-lime- 
silicates, consist only of noble gas-type ions having 
rather low polarizabilities. If a strongly polarizable 
cation such as Pb?*, Bi**, Sn?*, or TI* is introduced into 
the glass, a metal such as gold or copper becomes 
soluble to a certain extent. These ions act as “metal- 
lophilic groups” comparable with hydrotropic sub- 
stances or with emulsifiers. In the asymmetrical force- 
field, which exists between the neutral metal atom and 
the negatively charged O?- ion, metallophilic ions are 
strongly polarized. Their electron density no longer 
possesses the spherical symmetry of the ion in the 
gaseous state, but has become strongly asymmetrical 
as far as the outer or valency electrons are concerned. 
The deformation of a strongly polarizable ion, such 
as a Pb** ion, can be described in the language of the 
chemist as a disproportionation. Its inner shells (K to O 
shell) are not directly affected by chemical changes. It is 
the P shell of a lead atom with its four 6s electrons which 
is primarily responsible for its chemical properties. The 
four outer electrons of the P shell can be donated to 
electron acceptors. The result of this electron transfer 
is the formation of the fourfold positively charged 
Pb‘* ion. If only two of the four valence electrons are 
surrendered to an electron acceptor a Pb** ion is formed. 
Outside of the 18 electrons of the O shell, such a Pb*+ 
ion, has still two 6s electrons. On approach of a nega- 
tively charged oxygen ion these two outer electrons are 
repelled. As a result, the electrical or valence forces of 
the Pb** ion are no longer equally distributed in space. 
The one side of the Pb** from which the two electrons 
are repelled has a lower electron density and resembles 
in its structure the Pb** ion (18 outer electrons). The 


3W. A. Weyl, J. Soc. Glass Tech. 32, 247-259 (1948). 
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Taste II. 








Gain in weight 
(1 cm? glass 


Glass type powder in 4 hr.) 





Lead borate (51.7 percent PbO) 4.9 mg 
F. 620 (45 percent PbO) 5.6 mg 
Window glass 32.0 mg 
Bottle glass 35.0 mg 








TABLE III. Influence of adsorbed cations on the capillary 
rise of water in glass tubes.* 











Average decrease in 


Example for the capillary rise in rise (percent) for 





Adsorbed mm for different treatments different treatments 
cation Blank 24hr. 48hr. 120 hr. 24 hr. 48 hr. 120 hr. 
Ba?* 62 62 59 56 0 5.4 9.2 
Ti* 63 63 63 57 0 0 10.2 
Fe** 60 56 55 53 8.5 10.8 12.5 
Co?* 64 60 57 55 5.8 10.5 13.1 
Zn** 61 57 55 53 6.9 11.7 13.8 
Cu** 64 58 55 55 9.0 13.3 14.4 
Cd?+ 60 57 52 50 5.4 13.5 15.7 
Cri+ 63 58 53 53 7.5 13.9 10.1 
Mn?* 62 55 52 50 10.1 16.5 18.0 
Ni#* 62 55 49 48 12.2 20.2 21.8 
Hg?* 60 46 40 40 24.1 32.8 32.8 
Pb** 61 44 39 37 29.0 38.1 40.8 








* The value for the blank (H* glass) varied between 60 and 64 mm 
depending on the diameter of the tube. All data presented are averages of 
several experiments carried out with different tubes. 


other side characterized by a higher electron density 
resembles the neutral Pb atom. 

One can describe this deformation or polarization of 
the lead ion by the scheme: 


Pb*+ = 5 Pb**+-3Pb. 


This is analogous to other “internal oxidation-reduc- 
tion” reactions such as: 


2Sn**=Sn**+Sn or Hg2Cl.=HgCl.+Hg. 


The strongly polarized Pb** ion, therefore, exerts 
strong ionic forces toward the oxygen ion at its one 
side but is “neutral” at the opposite side. The side to 
which the two 6s electrons have been repelled has the 
property of atomic lead and, as a result of its high 
electron density at this side, it may form a “metallic 
bond” with a metal atom and, thus, keep atomic Au or 
Cu in solution. 

A similar state of polarization was found to exist for 
Pb** and other strongly polarizable cations in surface 
layers. The polarization of surface ions affects the 
surface tension, hygroscopicity, catalytic properties, as 
well as adhesion forces. 

Summarizing, we may say that polarizable ions 
change their electron distribution and with it their 
“chemical affinities’ when brought into the asym- 
metrical forcefield of a surface or of an interface. In 
contrast to the gaseous ion or to the hydrated ion which 
has an electron density function of spherical symmetry, 
the polarized surface ion exerts directional valence 
forces because its electron density distribution has 
become asymmetrical. 
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Ill. WETTABILITY OF A SOLID SURFACE 


Whether or not a solid brought into a liquid goes 
into solution depends on its lattice energy and the heat 
of solvation. Solubility is an equilibrium phenomenon 
and, as such, it is fairly well understood. There seems 
to be no relationship, however, between the solubility 
of a crystal and its wettability by the solvent. Anhy. 
drous chromium chloride may be cited as a typical 
example. This compound is soluble in water and forms 
several hydrates, when allowed to crystallize from its 
aqueous solutions. Nevertheless, it is not easily wet by 
water and one cannot obtain a reproducible contact 
angle between CrCl;, HO, and air. Even the uncon- 
taminated freshly sublimed anhydrous CrCl; will float 
on water for hours without being wet. This phenomenon 
is due to the state of polarization of the large Cl ions 
in the surface layer where they are exposed to the 
positive forcefields of Cr** ions on one side only. The 
Coulomb forces of these polarized surface Cl- ions are 
directed only toward the interior and, therefore, they 
are not available for hydration. The air film covering 
the CrCl; is gradually replaced by water, and the 
presence of “‘contrapolarizing” cations is required in 
order to make the CrCl; crystal hydrophilic. Addition 
of HCl accelerates this process because now the Cl 
ions come into a more symmetrical forcefield ; they have 
a Cr*+ ion on the one side and a H* ion on the other. 

Just as striking is the behavior of freshly precipitated 
mercuric iodide HgI2. This compound contains the two 
very polarizable ions Hg?* and I-. When precipitated 
from aqueous solution the iodide behaves like any other 
hydrophilic precipitate, for example, BaSO,, AgCl, etc. 
However, on filtering, the HgI2 changes into a hydro- 
phobic material as soon as it comes in contact with air. 
In the asymmetrical forcefield crystal-air, the polar- 
izable ions adjust their own forcefields to that of the 
interface by directing their valence forces primarily 
toward the interior of the crystal. This structural change 
causes the surface-free energy of the crystal to be 
lowered. 

The low surface-free energy or the lack of strong 
attraction forces of glasses containing some strongly 
polarizable heavy metal ions causes them to be less 
hygroscopic than others which contain only noble gas- 
type ions of low polarizability. This phenomenon was 
discovered by Hubbard.‘ 

When developing a more logical test for optical 
glasses which correspond to actual service conditions 
instead of treating a lens with hot nitric acid, Hubbard 
found that the hygroscopicity of otherwise “chemically 
poor” glasses can be much lower than that of a bottle 
glass of known high chemical resistivity as can be seen 
from Table II. Glasses containing only noble gas-type 
ions exert strong surface forces because their low polar- 
izability makes it impossible for them to adjust their 
Coulomb forces to the asymmetrical forcefield of the 


‘ D. Hubbard, J. Research Nat. Bur. Stand. 36, 365-375 (1946). 
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surface. A surface ion ot such a glass has incomplete 
coordination and extends unsaturated valence forces 
into space. As a result, oncoming water molecules have 
a greater chance to be attracted and chemisorbed at 
such a glass surface: the glass is hygroscopic. However, 
a glass containing Pb*~ ions does not extend strong 
forces toward the atmosphere and, as a result, only a 
smaller number of collisions with oncoming H,O mole- 
cules will lead to adsorption. 

The difference between a lead glass and a soda-lime 
lass is not very convincing evidence that it is the 
polarizability of the surface ions which determines pri- 
marily the wettability of a solid and, as such, is re- 
sponsible for the hysteresis of the contact angle. Experi- 
ments were carried out, therefore, with a soda-lime 
silicate glass and a clay of high base exchange capacity, 
both of which can be easily changed in respect to 
surface forces by bringing different cations into their 
surfaces. 


IV. CAPILLARY RISE IN GLASS TUBES CONTAINING 
DIFFERENT CATIONS AT THEIR INNER SURFACE 


The surface of a soft (soda-lime-silicate) glass in 
contact with water consists of OH- groups. These 
hydroxy-groups extend hydrogen bonds toward any 
liquid containing one or more OH~ groups (water, 
glycerol, sulfuric acid) so that these liquids completely 
wet the glass and give a zero contact angle. The im- 
portance of the OH™ groups for the wettability of a 
glass surface can be easily demonstrated. 

Concentrated sulfuric acid to which a trace of potas- 
sium dichromate has been added is heated in a test 
tube. The chromate oxidizes organic impurities and 
produces a clean glass surface which is completely 
wetted by the liquid. Sulfuric acid molecules can attach 
themselves to this surface by hydrogen bonds. Adding 
a trace of sodium fluoride to the sulfuric acid causes the 
OH- groups to be replaced by F~ ions according to 
the equation : 


| | 
—Si-OH+HF=—Si—F+H.0. 
| | 


The dehydrating effect of the concentrated sulfuric 
acid causes this reaction to proceed to completion. 
After a few seconds, the inner surface of the test tube 
has become depleted of OH- groups and is now covered 
with fluorine ions. With the OH- groups missing, the 
surface lacks the ability to form hydrogen bonds with 
the H2SO, molecules and, as a result, the sulfuric acid 
forms little droplets on the glass surface and behaves 
like water in a greasy container. The substitution of F- 
for OH- has completely changed the interfacial forces 
between glass and sulfuric acid, because the fluorine 
ion under the strongly polarizing influence of the silicon 
ion cannot exert a Coulomb force upon the H.SO, 
molecules which is sufficiently strong to overcome the 
cohesion forces of the liquid and to produce wetting. 
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TABLE IV. Temporary hydrophobicity imparted to a 
clay film by adsorbed ions. 








Approximate 





Cation contact angle Average time for spreading 
H* 0° Immediate spreading 
Lit 0° Immediate spreading 
Nat 0° Immediate spreading 
Kt 0° Immediate spreading 
Mg?* 20° 1-3 min. 

Ca** 20° 1-3 min. 

Sr?* 20° 1-3 min. 

Be?* 20° 1-3 min. 

Al*+ 20° 1-3 min. 

Ba2+ 40° 5-10 min. 
Tir 40° 5-10 min. 
Zn?* 40° 5-10 min. 
Cd?+ 40° 5-10 min. 
Cu?* 40° 5-10 min. 
Co?* 40° 5-10 min. 
Cr3+ 40° 5-10 min. 
Ni?t 60° 10-12 min. 
Mn?* 60° 10-12 min. 
Pb?+ 70° 15-30 min. 
Hg?* 70° 15-30 min. 
Laurylamine 80° 


No spreading after 120 min. 








In the absence of water the silicon fluoride layer is 
stable and, if the glass tube with the sulfuric acid is 
sealed, the inner surface retains its repellency indefi- 
nitely. However, in the presence of water, hydrolysis 
takes place and the OH™ groups are restored. The glass 
surface again is completely wet by water; that means it 
has a zero contact angle. 

In contact with the aqueous solution of a salt some 
of the H* ions of the glass surface can be replaced by 
other cations; for example, Hg** or Pb**. This base 
exchange is accomplished by treating glass capillaries 
of about 0.3-mm inner diameter first with diluted HCl 
and, after rinsing them with water, exposing them to a 
salt solution for several days. After rinsing with distilled 
water and drying at 110°C, the glass surface was 
modified by adsorbed cations. The number of ions 
adsorbed on the glass depends on the time of exposure, 
the nature of the compounds, its concentration, and on 
the temperature. Rinsing of the glass after the adsorp- 
tion is necessary in order to remove the excess salt and 
the loosely adsorbed anions. Unfortunately, this pro- 
cedure introduces a certain error because the substitu- 
tion of H* by other cations is a reversible reaction. 

The capillary rise was then determined by carefully 
inserting the treated glass tubes into water and meas- 
uring the rise in the upward direction. 

The salts containing cations of the noble gas-type 
did not exert a measurable effect on the capillary rise, 
namely, the nitrates of Lit, Nat, Kt, Be*+, Mg*, 
Ca?*, Sr’* and Al**. The effect of other cations can be 
seen from Table ITI. 

The experiments on the capillary rise of water in glass 
tubes which had been treated with various cations 
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shows how the polarizability of the cation determines 
the temporary interfacial tension value. With the ex- 
ception of the large and, therefore, polarizable Ba** 
ion, all cations with eight outer electrons (noble gas- 
type ions) did not affect the wettability of the surface 
to a noticeable extent. As the capillaries were allowed 
to stand in the water a gradual rise was observed and 
the time required for reaching the equilibrium value 
varied from one ion to another. It was greatest for 
Hg** (144 hr.) and Pb** (120 hr.), less for Ni** (72 hr.) 
and Cd** (48 hr.). 

As water molecules distill from the meniscus onto the 
glass surface, the forcefield of the polarized surface ions 
gradually becomes more symmetrical and with in- 
creasing symmetry the strength of attraction forces 
emanating from the surface ions increases. As a result 
the liquid rises, replaces the gas film as well as the 
adsorbed cations and gradually the original glass surface 
(OH~ groups) is restored. 


V. WETTABILITY OF CLAY SURFACES 


The same phenomenon of “temporary hydropho- 
bicity” can be observed for clay minerals. Because of 
its high base exchange capacity, Wyoming bentonite 
was selected for these experiments. The clay was purified 
by electrodialysis and allowed to stand with the elec- 
trolyte for 48 hr. under occasional agitation by a 
mechanical stirrer. The concentration of the electrolyte 
was chosen so as to provide 200 milliequivalents of the 
cation per 100 grams of the dry clay. 

The homogeneous clay suspensions containing the 
various cations adsorbed at their surface were then 
sprayed onto porous ceramic tiles by means of a 
DeVilbiss spray gun. This method produced smooth 
clay films of controlled thickness. The porosity of the 
tile removes both the excess electrolyte and water from 
the clay film. 

The clay-covered tiles were then dried at 110°C for 
24 hr. Their wettability was tested by dropping freshly 
distilled water upon the clay, estimating the contact 
angle of the water droplet right after its application and 
determining the time necessary for its complete dis- 
appearance. 

As the bentonite shows practically no anion exchange 
capacity it was immaterial which salt was used for 
introducing the cations. The experiments showed that 
no significant difference exists between nitrates, chlo- 
rides, and sulfates. Nitrates were chosen for the base 
exchange experiments. 

Table IV summarizes the results. The cations are 
divided into several groups according to their increasing 
effectiveness based on the contact angle. Table IV 
brings out the parallelism which exists between the 
effect of these ions on the wettability of a clay film and 
on the capillary rise in glass tubes. 

In order to show the effect of a long chain hydro- 
carbon group on the wettability and the spreading 
time, a clay was treated with a solution of the organic 
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base, laurylamine. As far as the contact angle is con. 
cerned, Pb*+ and Hg*+ ions come very close to this 
substance. However, in contrast to the temporary 
hydrophobicity imparted by the polarized cation, the 
lauryl group causes the clay surface to become perma. 
nently water repellent.* 


VI. WETTABILITY OF A WATER SURFACE 


The phenomenon that a drop of a liquid, for example, 
one falling from a reflux condenser onto the surface of 
a boiling liquid, does not immediately unite, but may 
be seen floating for several seconds, is well known to 
every chemist and has been described in the textbooks 
on surface chemistry. It can be explained on the basis 
that gas films or vapor films are present at the surface. 
The removal of adsorbed gas molecules or the rearrange. 
ment of adsorbed vapor molecules so that they fit into 
the structure of the liquid are time consuming processes, 

We have found that polarizable cations, such as Pb* 
or Hg* dissolved in water affect its surface properties 
in a manner similar to surface active agents, such as 
sodium stearate or laurylamine. It can be demonstrated 
that there is no basic difference between the effects of 
mercuric acetate and sodium stearate upon the force. 
field emanating from a water surface. However, the 
long chains of the stearic acid molecules cannot tum 
around very rapidly, but the state of polarization of 
the Hg** ions change instantaneously with the sym- 
metry of the forcefield. As a result, the similarity be- 
tween the effects of the two compounds can be demon- 
strated best by a dynamic rather than by a static 
method. 

The influence of polarizable cations on the surface 
forces of water affects the tendency of a stream of 
water flowing out of an orifice to trap air bubbles. 
Distilled and degassed water was allowed to flow from 
a burette into a glass container. Both burette and con- 
tainer were equipped with overflow tubes which en- 
sured constancy of the two water levels. By a screw 
attachment the container could be gradually lowered or 
raised and the variable distance between the orifice of 
the burette and the water level could be measured. As 
long as the tip of the burette was kept close to the 
water level of the container a steady flow could be 
observed and no gas bubbles were trapped. By gradually 
increasing the distance between the tip of the burette 
and the water level of the container, one reaches a point 
where gas bubbles become entrapped and carried under 
the water surface. It was found that for one and the 
same apparatus and orifice this critical height, Z, 
could be reproduced with fair accuracy. Taking the 
essential precautions, such as using boiled and degassed 
water, avoiding contamination and using degreased 
glass ware (no stopcock grease), the values for H were 
reproducible within one percent. 

* Viscosity measurements of the different clay suspensions did 


not reveal any unusual features for those clays which contained 
Pb** or Hg?* at their surfaces. 
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The phenomenon can be explained as follows. De- 
pending on the height and on the speed of the flowing 
water a surface film is formed which has its own charac- 
teristic structure. Its structure is the result of two 
antagonistic effects, namely, the tendency of the system 
to assume a molecular arrangement which decreases its 
surface-free energy and the thermal motion favoring a 
random orientation. 

Gas molecules are being adsorbed at the water surface 
and their desorption is a time consuming process. The 
desorption of the gas film, however, is essential before 
the surface of the streaming water can unite with that 
of the stagnant water. For slowly flowing water the rate 
of combination of the two water surfaces is slower than 
the gas desorption. However, as H and with it the time 
of exposure of the water to air and the velocity of the 
falling water is increased, a point is reached where the 
speed of the uniting water surfaces exceeds the rate of 
desorption. As a result the gas film is carried below 
the water level where it assumes spherical shape under 
the influence of the surface tension: gas bubbles are 
formed. 

The addition of sodium stearate to the flowing or to 
the stagnant water or to both causes their surface 
structures to change, the surface tension of the water 
is lowered. In other words, the ratio of attraction forces 
toward air to attraction forces toward the liquid is 
increased if a surface active compound such as sodium 
stearate is added to the water. A one-tenth molal 
sodium stearate solution was found to trap the airfilm 
at a height which was nearly 20 percent lower than 
that for the pure water. A solution of laurylamine (two 
percent by volume) decreased the value of H nearly 
15 percent. 

This method of studying the surface forcefields of 
solutions was found to be very sensitive as can be seen 
from Table V which shows the effects of a 0.5 molal 
and a 1.0 molal salt solution on the critical height, i.e., 
the one above which a gas film is trapped and carried 
under the water surface. In contrast to the experiments 
on the wettability of glass and of clay, it was found that 
even the Na* and K* ions showed some influence on 
the wettability of water. In addition, it was found that 
the nature of the anion is not without influence as can 
be seen from a comparison between the values for a 
sodium nitrate and a sodium acetate solution. 

A 1.0 molar solution of NaNO; causes H to decrease 
1.2 percent due to the weak polarizability of the 
hydrated sodium ion. The NO; ion has no effect as 
can be seen from the addition of HNO;. The sodium 
acetate in 1.0 molal solution was found to decrease the 
value of H by 2.4 percent which means that the acetate 
group must have about the same effect as the Nat ion. 

The response of this method to changes in the con- 
stitution of aqueous solutions makes it an interesting 
tool for studying complex formation and related phe- 
nomena. For example: depression of H for 0.25 molar 
mercuric chloride, 9.1 percent; depression of H for 0.25 


VOLUME 21, APRIL, 1950 


TaBLe V. Effect of dissolved salts on trapping of 
airfilm by flowing water. 








0.5 molal solution 1.0 molal solution 





Salt Percent Percent 
Cation Anion Hmm _ decrease Hmm _ decrease 
H* NO;- 83 0 83 0 
Li* NO;- 83 0 83 0 
Na ig NO;- 83 0 82 2 
K* NO;- 82 1.2 79.5 4.2 
Be** NO;- 83 0 83 0 
Mg** NO;~ 83 0 83 0 
Ca?* NO;~ 82.5 0.6 80.5 3.0 
Sr’t NO;~ 81.5 1.8 79 4.8 
Ba?+ Br- 80 3.6 75 9.7 
At NO;~ 83 0 83 0 
Zn?* NO;~ 81 2.4 78 6.0 
Cw NO; 80.5 3.0 77 7.2 
Ca NO;~ 79 4.7 74.5 10.2 
Fe** NO; 79.5 4.2 74 10.9 
Mn?* NO;~ 78 6.0 71 14.5 
Cc NO; 78 6.0 70.5 15.1 
Ce NO;~ 77 7.2 70.5 15.1 
Ni** NO;~ 76.5 7.7 69.5 16.3 
Pb?* NO;~ 70.5 15.1 5344 344 
TI* CH;COO- 69.5 16.3 52 37.3 
Hg** CH;COO- 65.5 21.1 50 39.8 





molar potassium chloride, 0; depression of H for 0.25 
molar KCl1+0.25 m HgCle, 4.8 percent. 

These data indicate that the highly polarizable Hg?* 
ion which is responsible for the strong decrease of H is 
made less effective in the presence of KCl. The chem- 
istry of these compounds suggests the formation of 
(HgCl,)?- ions or of a similar complex anion which is 
less polarizable than the cation Hg?*. 

For experiments of this type, it is important to control 
the temperature fairly accurately because an equi- 
librium such as 


HgCl2+ 2KCI=K2(HgCl,) 


is temperature sensitive. In general it was found that 
the temperature is not a major factor. For our experi- 
ments, no special precautions had to be taken to control 
the temperature accurately because even a 10°C devia- 
tion from room temperature would have caused H to 
vary less than one percent. For pure water, H was found 
to increase 2.4 percent if the temperature was lowered 
from 32° to 3°C. 


VII. CONCLUSIONS 


All surface phenomena such as adhesion, wetting of 
solids by liquids, and heterogeneous catalysis are 
governed by the polarization properties of ions. Per- 
fect crystals, liquids, or gases provide a symmetrical 
environment for ions and molecules at least as far as 
their bulk is concerned. Interfaces, such as solid-gas or 
liquid-gas, are the seat of highly asymmetrical force- 
fields which cause the polarizable ions to undergo a 
strong change in their electronic orbits. This change will 
not look very spectacular when described by the elec- 
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tron density function of the atom because it affects 
only the tail end of this curve, i.e., the part which 
represents the outer orbitals. However, these orbitals 
are the seat of optical and chemical properties and, 
consequently, they determine light absorption, fluores- 
cence, electrical conductivity, as well as oxidation and 
reduction phenomena. An ion which is exposed to the 
one-sided polarizing influence of an interface becomes 
optically and chemically a different individual. It has 
different light absorption and different fluorescence. 
If the polarizability of an ion is sufficiently high it may 
lose those properties which are the result of its electrical 
excess charge. A Tl* or Pb** ion is easily hydrated, 
because their excess charges orient and attract the 
dipoles of water. However, the same ions adsorbed at 
a dry clay or a dry glass surface have an electron density 
distribution which is different from the ions in their 
gaseous state or from the ions when symmetrically 
surrounded by water. The O*~ ions of the carrier repel 
the valency electrons of these cations thus increasing 
their forcefield toward the solid and decreasing their 
forces emanating into space. The polarized cations 
lower the surface free energy of the solid and by be- 
coming neutral towards the exterior—the repelled elec- 
trons counteract the effect of the positive excess charge 
—they have lost the property to attract water mole- 
cules. It is this decrease of the Coulomb forces directed 
toward the exterior which causes the solid to appear 
water repellent. Strictly, there are no repulsion forces 
acting in the surface which make the carrier hydro- 
phobic but the attraction forces have become too. weak 
to overcome the cohesion of the liquid. 

Solids containing large and, therefore, polarizable 
ions, e.g., I-, S?-, etc., especially when crystallizing in 
layer lattices (PbI2, CdIz, MoS), are not easily wet 
and due to their weak forcefields they assume properties 
usually associated with lubricants. 

In contrast to organic materials with long hydro- 
carbon chains, the inertness of polarized ions is only 
temporary. Every one who has walked along a dusty 
road on a dry hot summer day and been caught by a 
sudden rain may have observed this phenomenon of 
temporary hydrophobicity. The dry dust is not easily 
wet by water and the first rain drops may roll around 
like mercury. However, after it has rained a few minutes 
the rain soaks into the ground and soon the mud tells 
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us that the dust did not have permanent hydrophobic 
properties. 

Polarizable ions can adjust their own forcefields to 
that of the environment. Their Coulomb forces are 
symmetrical when symmetrically surrounded by ions 
of the opposite charge. In the asymmetrical forcefield of 
an interface, however, their electron distribution anq 
with it their valency forces assume directional proper. 
ties. A heavy metal ion adsorbed at a surface which 
repels its electron cloud, so that the polarized ion has a 
higher electron density toward the exterior, assumes the 
properties of a neutral metal atom. As such, it may be 
used as a bridge between an ionic substance, for ex. 
ample, glass, and the metals silver, gold, or copper, 
Polarizable ions are used to enhance the adhesion 
between glass and metal. Before silvering a glass it js 
treated with tin compounds in order to make the silver 
film adhere better. 

Enright, Marboe, and Weyl® used the decomposition 
of H,O2 into H,O and oxygen for demonstrating the 
metallic character of adsorbed heavy metal ions. Hydro- 
gen peroxide is readily decomposed when brought in 
contact with a noble metal, Au or Pt. Dissolved ions, 
such as Hg** or Ag*, have no effect on this reaction, 
However, if these ions are adsorbed at the surface of an 
ionic carrier (glass or alumina) they become positive 
catalysts. Ions of this type act as negative catalysts or 
catalytic poisons when adsorbed at the surface of 
platinum, because in its forcefield they form metallic 
bonds with the metal (high electron density between 
cation and metal surface) and extend a strong positive 
forcefield toward the solution which is ineffective as a 
catalyst for this reaction. 

The experiments with flowing water prove that the 
water-gas interface has a similar deforming influence on 
polarizable ions at the glass or clay surface. Very prob- 
ably this interface plays an important role in certain 
gas-liquid reactions which are catalyzed by heavy 
metal ions. The rate of oxidation of ferrous sulfate by 
air or oxygen gas is greatly increased if 0.01 molar 
cupric ions are present. In a similar fashion the hydra- 
tion of acetylene gas in diluted acid leading to acet- 
aldehyde is catalyzed by Hg** ions. 

5 Enright, Marboe, and Weyl, “Influence of the carrier on the 
catalytic activity of adsorbed heavy metal ions,” Tech. Report 


No. 1, Contract No. N6onr 269 Task Order 8 N.R. 032-265 
(October, 1948). 
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Distribution of Ionization in Materials Irradiated by Two 
and Three Million-Volt Cathode Rays 


J. G. Trump, K. A. Wricut, anp A. M. CLARKE 
Department of Electrical Engineering, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received November 4, 1949) 


Measurements are reported on the distribution of ionization in depth of aluminum produced by steady 
beams of two and three million-volt electrons. The variation of cathode-ray current density in a plane 
transverse to the beam, the effect on this transverse distribution of additional aluminum scattering foils, 
and a practical method of cathode-ray dosage computation are given. 





INTRODUCTION 


N the study of the physical and biological effects of 

high energy cathode rays! it is desirable to know the 
actual distribution of the ionization energy in the ab- 
sorber material. An earlier paper? reported measure- 
ments on the distribution of ionization in depth of 
water, aluminum, copper, and lead produced by mono- 
energetic electron beams over the energy range from 
0.3 to 1.5 million volts. In the present studies, ionization 
distribution in depth of aluminum and intensity dis- 
tribution across the beam were measured for steady 
streams of electrons in the two and three million-volt 
range. In order to secure greater uniformity across the 
field, a study was made of the effect of scatter produced 
by aluminum foils inserted in the beam. A method of 
dosage computation which facilitates the determination 
of maximum, average, and minimum cathode-ray dose 
on a sample of given size is included. 


CATHODE-RAY SOURCE 


A pressure-insulated Van de Graaff electrostatic ac- 
celerator® was used as the source of high energy elec- 
trons. These were directed toward the absorber in a 
continuous stream, homogeneous in energy and con- 
trollable over the range from 1 to 3.5 million volts. 
The electrons emerged from the tube through an 
aluminum window 0.003 inch thick on which they 
impinged as parallel particles over an area of about 
5mm diameter. Voltage was measured by a generating 
voltmeter which had been calibrated at 1.63 million 
volts by making use of the beryllium (ym) reaction and 
observing the threshold with a BF; counter. 


MEASUREMENT TECHNIQUE 


A thin parallel-plate ionization chamber was used to 
measure the distribution of ionization in depth caused 
by the high energy electrons in their passage through 
aluminum. The chamber consisted essentially of a 
stretched aluminum diaphragm 0.0006-inch thick, insu- 
lated and separated by 1 mm from a thick aluminum 
he Trump and R. J. Van de Graaff, J. App. Phys. 19, 599 


*Trump, Van de Graaff, and Cloud, Am. J. Roentgenology 
and Rad. Therapy 43, 728 (1940). 


*J. G. Trump and R. W. Cloud, Am. J. Roentgenology and 
Rad. Therapy 49, 531 (1943). 


VOLUME 21, APRIL, 1950 


plate which formed the other electrode. The area of 
the air gap was large compared with that of the cathode- 
ray beam at the region of measurement. As shown in 
Fig. 1, the chamber was mounted close beneath the 
cathode-ray window of the accelerator tube. Thin 
aluminum sheets were inserted between the cathode-ray 
window and the ionization chamber to give the effect 
of placing the chamber at progressively greater depths 
below the surface of the absorbing material. 

A constant beam current J, of high energy electrons 
was directed at the absorber system. Two micro- 
amperes of beam current produced maximum ionization 
currents J; or J; of approximately 40 ya. J. represents 
the negative ionization current plus the portion of the 
beam current which passed through the aluminum 
sheets, and J; the positive ionization current minus the 
portion of the beam current which was absorbed in the 
aluminum sheets. 

Linearity of the ionization chamber was checked by 
using a fixed thickness of aluminum absorber above the 
chamber and observing the constancy of the ratio [2/J; 
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Fic. 1. Apparatus for measuring the distribution of ionization in 
depth of aluminum produced by high energy electron beams. 
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over a wide range of beam currents /,. The collecting 
voltage was maintained constant at 600 volts, this 
voltage having been found to be well above the amount 
for saturation. This check indicated linearity of response 
to within +2 percent for the range of currents used in 
the experiment. 

The distribution of current density in a plane trans- 
verse to the beam was measured with the arrangement 
shown in Fig. 2 by collecting the current passing 
through spaced holes in an aluminum plate at a distance 
of 40 cm from the exit window of the accelerator tube. 
The minimum or inherent scattering of the electron 
beam was caused by both the 0.003-inch aluminum 
window and the 40 cm of intervening air. Faraday cages 
were placed beneath the individual holes spaced radially 
at }-inch intervals from the center of the plate. Holes 
which did not have Faraday cages beneath were 
plugged to eliminate stray currents. The $-inch diam- 
eter holes in the lower aluminum plate were drilled so 
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Fic. 2. Apparatus for determining the cathode-ray current 


density transverse to the beam and the effect of additional 
aluminum scatterer. 
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duced by cathode rays with energies of two and three million 
volts. 


that their angles with respect to the beam axis were 
determined by the center of the exit window and the 
radial distance of the holes from the center of the plate. 
It was found necessary to shield the individual Faraday 
cages from ionization in air caused by x-rays. For 
these measurements the total beam current J, was held 
constant at 50 wa, and the resultant Faraday cage 
currents of the order of 10~-* amp. were read on a 
galvanometer. 


IONIZATION DISTRIBUTION IN DEPTH 


Figure 3 shows the ionization distribution in depth 
of aluminum produced by electron beams of two and of 
three million volts energy. It is observed that the ioniza- 
tion has a broad maximum at about one-third the 
greatest range, this previously reported distribution’ 
arising from the high scattering tendency of the primary 
electrons within the absorber. The penetrating power of 
electrons in aluminum is close to 1 g/sq. cm per two 
million volts, as determined by the interpolated curve 
intercept. From other studies’ at lower electron energies, 
a corresponding range was found for water, aluminum, 
copper, and lead, and the general shapes of the ioniza- 
tion distribution curves were closely similar. The range 
in centimeters can be obtained by dividing the range in 
g/sq. cm by the density of the absorber material. The 
tail of the distribution curve is due primarily to those 
few electrons which have made relatively undeviated 
paths through the absorber. Ionization due to x-rays 
produced within the absorber can easily be shown to 
constitute a negligible addition to the measured ioniza- 
tion currents. 

Since the area of the ionization chamber was large 
in comparison with that of the beam, the curves of 
Fig. 3 represent approximately the distribution of ion- 
ization in depth along the axis of the beam and mort 
accurately the total ionization at each depth. In addi- 
tion to its primary dependence on electron energy and 
absorber density, the distribution of ionization energy 
in an absorber irradiated by essentially parallel and 
monoenergetic electrons is profoundly affected by elec- 
tron scattering. Although the ionization density i 
greatest near the end of the path of a single electron, 
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the effect of scattering on a beam of such particles is to 
shift the region of highest ionization and energy absorp- 
tion to a depth of about one-third the maximum pene- 
tration for that energy. 


BEAM INTENSITY DISTRIBUTION 
ACROSS THE FIELD 

Figures 4 and 5 show the intensity distribution of 
two and three million-volt cathode-ray beams in a trans- 
verse plane 40 cm from the exit window. The upper 
curve of each figure shows the distribution resulting 
from the inherent scatter consisting of the 0.003-inch 
aluminum window and 40 cm of atmospheric air. The 
remaining curves show the beam-spreading effects of 
additional aluminum scatterer placed immediately be- 
low the window. 

The greater directivity and reduced scatter obtained 
at the higher beam energies is evident from a comparison 
of Figs. 4 and 5. In the irradiation of an area four inches 
in diameter at the 40-cm distance, two million-volt 
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Fic. 4. Distribution of current density for two million-volt 
cathode rays in a transverse plane 40 cm from the 3-mil aluminum 
window. 


cathode rays with inherent scatter would deliver 52 
percent of the axial intensity to the sample edges, 
while a three million-volt beam would deliver but 30 
percent to the edges. Additional scatterer inserted in 
the beam rapidly increases the uniformity of beam 
intensity over the selected area, but is attended by loss 
of charge to outside regions. Modification of the in- 
tensity distribution to the transverse plane can readily 
be accomplished by the addition of solid scatterer or 
an increase in the air path to the absorber. Because the 
ratio of scatter to absorption increases with atomic 
number, it would be preferable to use foils of gold or 
other high atomic-number metal as the scattering 
material. 


DOSAGE COMPUTATIONS 


At the present time there exists a considerable interest 
in the physical, chemical,‘ and biological’ effects of 


*A. O. Allen, AEC Report MDDC-363 (September, 1946). 


*Dunn, Campbell, Fram, and Hutchins, J. App. Phys. 19, 
605 (1948). 
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high energy cathode rays on living and non-living ma- 
terials. For such irradiation studies, the cathode-ray 
equipment may be set up as in Fig. 2 with a solid lower 
aluminum plate. A current-collecting disk is placed on, 
and preferably flush with, the top of this plate, but 
electrically insulated from it. A suitable shutter is 
used to provide accurate control of the exposure time. 

In principle, the cathode-ray dosage rate can be 
specified with great exactness inasmuch as it is deter- 
mined by the number of impinging electrons per second 
and their accelerating voltage. In practice, account must 
be taken of the distribution of the ionization energy 
both in depth and across the transverse plane of the 
absorber. For the case of stationary samples, dosage 
computations can readily be made with the aid of 
information contained in Figs. 3-5. The dose delivered 
to liquids in continuous flow or to solids on a moving 
belt may often be derived more simply by direct com- 
parison with the known chemical or bactericidal effects 
of cathode rays as determined on stationary samples. 

The total cathode-ray power falling on a disk of 
diameter D is EJ where E is the accelerating potential 
and J the total beam current to the disk. The average 
power P absorbed per gram of material distributed 
uniformly over this disk to a depth R expressed in 
g/sq. cm is 


P=(EI/2(D/2)?R ]KK.watts/g, 


where K, is the fraction of the total power absorbed in 
range R and Kz is a factor close to unity which takes 
account of the possible change in electron backscatter 
from the disk area after a sample of the same diameter 
has been placed upon it. The value of K, may be ob- 
tained from Fig. 3 by dividing the area under the curve 
for a sample thickness R by the total area of the curve 
of energy E. The value of K2 requires the measurement 
of electron backscatter for different materials,® but can 
be kept close to unity by making both disk and sample 
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6 J. G. Trump and R. J. Van de Graaff, Phys. Rev. 75, 44 
(1949). 
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Fic. 6. Ionization-in-depth curve for three million-volt cathode 
rays applied to a 1.03-g/cm? sample to determine maximum, 
average, and minimum doses. 


cover of the same low atomic number material, such 
as aluminum. 

Cathode-ray dose is best expressed in ergs and joules 
for physical studies, but may be specified in equivalent 
roentgens for biological studies. The conversion factors 
for these units of radiation energy are 1 joule= 10’ ergs; 
1 roentgen equivalent physical’ (rep) = 83 ergs per gram 
of tissue; 10° reps=8.3 joules per gram of tissue. The 
irradiation time is found by dividing the desired dose 
expressed in joules by the average dosage rate P. 

Maximum and minimum doses can be calculated 
from the average by applying the appropriate dose 
ratios both for the distribution in depth and the trans- 
verse distribution as given in Figs. 3-5. Consider the 
specific case in which it is desired to irradiate a station- 
ary sample three inches in diameter (7.62 cm) with 
three million-volt cathode rays. The current to the 
three-inch collecting disk is taken as 10 wa. For con- 
venience, the sample depth R in g/sq. cm is chosen so 
that the entrance and exit doses are the same percent 
of the maximum dose. From the three million-volt 
curve of Fig. 3 or 6, R is found to be 1.03 g/sq. cm. The 
ratio of the area included under this curve to depth R 
to the total area gives coefficient K,=0.84. If care has 
been taken to use low atomic-number materials and to 
mount the sample for minimum effect on backscatter, 


7R. D. Evans, Nucleonics 1, 39 (October, 1947). Proposals that 
1 rep be associated with the absorption of 93 ergs per gram of water 
or tissue and that the value of 83 ergs per gram be restricted to 
absorption in air will be considered at the Sixth International 
Congress of Radiology in London, July 1950. 
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40-cm distance to determine maximum, average, and minimum 
intensities. 


then Kz can be taken as unity. Then 


10X10-* 0.84X1 
(7.62/2)? 


watts 
== oe ee 


1.03 g 





P=3X10*X 


and the time required to deliver an average dose of 
10° reps is 
t=8.3/0.54= 15.4 sec. 


From the distribution-in-depth curve of Fig. 6 the 
average dose is found to be 85 percent of the maximum, 
and the minimum 60 percent. From the intensity dis- 
tribution across the beam of Fig. 7, with only inherent 
scattering, the average intensity is found to be 80 per- 
cent of the maximum, and the minimum 532 percent. 
Therefore the minimum dose is (0.6X0.52)/(0.85X0.8), 
or 46 percent of the average, and the maximum dose is 
(1X1)/(0.85X0.8), or 147 percent of the average. The 
spread between maximum and minimum doses may be 
controlled by suitable selection of absorber depth, 
width, scatterer, and irradiation distance. 
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Metal Transfer in the Cutting Process* 


MILTON C. SHAW AND CHARLES D. STRANG, JR. 


Department of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Massachusetts 


January 27, 1950 


HERE are generally thought to be two distinct types of 

continuous chip formed in single point metal cutting—that 
produced in the presence of a so-called built-up edge and that 
produced when no built-up edge is present. The built-up edge is 
4 metal appendage which accumulates at the cutting point of the 
tool when the metal is cut under conditions conducive to high 
friction and welding. The built-up edge can be found adhering 
to either the tool face or the workpiece and is frequently macro- 
scopically visible. Figure 1 is a photo-micrograph of a polished 








Fic. 1. Photo-micrograph showing built-up edge, magnification, 60 times. 


and etched specimen obtained by cutting a sample of annealed 
SAE 4027 steel in air with the end milling cutter shown in Fig. 2. 
The large built-up edge can be seen at the junction of the chip 
and the freshly cut surface. 

The chip shown in the photo-micrograph of Fig. 3 was produced 
under conditions least favorable to the formation of a built-up 
edge. The workpiece and the tool were submerged in carbon 
tetrachloride, one of the most effective cutting fluids known, and 
the cutting velocity was adjusted to be in the range where the 
carbon tetrachloride has sufficient time to react (below approxi- 
mately 40 ft. per min.) with the metal being cut to.form a low 
shear strength solid lubricant. This compound is thought to 
prevent or decrease metal-to-metal contact between chip and tool 
face and so prevent formation of a built-up edge. No built-up edge 
isevident in Fig. 3 nor was any transferred metal visible on the 
cutting tool when it was examined under the microscope. In spite 
of this, the autoradiograph of Fig. 4 shows that considerable 
material from the workpiece has been welded to the face of the 
tool. 

This autoradiograph was produced by machining a specimen 
of SAE 4027 steel which had previously been made radioactive by 
neutron irradiation in the pile at Oak Ridge. A new tool, identical 
to the first, was used for this experiment and was carefully cleaned 
and washed in water to remove any loose chips or residual radio- 
active iron chloride produced as the metal was machined under 
carbon tetrachloride. The cutting end of the tool was placed in 
contact with a sheet of x-ray film and exposed for a period of two 
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Fic, 2. End milling 
cutter. 








weeks. Figure 4 is a positive print and the white areas indicate 
the presence of the radioactive built-up edge. It will be seen that 
the built-up edges does not extend across the full width of the 
tool face inasmuch as the workpiece was annular in cross section. 

This simple experiment establishes the fact that even under the 
most ideal conditions of cutting fluid action, some welding occurs 
between the chip and tool face with attendant transfer of metal 
and further that the presence or absence of a built-up edge is 
merely a matter of degree. While the invisible built-up edge 
indicated by Figs. 3 and 4 is insignificant from the standpoint of 
cutting geometry, it is of considerable interest with regard to 
friction and tool wear. Although carbon tetrachloride does not 
entirely prevent metal to metal contact and’ welding at the 
chip-tool interface, it does act to reduce greatly the amount of 
welding or transfer and the size of the built-up edge. The iron 
chloride that is formed when carbon tetrachloride reacts with the 
metal during cutting probably reduces the real area of metal-to- 
metal contact and at the same time may produce a transferred 
layer that is weak in shear, consisting in part of steel and iron 
chloride. 

Under usual cutting conditions, the built-up edge is welded to 
the tool face whereas it is generally found attached to the chip 
when the operation is suddenly stopped for the purpose of pre- 
paring photo-micrographs as shown in Fig. 1. This paradox may 
be readily explained on the basis of decreased shear strength with 
increased temperature. During cutting, the temperature at that 
surface of the built-up edge furthest from the tool face is higher 
than that at the tool face and slip consequently takes place in the 
region of temperature-reduced shear strength. When a photo- 
micrograph specimen is prepared by suddenly stopping the tool 
in the act of producing a chip, the metal quickly cools and the 
shear strength of the highly worked metal at the interface of the 
built-up edge and the chip exceeds that at the tool face. Therefore, 
when the tool is withdrawn, the built-up edge is usually found 
adhering to the chip rather than to the tool. On the other hand, 
remnants of built-up edge are often found on the face of a tool 
which has continued cutting to the very end of the workpiece. 

The relatively large amount of metal transfer (built-up edge) 
which occurs when cutting metal in air as compared to that ob- 
served in dry friction experiments! may also be explained by the 








Fic. 3. Photo-micrograph of chip formed beneath the surface of carbon 
tetrachloride. Magnification, 60 times. 
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Fic. 4. Autoradiograph of end 
milling cutter used to machine 
radioactive steel. 





decrease in shear strength with increase in temperature. When 
cutting metal, considerable energy is expended in plastic deforma- 
tion along the shear plane. The energy thus dissipated causes an 
increase in the internal energy along the shear plane, a consequent 
rise in temperature and hence a decrease in shear strength. The 
portion of the material in the built-up edge adjacent to the tool 
face is at a lower temperature and hence has a greater shear 
strength. The presence of the plastic deformation in the shearing 
process thus acts to allow the transfer of an unusually large 
quantity of metal from the chip to the tool face before the built-up 
edge produced becomes unstable and passes off with the chip. 

In the field of metal cutting research, as in many other branches 
of physics and engineering, the use of radioactive materials 
provides a means for detecting changes of very small magnitude. 
This technique should prove particularly valuable in studies of 
the chemical reactivity of cutting fluids, the general nature of 
cutting fluid action, and in detecting very small rates of tool wear. 

* The radioactive steel used in these experiments was irradiated at Oak 
Ridge under authorization of the United States AEC and was made 
available through the generosity of Professor J. T. Burwell, Jr. and the 
Chrysler Corporation. 


1J. T. Burwell, Jr., “Radioactive tracers in friction studies,’’ Nucleonics 
38 (December, 1947). 





The Potential Distribution in Pulsed Oxide- 
Coated Cathodes and Its Consequences for the 
Velocity Distribution of the Emitted Electrons 


R. Loosjes, H. J. Vinx, AND C. G. J. JANSEN 


Philips Research Laboratories, N. V. Philips’ Gloeilampenfabrieken, 
Eindhoven, Netherlands 


January 23, 1950 


UR investigations! concerning the total potential drop 

across a pulsed, activated oxide* coating of 25 micron 
thickness showed that a potential difference of e.g. 200 v at a 
current density of 10 amp./cm? at 827°C can exist. 

Further investigations? by means of probe potential-measure- 
ments showed that, when using a rather pure nickel core con- 
taining a few tenths percent of different impurities, there was no 
appreciable interface potential difference and only a moderate 
potential drop of e.g. 6 v at 10 amp./cm* at 900°C across 85 
microns of an oxide coating of 270 micron total thickness was set 
up during a pulse. 

From these results it was concluded that, at least under the 
given circumstances, the potential distribution in a pulsed. 
activated oxide coating is of the form reproduced in Fig. 1. It was 
supposed that the rather steep potential drop near the surface 
could give rise to a spread of the electron velocities over tens or 
hundreds of volts, (a) because of electrons starting not only from 
points on the surface like A, but also emerging from points more 
inside the porous coating like B, or (b) because of all the electrons 
starting from points like A, while the potential at these points 
would be rather variable in connection with local variations in the 
properties of the surface layer of the coating. We therefore 
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worked out a method for investigating the electron velocity dis. 
distribution by means of electrostatic deflection. Great care was 
taken not to lose any group of electrons especially those with the 
smaller velocities. 

Preliminary results showed that the spread of the velocities of 
the electrons emitted from a pulsed, activated oxide-coateq 
cathode is much greater than could be expected if the distribution 
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Fic. 1. Potential distribution in an oxide-coated cathode. 
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were Maxwellian. Thus our working hypothesis was confirmed. 
For example, using square microsecond pulses of 10 amp./cm? at 
950°C and an oxide coating of 60 micron thickness the energy 
difference between the fastest and the slowest electrons detectable 
was 140 ev, the fastest ones still having an energy 60 ev smaller 
than that which could be computed from the total cathode-anode 
potential difference. 

From all our results it follows that whereas in our cathodes 
no interface resistance is detectable, a high resistance layer must 
exist near the surface of the coating. An explanation for this 
phenomenon might be (a) the fact that the surface is cooler than 
the bulk of the coating, (b) the fact that the composition of the 
surface layer is different from that of the bulk, and/or (c) an 
exhaustion of the electrons in the surface pores by the emission, 
since according to our theory of ‘the conduction’ of the oxide 
coating these same electrons are mainly responsible for the con- 
duction. 

We do not think that our results are in contradiction with those 
of Eisenstein® found with a retarding field method. 

Another, but unexpected result of our investigations into the 
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electron velocity distribution was the fact that the distribution 
spectrum was in most cases found to be more or less concentrated 
in two and even three “lines” instead of being continuous (see 
Fig. 2). The reason for the occurrence of these “lines” is not yet 
clear. It might be that electrons are emitted mostly from the 
surface of the coating and from the “bottom” of the pores in the 
surface. In view of the high voltages involved even the possibility 
of emission of secondary electrons from places on the surface, 
like A, cannot be excluded. 

At low temperatures, e.g. 700°C, the spread in the velocities 
disappears. This can be explained by the fact that with decreasing 
temperature the thermionic emission falls off more rapidly than 
the electronic conduction. 

* Composition: 52.5 percent by weight BaO, 47.5 percent by weight SrO. 

1 R. Loosjes and H. J. Vink, Philips Res. Rep. 2, 190-204 (1947). 

2 R. Loosjes and H. J. Vink, to be published in Le Vide. 

3C. G. J. Jansen and R. Loosjes, unpublished. 

4A. Eisenstein, J. App. Phys. 17, 654-663 (1946). H. 
Wagener, Zeits. f. tech. Physik 23, 1 (1942). 

5 R. Loosjes and H. J. Vink, Philips Res. Rep. 4, 449-475 (1949); J. 
App. Phys. 20, 884 (1949). 

* A. S. Eisenstein, J. App. Phys. 20, 776-790 (1949), 


Huber and S. 
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A Sampling of 1949 Books 


HE output of new scientific books during 1949 is 
indeed impressive both in number of books pub- 

lished and in their quality. It seems as though the expo- 
sition pent up during the war years is now gradually 
escaping, and as a result we have an up-to-the-minute 
survey or treatise in almost every branch of physics. 
The sampling presented here is a selection from the new 


books that have come across the Editor’s desk during — 


late 1948 and 1949, and is not in any sense a complete 
list. In each case a few comments are given which may 
assist the reader in deciding whether or not the book has 
further interest for him. For easy reference the books 
are classified as to subject matter. 


MATHEMATICS AND MATHEMATICAL PHYSICS 


Principles of Mathematical Physics 


By Wit1aM V. Houston (new second edition). Pp. 363+-xii. 
McGraw-Hill Book Company, Inc., New York, 1948. Price 
$5.00. 


The purpose of this text is to introduce the student to the more 
powerful methods of handling physical problems by giving him an 
opportunity to apply them to simple cases. Designed for interme- 
diate courses, the book is intended to fill the gap between elemen- 
tary courses in physics and more advanced courses on special 
subjects. The abundance of problem material forming an integral 
part of the text is again emphasized, in this second edition, as a 
principal teaching aid. The student is encouraged to develop the 
theory for himself by working out these problems, and is urged to 
depend as far as possible upon his own resourcefulness, insight, and 
ingenuity. 

The chapters on electricity and magnetism have been expanded, 
and the m. k. s. system of units has been used throughout. 


The Mathematical Analysis of Logic 


By Georce Boo e (reprinted). Pp. 82. Philosophical Li- 
brary, New York, 1949. Price $3.75. 


This is the first reprinting of a monograph published a century 
ago and now extremely rare. This short book is believed to have 
been the first to set on a scientific basis the mathematization of 
logic and thus prepare the way for the formal study of the foun- 
cations of pure mathematics itself. 


Elementary Mathematics from an Advanced Standpoint, 
Vol. II—Geometry 


By Feurx Kiem. Translated from the German by E. R. 
Hedrick and C. A. Noble. Pp. 214+ix, Figs. 141. Dover 
Publications, New York, 1949. Price $2.95. 


Unlike an ordinary textbook on geometry, this book is intended 
to give the instructor a comprehensive view of the whole field of 
geometry, help stimulate his own creative thinking on the subject, 
and provide him with a broader understanding which he will be 
able to apply profitably in the classroom, laboratory, or in general 
reading. The book is divided into three sections: the Simplest 
Geometric Manifolds, Geometric Transformations, and Systematic 
Discussion of Geometry and Its Foundations, 
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Proceedings of Symposia in Applied Mathematics 


Pp. 219+vii. American Mathematical Society, New York 
1949. Price $5.25. ‘ 


This book consists of a series of papers on non-linear problems 
in the mechanics of continua, including hydrodynamics, elasticity 
“-* ’ 

and plasticity. 


Problem Book in the Theory of Functions, Vol. I 


By Konrap Knopp. Pp. 126. Dover Publications, New York, 
1949. Price $1.85. 


Used in conjunction with Professor Knopp’s previously pub- 
lished Theory of Functions, this new English translation of the 
Problem Book provides the teacher and student with excellent aid 
in any first course of study covering the theory of functions of a 
complex variable. This book may also be used to supplement any 
other textbook in the field. : 


Introduction to the Theory of Fourier’s Series and Integrals 
By H. S. Carstaw (third revised edition). Pp. 368+uiii, 
Figs. 39. Dover Publications, New York, 1949. Price $3.95, 


In preparing this new printing of the third edition, the author 
has contributed a number of corrections noted since the last print- 
ing. This volume contains new tests for uniform convergence of 
series, a more thorough treatment of term by term integration and 
the Second Mean Value Theorem, enlarged sets of examples on 
Infinite Series and Integrals, a new section dealing with the 
Riemann-Lebesque theorem and its consequences, and a special 
treatment of the Lebesque definite integral which compares it with 
the classical Riemann integral. 


Modern Operational Calculus 


By N. W. McLacutan. Pp. 218+-xiv, Figs. 29. The Macmillan 
Company, New York, 1949. Price $5.00. 


Integraltafel. Erster Teil: Unbestimmte Integrale 


By WoLFGANG GROBNER AND NIKOLAUS HOFREITER. Pp. 166. 
Springer-Verlag, Vienna, 1949. 


Introduction to Applied Mathematics 


By Francis D. MuRNAGHAN. Pp. 389. John Wiley and Sons, 
Inc., New York, 1948. Price $5.00. 


This is a detailed and self-contained study of the mathematics 
used in modern physics and engineering. The author gives a rela- 
tively full account of vector and matrix calculus, harmonic anal- 
ysis, spherical harmonics, and Bessel functions. There is a thorough 
discussion of boundary value problems and integral equations, cul- 
minating in Rayleigh’s principle; a treatment of mechanical prob- 
lems by means of the calculation of variations; and a detailed 
explanation of operational calculus. The book is designed for grad- 
uate students and scientific workers with diversified interests. 


Numerical Calculus 
By Witx1aM Epmunp Mine. Pp. 393+-x. Princeton Univer- 
sity Press, Princeton, 1949. Price $3.75. 


This book is especially designed for the use of actuarial students, 
statisticians, applied mathematicians, and others who are forced 
to seek numerical solutions. It presupposes only a knowledge of the 


JOURNAL OF APPLIED PHYSICS 





awunokg oe 


C 


of 
vo 
ith 
pre 
inv 
wil 
eng 
tail 


of t 


Tal 


mat 
var 
Cor 
are 


buti 


Tab 
52 t 


Tab 


Tab! 


Vol 


ns 
ty, 


rk, 


ub- 
the 
aid 
ofa 


rals 
‘xiii, 
5. 

thor 
rint- 
‘e of 
and 
S ON 
the 
ecial 
with 


nillan 


». 166. 


| Sons, 


matics 
a rela- 
c anal 
orough 
ns, cul- 
| prob- 
letailed 
yr grad- 
its. 


Univer- 


rudents, 
e forced 
ze of the 


LYSICS 





essentials of algebra, analytical geometry, trigonometry, and ele- 
mentary calculus. The object is practical, for while numerical 
calculus is based on the concepts of pure mathematics, it is recog- 
nized that the worker must produce a numerical result. This book 
would be a useful text for undergraduate courses in finite differ- 
ences and methods of approximation. 


Tables of Bessel Functions of Fractional Order, Vols. I and II 
By COMPUTATION LABORATORY OF THE NATIONAL BUREAU 
or STANDARDS. Pp. 413 and 365. Columbia University Press, 
New York, 1948 and 1949, Price $7.50 and $10.00. 


These volumes are a continuation of a series published by the 
Computation Laboratory of the National Bureau of Standards. 


Vortrige iiber Determinanten und Matrizen mit Anwendungen 
in Physik und Technik 
By WERNER SCHMEIDLER. Pp. 155. Akademie-Verlag, Berlin, 
1949. 


Tables of Inverse Hyperbolic Functions 


By THE STAFF OF THE COMPUTATION LABORATORY, HARVARD 
University. Pp. 290. Harvard University Press, Cambridge, 
1949. Price $10.00. 


This is believed to be the first adequate presentation of tables 
of the inverse hyperbolic functions between the covers of a single 
volume. The inverse hyperbolic sine, cosine, and tangent are explic- 
itly tabulated to nine decimal places. Differences are available to 
provide second-order interpolation to this accuracy, and the other 
inverse hyperbolic functions are readily obtainable. These tables 
will meet the growing demand in the fields of physics, statistics, 
engineering, and applied mathematics generally. The book con- 
tains the tables, an introduction to the method of calculation, and 
what is believed to be a complete bibliography of all existing tables 
of these functions, with critical notes on their range and reliability. 


Tables of Generalized Sine- and Cosine-Integral Functions, 
Parts I and II 
By THE STAFF OF THE COMPUTATION LABORATORY, HARVARD 
University. Pp. 462 and 560. Harvard University Press, 
Cambridge, 1949. Price $10 and $10. 


The tables in these two volumes were computed by the auto- 
matic sequence controlled calculator, which was presented to Har- 
vard University in 1944 by the International Business Machines 
Corporation. These tables, which are carried to six decimal places, 
are invaluable time-savers in the investigation of such questions 
as self- and mutual impedances, radiation resistance, and distri- 
bution of current in antennas and antenna arrays of various types. 


Tables of the Bessel Functions of the First Kind of Orders 
52 through 63 
By THE STAFF OF THE COMPUTATION LABORATORY, HARVARD 


University. Pp. 544. Harvard University Press, Cambridge, 
1949. Price $8.00. 


Tables of Sines and Cosines to Fifteen Decimal Places at 
Hundredths of a Degree 
By THE STAFF OF THE NATIONAL BUREAU OF STANDARDS. Pp. 
95. Superintendent of Documents, Washington, 1949. Price 


$0.40. 


Tables of Scattering Functions for Spherical Particles 


By THE STAFF OF THE NATIONAL BUREAU OF STANDARDS. 
Pp. 119. Superintendent of Documents, Washington, 1949. 
Price $0.45. 
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The Slide Rule 


By LEE H. Jounson. Pp. 242--x, Figs. 138. D. Van Nostrand 
Company, Inc., New York, 1949. Price $3.00. 


This book presents a technique of operation for the Duplex slide 
rule which makes full use of its versatility and efficiency. A chapter 
on the Mannheim type is also included. 


A Concise History of Mathematics, Vols. I and II 


By Drrek J. Strurk. Pp. 299+ xviii (total), Figs. 49 (total). 
Dover Publications, New York, 1948. Price $1.50 per volume, 
$3.00 set. 


The author has compressed the history of mathematics into two 
small volumes. He stresses the continuity and affinity of the Orien- 
tal civilizations rather than the mechanical divisions of Egyptian, 
Babylonian, Chinese, Indian, and Arabian. He is particularly care- 
ful to point out the distinctions between established facts, hypo- 
theses, and tradition, especially in Greek mathematics. 


Mathematics Dictionary 


GLENN JAMES AND RoBERT C. JAMEs, editors (revised and 
enlarged edition). Pp. 432+v. D. Van Nostrand Company, 
Inc., New York, 1949. Price $7.50. 


This dictionary has been designed as a reference work for stu- 
dents and for practicing physicists, chemists, engineers, and statis- 
ticians. To the coverage of terms included in the earlier version of 
the book there have now been added the basic terms in: metric 
differential geometry, theory of functions of real and complex vari- 
ables; advanced calculus, differential equations, theory of groups, 
theory of matrices, theory of summability, point-set topology, 
analytic mechanics, theory of potential, and statistics. The appen- 
dix contains the tables most frequently referred to by mathema- 
ticians, physicists, chemists, engineers, and statisticians. 


Regular Polytopes 


By H. S. M. Coxeter. Pp. 321+-xx. Pitman Publishing Cor- 
poration, New York, 1949. Price $10.00. 


This book attempts to answer questions about the five regular 
solids. A knowledge of high school mathematics is all that is 
required for understanding it. There are excursions into such varied 
subjects as algebra, vector analysis, plane and spherical trig- 


onometry, analytical geometry, integral calculus, crystallography, 
and topology. 


Giant Brains, or Machines That Think 


By Epmunp C. BERKELEY. Pp. 270+xvi. John Wiley and 
Sons, Inc., New York, 1949. Price $4.00. 


Machines that calculate, make decisions, choose between differ- 
ent courses of action, determine most of their own instructions, 
machines that learn, remember, reason, machines, in other words, 
that seem almost to think—these machines are the subject of this 
book. The book describes several existing large-scale mechanical 
computers, but it is more than a purely descriptive work. Here 
computing machines are set in perspective; the reader can evaluate 
their importance to himself and to society. The author compares 
the machines with human brains and with various types of lan- 
guages; he’indicates their possibilities for the future and the prob- 
lems of control to direct them toward the greatest good. More than 
250 references to the literature are given. 


Description of a Relay Calculator 


By THE STAFF OF THE COMPUTATION LABORATORY, HARVARD 
University. Pp. 366+ xvi. Harvard University Press, Cam- 
bridge, 1949. Price $8.00. 


This is a description of the relay calculator formerly known as 
Mark II, that was built by the Computation Laboratory for the 
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Bureau of Ordnance of the United States Navy. The calculator is 
now in operation at the Naval Proving Ground, Dahlgren, Vir- 
ginia. Tape-controlled and completely automatic, the calculator 
can handle numerical quantities consisting of ten significant digits 
within the range 10-" to 10*. It is operated by timed electric 
impulses provided by a cam unit. All components are duplicated 
so that the machine may be operated as two independent calcu- 
lators, solving two problems simultaneously, or as one calculator 
working on a single problem. The volume includes a complete 
description of the design and construction of the calculator, a man- 
ual of operation, and a discussion of problem preparation and 
solutions of typical examples. There are 36 plates and many figures 
illustrating details of construction and wiring. 


MECHANICS 


Principles of Mechanics 


By Joun L. SYNGE AND B. A. GrirritH (second edition). 
Pp. 530+xvi, Figs. 164. McGraw-Hill Book Company, Inc., 
New York, 1949. Price $5.00. 


This is the second edition of a well-known text in intermediate 
mechanics. Most readers will be delighted with the philosophical 
ideas expressed from time to time throughout the book. It concerns 
the usual chapters in statics, kinematics, dynamics, first considered 
in a plane and then in a space. Vector methods are used throughout. 
Three welcome chapters near the end of the book concern La- 
grange’s equation, special theory of relativity, and theory of 
dimensions. 


Dynamic Principles of Mechanics 


By Davin RitrennovsE INGLIs. Pp. 174+x, Figs. 64. The 
Blakiston Company, Philadelphia, 1949. Price $4.00. 


This text is intended for juniors and seniors. Many of the chap- 
ters are selected because they illustrate principles fundamental to 
the understanding of certain important parts of atomic and molec- 
ular physics and chemistry. Vector methods are used throughout 
eight chapters entitled Kinematics of a Particle, Dynamics of a 
Particle, Coupled Oscillators and Normal Coordinates, Inverse- 
Square Force and Planetary Motion, A Dynamical System of Sev- 
eral Particles, Statics, Rotation of a Rigid Body, and Impact. 


Vectorial Mechanics 


By E. A. Mine. Pp. 382+-xiii, Figs. 112. Interscience Pub- 
lishers, Inc., New York, 1948. Price $7.50. 


Professor Milne’s book is one for advanced students. In his 
words, he is expounding the view that vectorial mechanics is suit- 
able not only for elegant proofs of general theorems but as a power- 
ful weapon of workaday mathematical investigation, both in 
research and in solving problems of the type set in English exam- 
inations. There are chapters not only on vector analysis but also 
on tensors. The three main sections of the book deal with vector 
algebra, systems of line vectors, and dynamics. 


Mechanics 


By Joun W. BRENEMAN (new second edition). Pp. 144+-xi, 
Figs. 214. McGraw-Hill Book Company, Inc., New York, 
1948. Price $2.50. 


The subject covered in this book is usually referred to as engi- 
neering mechanics. The text is on a rather elementary level and 
considers fundamental principles, equilibrium, with examples in 
bridges and trusses, screws and threads, friction, centroids, cur- 
vilinear motion, with a final chapter on work, energy, and power. 
Helpful tables are provided in appendices concerning trigonometric 
functions, elements of sections, and so forth, 
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The Measurement of Stress and Strain in Solids 


By THE INsTITUTE OF Puysics (LONDON). Pp. 114+x, Figs. 
54. Institute of Physics, London, 1948. 


This little volume was based on the proceedings of a conference 
arranged by the Manchester and District Branch of the Institute 
of Physics in July, 1946. Some of the papers read to the conference 
were intended to be survey papers, while others were more cop- 
cerned with the details of the application of the various techniques 
to specific problems. Twelve papers are included in this book, 
including three survey papers on electrical resistance strain gauges, 
recent developments in photoelasticity, and other methods for 
measurement of strain, such as extensometers and the use of brittle 
lacquer coatings. 


Reissner Anniversary Volume 


POLYTECHNIC INSTITUTE OF BROOKLYN, DEPARTMENT oF 
AERONAUTICAL ENGINEERING AND APPLIED MECHANICS, edi- 
tor. Pp. 493+-viii. J. W. Edwards, Ann Arbor, Michigan, 
1949. Price $6.50. 


This volume consists of a collection of contributions to applied 
mechanics by the friends and former students of Hans J. Reissner 
on the occasion of his 75th birthday. In addition to the biograph- 
ical sketch of Dr. Reissner, there are collections of papers in the 
fields of aerodynamics, dynamics, electricity, elasticity and struc- 
tures, mathematical methods, plasticity, and propulsion. The 
reader will find represented in this list many of the great names in 
mathematical physics. 


Elements of Strength of Materials 


By S. TrimMOsHENKO AND GLEASON H. MACCULLOUGH (third 
edition). Pp. 426+ix, Figs. 386. D. Van Nostrand Company, 
Inc., New York, 1949. Price $5.00. 


Whereas the original edition of this work presents both the 
elementary and advanced aspects of the subject, the present work 
is considerably abridged and is designed primarily for undergrad- 
uate courses in elementary strength of materials in engineering 
colleges. 


Applied Mechanics and Statics 
By Georce W. HousNerR AND DONALD E. Hupson. Pp. 
220+-ix. D. Van Nostrand Company, Inc., New York, 1949. 
Price $3.00. 


This book has been prepared as a textbook for the use of sopho- 
more engineering students. The emphasis is on fundamental prin- 
ciples, but the book is not to be considered as a treatise or reference 
book. The general topics treated are the composition and resolution 
of force systems, equilibrium, principles of virtual displacement, 
center of gravity, friction, statically determinant structures, and 
statically undeterminant structures, with an appendix containing 
a short bibliography and tables of centroids, moments, and prod- 
ucts of inertia. 


Mechanics, Statics, and Dynamics 
By Merit Scort. Pp. 394+-xi. McGraw-Hill Book Company, 
Inc., New York, 1949. Price $4.50. 


The purpose of this text is to serve as a bridge between the first 
course in college physics and later studies making use of higher 
mathematics. It is intended also to serve as a reference book, and 
the initial chapters deal with vector notation and vector analysis. 
The book is divided into two sections, the first concerning statics 
and the second, dynamics. Motion is considered, first in one, then 
in two, and finally in three dimensions. 
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Elements of Mechanical Vibration 


By C. R. FREBERG AND Emory N. KEMLER (second edition). 
Pp. 227+xiii. John Wiley and Sons, Inc., New York, 1949. 
Price $3.75. 


This is the second edition of the authors’ text on mechanical 
vibration, which concerns primarily the more elementary phases 
of vibrations and attempts to reduce them to a form in which they 
can be applied to practical problems. The book is concerned par- 
ticularly with those problems which can be solved by the use of the 
simpler forms of differential equations, approximation methods, or 
the mobility method. Some of the chapter headings are: Vibrations 
without Damping, Damped Vibrations, Vibration Isolation and 
Absorption, Equivalent Systems, Beams, Sound, The Mobility 
Method, and Mechanical and Electrical Models of Vibration 
Systems. 


Mechanical Vibrations 


By WILLIAM TyRRELL THomson. Pp. 222+-viii, Figs. 212. 
Prentice-Hall, Inc., New York, 1948. Price $5.00. 


This text is written primarily for class instruction and follows 
closely material presented in the course in mechanical vibrations 
offered to senior and graduate students at the University of Wis- 
consin. An elementary knowledge of calculus, dynamics, and 
strength of materials is presupposed, but not familiarity with dif- 
ferential equations. The chapters include: Undamped and Damped 
Free Vibrations, Forced Vibrations with One, Two, and Many 
Degrees of Freedom, Vibration of Elastic Bodies, and a chapter on 
Electromechanical Systems and Analogues. 


Design of Machine Elements 


By M. F. Sports. Pp. 402. Prentice-Hall, Inc., New York, 
1948. Price $6.65. 


This book is intended as a two-semester text for third- and 
fourth-year engineering students. A brief review of strength of ma- 
terials is given, in order to emphasize to the student the importance 
of certain fundamental rules, The chapters include stress concentra- 
tion and repeated loading, theory of torsion, springs, screws, belts, 
brakes, clutches, welded and riveted connections, lubrication, ball 
and roller bearings, spur gears, helical, beveled, and worm gears, 
and a final very useful chapter on engineering materials. 


Analysis and Lubrication of Bearings 


By Mitton C. SHAW AND E. Frep Macks. Pp. 618+xvi. 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$10.00. 


The purpose of this book is aptly indicated by a quotation in the 
preface by A. G. M. Mitchell: “To the machine designer, all bear- 
ings are, of course, only necessary evils. . . . Their merit consists 
in absorbing as little power as possible, wearing out as slowly as 
possible, occupying as little space as possible, and costing as little 
as possible.” With this philosophy in mind, the general principles 
of bearing load are developed, and a number of representative 
examples are discussed. Dimensional analysis is introduced, and 
there are chapters devoted to hydrodynamic lubrication, rolling 
contact bearings, boundary lubrication, and a final chapter devoted 
toa discussion of a representative group of bearing test machines. 


Computation Curves for Compressible Fluid Problems 


By C. L. Dattey anv F. C. Woop. Pp. 33+x, Figs. 33. John 
Wiley and Sons, Inc., New York, 1949. Price $2.00. 


An Introduction to the Mechanics of Viscous Flow 


By H. F. P. Purpay. Pp. 185+-vi, Figs. 79. Dover Publica- 
tions, Inc., New York, 1949. Price $2.75. 


This book is intended as a text to present for the student the 
application of modern fluid dynamics to problems of lubrication 
and heat transfer. The author’s main object is to show by the sim- 
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plest means how to calculate velocities, pressures, and boundary 
resistances arising in laminar fluid motion, and how to adapt the 
results to serve the theories of bearing lubrication and heat trans- 


fer. The book was published in England under the title, Streamline 
Flow. 


Deformation and Flow—-An Elementary Introduction to 
Theoretical Rheology 


By Markus REINER. Pp. 346+ xix. Interscience Publishers, 
Inc., New York (U.S. agents), 1949. Price $6.50. 


The author explains that this book does not attempt to cover 
the whole field of rheology. To material mainly of interest to the 
chemist there has been added other material which should interest 
the structural or mechanical engineer. The book emphasizes theory, 
but includes three numerical examples of the application of 
theory upon one problem each of viscosity, plasticity including 
strain-hardening, and creep. These were taken from experimental 
investigations. 


The Physics of Rubber Elasticity 


By L. R. G. TRELoar. Pp. 254. Oxford University Press, New 
York, 1949. Price $6.00. 


This is the fourth volume in a new series entitled ““Monographs 
on the Physics and Chemistry of Materials.” The series is intended 
to summarize the recent results of research in materials and allied 
subjects, in a form useful to physicists in university and industrial 
laboratories. The present volume attempts to set down as con- 
cisely as possible the essential advances in the study of the elas- 
ticity of rubber. The statistical or kinetic theory of elasticity is 
developed, and is shown to give a satisfactory account of the funda- 
mental mechanical and photoelastic properties of rubber. The book 
also includes a discussion of the phenomena of crystallization, 
stress relaxation and flow, the dynamic properties of rubber, 


and the solution of engineering problems involving large elastic 
deformations. 


Plasticity as a Factor in the Design of Dense Bituminous 
Road Carpets 
By L. W. Niypoer. Pp. 184+-xv, Figs. 51. Elsevier Publishing 
Company, Inc., New York, 1948. Price $5.25. 


The importance of a thorough knowledge of the mechanical 
properties of bituminous road materials is pointed out, and a study 
is made of the plastic properties of this material. A new test 
method is developed on the principles of soil mechanics. 


HEAT AND THE THEORY OF GASES 


Introduction to Statistical Mechanics 


By RONALD W. Gurney. Pp. 268+-vii, Figs. 59. McGraw-Hill 
Book Company, Inc., New York, 1949. Price $5.00. 


This is an advanced text for graduate students of physics and 
chemistry. Against a background of atomic physics, the book 
studies the behavior of large groups of particles, showing how the 
behavior of matter in bulk follows directly from the properties of 
the individual atoms. The author has devised methods whereby 
the student is enabled to grasp the basic principles and the nature 
of partition functions. A feature of the book is the treatment of 
metallic alloys, especially the solutions in the alpha- and gamma- 
phases of iron which form the basis of steel metallurgy. Problems 
appear at the end of each chapter. 


Mathematical Foundations of Statistical Mechanics 


By A. I. Kurncuin. Translated from the Russian by G. 


Gamow. Pp. 179+viii. Dover Publications, New York, 1949. 
Price $2.95. 


This book is a mathematical treatment of statistical mechanics 
on the basis of modern concepts of the theory of probability and a 
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maximum utilization of its analytical apparatus. The book is 
written for the mathematician, and its purpose is to introduce him 
to the problems of statistical mechanics in an atmosphere of logical 
precision. Among the topics treated in a somewhat novel fashion 
are the ergodic problems, properties of entropy, and intramolecular 
correlation. 


Scientific Foundations of Vacuum Technique 
By Sau Dusuman. Pp. 882+xi. John Wiley and Sons, Inc., 
New York, 1949. Price $15.00. 


This book is a broad study of all phases of achieving, maintain- 
ing, and measuring very low gas pressures. In the author’s words, 
it presents a survey of “fundamental ideas in physics, chemistry, 
and (to a smaller extent) metallurgy which will be found useful to 
both scientists and engineers in dealing with problems in the pro- 
duction and measurement of high vacua.” 


Vacuum Equipment and Techniques 
A. GUTHRIE AND R. K. WAKERLING, editors. Pp. 264+-xvii. 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$2.50. 


This book is concerned with the development and study of high 
vacuum equipment by the personnel of the University of California 
Radiation Laboratory for use in electromagnetic separation plants. 
The problems involved were of a magnitude which made it neces- 
sary to do a considerable amount of pioneering work on both 
equipment and testing. One topic of particular interest is the use of 
the vacuum analyzer and helium leak detector which were developed 
for use in the project and proved to be very sensitive instruments. 


Glass-to-Metal Seals 


By J. H. PARTRIDGE. Pp. 238+-xii, Figs. 167. The Society of 
Glass Technology, Sheffield, England, 1949. Price £1 15s. Od, 
plus 6d. postage. 


This book brings together scattered data about glasses, metals, 
meta! oxides, and the techniques employed in making glass-to- 
metal seals. It also includes a chapter on the sealing of ceramic 
materials to metals. The sealing of different glasses to one another 
and of glasses to ceramic materials are described. The problems of 
the stresses in the seals and the variation of those stresses when the 
devices embodying them are in service are also thoroughly ex- 
amined. 


Vacuum Manipulation of Volatile Compounds 
By R. T. SANDERSON. Pp. 162+viii, Figs. 40. John Wiley and 
Sons, Inc., New York, 1948. Price $3.00. 


This book brings together, in a form designed for easy reference, 
all the varied essentials which make up the chemical vacuum tech- 
nique. Through the book this technique becomes readily accessible 
to the investigator who has no more than the ordinary chemical 
background. The reader is given a firm foundation for working 
with high vacuum apparatus and is supplied with all the data 
necessary for the construction and operation of such apparatus. 
The book includes vapor pressures, at the same easily producible 
low temperatures, of almost 400 of the many pure compounds 
which can conveniently be studied by use of the described manip- 
ulative techniques. 


A Textbook of Heat 
By L. D. Web. Pp. 436. The Macmillan Company, New 
York, 1948. Price $5.00. 


This is an up-to-date textbook of heat and elementary thermo- 
dynamics for upperclassmen. The aim has been to keep the treat- 
ment well within the comprehension of students familiar with dif- 
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ferential and integral calculus. A carefully selected list of references 
for supplementary reading is given at the end of each chapter, 


Engineering Developments in the Gaseous Diffusion Process 
By MANSON BENEDICT AND CLARKE WILLIAMS. Pp. 127+. 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$1.25. 

This volume describes some of the new engineering procedures 
and devices developed in connection with the design and construc. 
tion of gas diffusion plants for separation of uranium isotopes, 
Topics treated include: special plant instruments and devices ip. 
cluding the mass spectrometer for continuous analysis of gas mix. 
tures flowing through a plant, and a recording ionization chamber 
for detecting traces of radioactive components in a gas mixture: 
mass spectrometer and engineering methods for testing vacuum. 
tight systems; engineering processes for handling fluorine and heat 
transfer ideas applicable to the freezing of liquids. 


Heat Transfer 


By Max Jakos. Pp. 758+xxix. John Wiley and Sons, Inc. 
New York, 1949. Price $12.00. 


This is a comprehensive work suitable both as a reference work 
and as a textbook. It shows the development of the ideas which 
have led to the present knowledge of the subject. The book js 
international in scope, with particularly thorough coverage of 
German literature, and should serve the needs of mechanical, 
chemical, electrical, and civil engineers, and physicists alike. 


Third Symposium on Combustion and Flame and Explosion 
Phenomena 
By THE STANDING COMMITTEE ON COMBUSTION SyMPosIA. Pp. 
748+-xiii. The Williams and Wilkins Company, Baltimore, 
Maryland, 1949. Price $13.50. 


This volume contains 100 papers, arranged under eleven cate- 
gories, which were presented at the Symposium held at the Uni- 
versity of Wisconsin in September, 1948. Thirty-eight of the papers 
were received from European countries. 


Steam Power Plants 


By Puiip J. Potter. Pp. 503+xii. The Ronald Press Com- 
pany, New York, 1949. Price $6.50. 


The aim of this textbook is to present the fundamentals of engi- 
neering as applied to the design of steam power plants. No attempt 
has been made to illustrate all of the various designs of equipment 
that are available on the market nor to compare similar designs of 
competitor manufacturers. Descriptions of equipment have been 
kept to a minimum, and discussions of empirically designed appar- 
atus—such as coal and ash handling systems—have been omitted. 
Problems and examples have been taken from practical situations 
to illustrate the principles developed throughout the text. 


Thermodynamic Charts for Combustion Processes. Part I 
Text; Part II Charts 
By H. C. Hortret, G. C. WILtiAMs, AND C. N. SATTERFIELD. 
Pp. 75, Charts 23. John Wiley and Sons, Inc., New York, 
1949. Price $2.60 and $2.40. 


ACOUSTICS 


Acoustic Measurements 
By Leo L. BERANEK, Pp. 914+vii. John Wiley and Sons, 
Inc., New York, 1949. Price $7.00. 
In addition to an exposition of acoustic measuring techniques, 
this book combines data published for the first time with infor- 
mation previously found only in isolated publications. Topics 


JOURNAL OF APPLIED PHYSICS 





eoeewemmem-a» & & « 


rH 


anc 


the 


vork 
hich 
k is 
e of 
‘ical, 


sion 


. Pp. 
nore, 


cate- 
Uni- 
apers 


Con- 


' engi- 
tempt 
pment 
gns of 
> been 
appar- 
nitted. 
ations 


Part | 


¢FIELD. 
York, 


d Sons, 


uniques, 
h infor- 
Topics 


[YSICS 





range from the calibration of microphones and loudspeakers to 
evaluation of over-all audio systems, and to chapters on the audi- 
ometer, speech articulation tests and the sound level meter. The 
book presents the source of the theory of many electroacoustic 
phenomena, a description in detail of the basic types of acoustic 
measuring devices, such as microphones, sources, acoustic imped- 
ance bridges and analyzers, and a discussion of the relative advan- 
tages and disadvantages of alternate methods for accomplishing 
electroacoustic measurements. 


Sound Absorbing Materials 


By C. ZWIKKER AND C. W. Kosten. Pp. 174+ ix, Figs. 92. 
Elsevier Publishing Company, Inc., New York, 1949. Price 
$3.00. 


This book examines the properties that impart sound absorbing 
qualities to materials or composites, describes their theoretical and 
experimental study, and shows how these qualities can be con- 
ferred upon structures and how they can in many cases be pre- 
dicted for given surfaces. This latter can be done from mechanical 
factors such as porosity, compliance, air-resistance, shape, etc. 
The authors stress the importance of acoustic impedance, which 
can with advantage be expressed and studied graphically by means 
of impedance contours. The acoustic behavior of a wide range of 
materials is discussed and explained. 


Theory of Hearing 


By Ernest GLEN WEVER. Pp. 484-+-xiii, Figs. 136. John 
Wiley and Sons, Inc., New York, 1949. Price $6.00. 


This book is a result of the electrophysiological investigation of 
the ear’s behavior, an investigation begun in 1930 by the author 
and C. W. Bray and now being carried out actively in many 
laboratories. The book reviews the development of auditory theory 
from earliest times and attempts an impartial presentation of all 
the classical theories of importance. It takes up the principal forms 
of these theories and brings them face to face with the modern 
facts about the ear and its actions. It also presents a new point of 
view in which the two main types of theory—the place and fre- 
quency theories—are fused into one and then evaluated with 
respect to the facts of hearing. 


Elements of Sound Recording 


By Joun G. FRAYNE AND HALLEY WOLFE. Pp. 686+vii, 
Figs. 480. John Wiley and Sons, Inc., New York, 1949. Price 
$8.50. 


This book covers in detail those subjects which belong peculiarly 
to the restricted field of sound recording and reproducing and 
which are not discussed in books devoted to the allied fields of 
electronics, radio engineering, etc. However, since those interested 
in studying sound recording have widely different kinds of training 
and experience, some closely related subjects such as electrochem- 
ical analogies, acoustics, vacuum tubes, and audio amplifiers are 
discussed briefly. For added clarity, numerical examples are used 
in a number of instances to illustrate the use of design formulas. 
Complex mathematical analysis is limited to those subjects in 
which it is desirable for a basic understanding of the point under 
discussion. The topics covered range from the nature of sound to 
stereophonic recording. 


Installation and Servicing of Low Power Public Address 
Systems 


By Joun F. River. Pp. 208. John F. Rider Publisher, Inc., 
New York, 1948. Price $1.89. 


Inasmuch as the majority of public address installations are 
those requiring low power equipment—from both an acoustical 
and economic viewpoint—the apparatus discussed in this book in 
the main is confined to a rating of 50 watts or lower. Yet a great 
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amount of the subject matter applies equally well to systems of 
higher power. The book opens with a discussion of the funda- 
mentals of sound and the problems encountered in the public 
address field; this is followed by an explanation of microphones, 
phonograph pick-ups, and radio receivers as inputs to an amplifier, 
then the various types of audio amplifiers, with a chapter devoted 
to impedance matching. 


ELECTROMAGNETIC WAVES AND ELECTRONICS 


Principles of Electricity and Electromagnetism 


By G. P. HARNWELL. Pp. 670+xvi. McGraw-Hill Book Com- 
pany, Inc., New York, 1949. Price $6.00. 


This is a thorough revision of a well-known text for advanced 
students, and incorporates many important developments in elec- 
tricity during the past decade. The emphasis is on the phenomena 
rather than the application of mathematical techniques to par- 
ticular soluble problems. Increased attention is accorded to the 
application of the principles of electricity and magnetism to atomic 
phenomena. Sections have been added on ultra-high frequency 
techniques, especially those which represent important extensions 
of the field as covered in the previous edition. No effort has been 
made to cover the field of radar, but the basic techniques involved 
are specifically described in this edition. Discussions of wave guides, 
resonant cavities, and other new topics are included. 


Principles of Electricity 


By LeicH PAGE AND Norman I. Apas, Jr. (second edition). 
Pp. 619+xiii, Figs. 323. D. Van Nostrand Company, Inc., 
New York, 1949. Price $5.50. 


This second edition has been brought up to date by the addition 
of new topics such as the cyclotron, the betatron, and the wave 
guide, and by the omission of a few topics of diminishing interest. 


The Gaussian system of units has been employed throughout the 
book. 


Elektrizitatslehre 
By R. W. Pout. Pp. 297. Springer-Verlag, Berlin, 1949. 


The Extrapolation, Interpolation, and Smoothing of Stationary 
Time Series with Engineering Applications 
By NorBerT WIENER. Pp. 163+ix. John Wiley and Sons, 
Inc., New York, 1949. Price $4.00. 


This book represents an attempt to unite the theory and prac- 
tice of two important fields of work—time series in statistics, and 
communication engineering. These fields are widely different in 
vocabulary and in the training of personnel, and they have drawn 
their inspiration from two entirely distinct traditions. However, it 
is believed that they have a unification of theory and method. The 
author points out that the statistician is completely familiar with 
methods involving probability theory and correlation, but unable 
to use the engineer’s methods; the communication engineer is just 
as familiar with the use of the complex plane, but unable to use 
the statistician’s techniques. It is the purpose of this book to intro- 
duce methods stemming from both of these existing techniques 
and to fuse them into a common technique which is more effective 
than either one alone. 


Electric and Magnetic Fields 


By STEPHEN S. Attwoop (third edition). Pp. 475+-xi. John 
Wiley and Sons, Inc., New York, 1949. Price $5.50. 


This book was written to provide a smooth transition from the 
study of mathematics, mechanics, and physics to advanced, pro- 
fessional-level electrical engineering. The author has divided this 
new edition into four parts. The electric field is discussed first. 
Next the magnetic field is treated and the field formulas are devel - 
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oped under the assumption of constant permeability. In the third 
part the ferromagnetic field introduces the modification of the 
basic magnetic relations necessary to account for the use of mag- 
netic material in which permeability cannot be considered constant. 
The fourth section treats in an elementary manner the interactions 
between electric and magnetic fields that simultaneously occupy 
the same space. The formulas in the book have been recast in the 
rationalized form of the m.k.s. system. 


Basic Electrical Engineering 


By Georce F. Corcoran. Pp. 449+ vii. John Wiley and Sons, 
Inc., New York, 1949. Price $4.50. 


This is a textbook of electrical engineering which maintains 
throughout a level suitable for beginners. Each electrical or mag- 
netic concept is exactly defined at the place of its introduction. 
Arrangement of subject matter is likewise planned to suit the 
beginning course. First d.c. theory is considered, with d.c. 
circuit analysis by the mesh and nodal methods. This is followed 
by electrical field theory, magnetic field theory, inductance, capac- 
itance, and non-linear circuit elements. There is a wide range of 
problems with each chapter. 


Electronics in Engineering 


By W. Ry anp Hit. Pp. 274+viii. McGraw-Hill Book Com- 
pany, Inc., New York, 1949. Price $3.50. 


This text is designed for senior and graduate students in engi- 
neering and allied sciences who find the need for an understanding 
of electronics and its applications to measurement and control in 
their respective fields. The treatment is sufficiently analytical to 
interest such students, and yet contains enough practical appli- 
cations to illustrate the uses of electronics to the various engineer- 
ing fields. The book provides material for a one-quarter or one- 
semester course covering vacuum and gas-filled tubes, rectifica- 
tion, amplification, feedback, the cathode-ray oscilloscope, and 
simple control and instrumentation techniques. 


Electrical Engineers’ Handbook; Electric Power. Vol. I 
HAROLD PENDER AND WILLIAM A. Det Mar, editors (fourth 
edition). Pp. 1700+-xii. John Wiley and Sons, Inc., New York, 
1949. Price $8.50. 


The editors point out that the growth of knowledge and the 
greater degree of specialization in the various phases of electrical 
engineering have necessitated a considerable enlargement of this 
well-known handbook. An effort has been made to keep the book 
compact and readable. 


Learning Electricity and Electronics Experimentally 


By LEonarp R. Crow. Pp. 525+xi. Universal Scientific Com- 
pany, Vincennes, Indiana, 1949. 


The author of this book aims to use the experimental or project 
approach to the subject of electricity, employing the simplest 
possible language. Some of the specific points treated in the book 
are energy and electrical effects, magnetism and electromagnetism, 
electromagnetic induction, magnetic flux control, rotating mag- 
netic fields, current control by magnetic saturation. 


Theory of Oscillations 


By A. A. ANDRONOW AND C. E. CHalrkin. Pp. 358+ ix, Figs. 
313. Princeton University Press, Princeton, 1949. Price $6.00. 


This is a condensed and edited translation of the first compre- 
hensive treatment of non-linear oscillations ever to be published. 
The original work, by two leading members of the Soviet Institute 
of Oscillations, was published in Russian in 1937. Since the field of 
non-linear oscillations is not as well known as it deserves to be, 
numerous examples are given, and a special index of physical 
examples is included. Practical applications are emphasized, and 
the examples given in the original Russian edition are preserved. 
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The book begins with a treatment of linear systems, giving the 
newcomer to the field familiar ground from which to work, but it 
rapidly progresses to various types of non-linear systems, usin 
both mechanical and electrical examples. The book will be how, 
to electrical, aeronautical, and mechanical engineers, to mathema. 
ticians and physicists, and to any scientists working with oscillatory 
phenomena. . 


Micro-Waves and Wave Guides 


By H. M. Bartow. Pp. 122+x, Figs. 70. Dover Publications 
New York, 1949. Price $1.95. ‘ 


The first part of this volume presents a physical picture of waye. 
guide modes, synthesized from constituent plane waves in associa. 
tion with ordinary transmission line elements. The coaxial cable 
representing the common meeting ground of wave-guide modes and 
the simple transverse electromagnetic wave, is discussed. The final 
section deals with the measurements and applications of micro. 
waves, giving the reader an appreciation and knowledge of the 
methods adopted in actual practice. 


Radar Systems and Components 


By THE TECHNICAL STAFF OF BELL TELEPHONE Lapopa. 
ToRIES. Pp. 1042+xiv. D. Van Nostrand Company, Inc, 
New York, 1949. Price $7.50. 


About one-half of Bell Telephone Laboratories’ total research 
effort during the war was devoted to radar. The Laboratories 
shared with the Radiation Laboratory at Massachusetts Institute 
of Technology the responsibility for the bulk of research and 
development in this field in the United States. In order that the 
scientific advances achieved might be recorded in detail (so far as 
security considerations would permit), the papers appearing in 
this volume were prepared and were originally published in the 
Bell System Technical Journal. While the work described was 
directed toward radar development as its immediate objective, it 
has a broad application to the new field of microwave transmission. 


Aerials for Metre and Decimetre Wavelengths 


By R. A. Situ. Pp. 218+-xii, Figs. 125. Cambridge University 
Press, New York, 1949. Price $3.75. 


The author of this book points out that the extension of radio 
technique to extremely short wave-lengths greatly increased the 
scope of aerial design. Half-wave and full-wave dipoles have man- 
ageable dimensions when the wave-length is less than 12 meters, 
and arrays for many special purposes may be designed. In this 
book the upper limit has been set at 12 meters, the longest wave- 
length used for radar. The lower limit has been fixed at 10 cm. 
A limited number of applications have been selected to illustrate 
general principles. 


Electrical Transmission of Power and Signals 


By Epwarp W. Kripark. Pp. 461+xi. John Wiley and Sons, 
Inc., New York, 1949. Price $6.00. 


This is the first textbook to apply transmission-line theory to 
all three fields of power, telephone, and ultra-high frequency trans 
mission. It contains transmission-line (hyperbolic function) charts, 
tables and graphs of the characteristics of power-line conductors, 
power transmission and distribution lines, telephone lines and 
cables, submarine telegraph cables, and radiofrequency lines. This 
volume is a useful reference book for professional engineers and 
will be found of value in electrical transmission courses. 


Elements of Electromagnetic Waves 


By Lawrence A. Ware. Pp. 203+x. Pitman Publishing 
Corporation, New York, 1949. Price $3.50. 


This text was prepared to meet the need for an elementaty 
introduction to the basic ideas of electromagnetic theory, employ- 
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ing the rationalized m.k.s. units. It is intended as first-course ma- 
terial for either juniors or seniors, and the only prerequisites are 
calculus and the fundamentals of alternating-current theory. The 
ext is prepared to serve as an introduction to the more advanced 
treatments of the subject. 


Radio-Frequency Heating Equipment 


By L. L. Lancton. Pp. 196+-ix, Figs. 95. Pitman Publishing 
Corporation, New York, 1949. Price $3.75. 


This book deals with the design of equipment for radiofrequency 
heating, and also with some applications of the technique. The 
reasons underlying the advantages gained by using the technique 
in these applications are fully discussed; this serves as a guide to 
the advantages to be expected when the technique is applied 
elsewhere. 


Terrestrial Radio Waves; Theory of Propagation 


By H. Bremmer. Pp. 343+-x, Figs. 91. Elsevier Publishing 
Company, Inc., New York, 1949. Price $6.75. 


This book describes the mathematical methods by which the 
dectromagnetic field of a radio transmitter can be computed, tak- 
ing into account the curvature of the earth’s surface. Special atten- 
tion is paid to the physical interpretation of the mathematical 
deductions. The complicated formulas which are basic for numer- 
ical computations of the “ground-wave” have been collected in a 
practical form in a separate chapter. 


Earth Conduction Effects in Transmission Systems 


By Ertinc D. SunbE. Pp. 373+-xiii. D. Van Nostrand Com- 
pany, Inc., New York, 1949. Price $6.00. 


This presentation is primarily concerned with fundamental 
methods in the analysis of earth conduction effects and basic prin- 
ciples underlying protective measures against resultant circuit dis- 
turbances. For conciseness and better exposition of basic formulas 
and considerations, much of the mathematical detail has been 
omitted in most derivations or covered by reference to other 
literature. 


The Mathematics of Circuit Analysis 


By Ernest A. Guittemin. Pp. 590+xiv. John Wiley and 
Sons, Inc., New York, 1949. Price $7.50. 


This volume contains a collection of a variety of principles and 
methods essential to a thorough understanding of electrical net- 
work theory. It is designed specifically as a source book to supple- 
ment the usual undergraduate engineering .mathematics curric- 
ulum. It is appropriate also for use as a textbook in a course in 
higher mathematics for engineers. 


Communication Circuits 


By Lawrence A. WaRE AND Henry R. REED (third edition). 
Pp. 403+x. John Wiley and Sons, Inc., New York, 1949. 
Price $5.00. 


In this third edition the authors cover the essentials of the 
transmission and lead logically to such subjects as filters, imped- 
ance matching, and wave guides. Features of this edition include 
the use of rationalized m.k.s. system of units; a radical revision of 
the chapter on transmission-line parameters; a treatment of atten- 
uation in wave guides based on Poynting’s theorem; the addition 
of many new problems. Although a knowledge of calculus and the 
elements of a.c. theory has been assumed, the more advanced 
mathematics that is needed for certain portions has been included 
in the appendices. 
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Pulses and Transients in Communication Circuits 


By Coun Cuerry. Pp. 317+xvi, Figs. 129. Chapman and 
Hall, Ltd., London, 1949. Price 32s. net. 


This book is meant as an introduction to circuit transient anal- 
ysis for communications engineers, which will bridge the gap 
between simple conventional alternating current theory and oper- 
ational methods of analysis. It is intended to give students of 
steady-state circuit theory the essential groundwork, using, wher- 
ever possible, rigorous physical arguments and only elementary 
mathematics. Mathematical language and notation are avoided as 
much as possible. Electrical wave forms are dealt with, rather than 
analytical functions, thus giving the book a geometrical flavor. 


Networks, Lines and Fields 


By Joun D. Ryper. Pp. 462+x, Figs. 195. Prentice-Hall, Inc., 
New York, 1949. Price $5.50. 


In this text the author has attempted to expand upon the sub- 
jects of networks, resonance, and wave filters in such a way as to 
develop in the undergraduate student a definite familiarity with 
“network theory,” or the description of network performance by 
certain measured or defined parameters. The rationalized m.k.s. 
system of unitsis used throughout. 


Radio Engineering 


By E. K. SANDEMAN. Pp. 775+xxiv. John Wiley and Sons, 
Inc., New York, 1948. Price $6.50. 


Originally planned as instructions for maintenance engineers at 
B.B.C. transmitting stations, this book is designed to give begin- 
ners in radio the working principles they need. Experienced engi- 
neers and designers of radio equipment and circuits will find it a 
useful reference volume. Practical ends are stressed, either in the 
form of technical facts, designs, or methods or else in the form of 
essential formulas. 


Electric Circuits and Machines 


By B. L. ROBERTSON AND L. J. BLack. Pp. 434+vii. D. Van 
Nostrand Company, Inc., New York, 1949. Price $5.00. 


This is a textbook intended primarily for third-year students of 
mechanical engineering, or for non-electricals in general, to give 
them a strong minor in electrical engineering. 


Radio at Ultra-High Frequencies, Vol. II 


By Atrrep N. Gotpsmit ef al., editors. Pp. 485. RCA Re- 


view, RCA Laboratories Division, Princeton, New Jersey, 
1948. Price $2.50. 


This is the eighth volume in the RCA Technical Book Series 
and the second on the general subject of radio at the higher fre- 
quencies. The present volume covers the period 1940-47. Papers 
are presented in seven sections: antennas and transmission lines; 
propagation; reception; radio relays; microwaves; measurements 
and components; navigational aids. The appendices include a bibli- 
ography in the field of ultra-high frequency radio, and summaries 
of all papers appearing in Vol. I, which is now out of print. 


Electrical Measurements in Theory and Application 


By ARTHUR WHITMORE SmiTH. Pp. 371, Figs. 250. McGraw- 
Hill Book Company, Inc., New York, 1948. Price $4.25. 


This is a thorough revision and modernization of a well-known 
standard text, incorporating many changes to clarify the explana- 
tions and present improved methods. The meter-kilogram-second 
(m.k.s.) system has been used for the definitions of the units of the 
electrical and magnetic quantities, resulting in great simplification 
of the approach to these definitions. Several new measurement 
methods have been added, especially for the measurement of 
capacitance and inductance. 
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Advances in Electronics, Vol. I 


L. MarTON, editor. Pp. 475+-xi. Academic Press, Inc., New 
York, 1949. Price $9.00. 


This volume is the first of a series of yearly publications devoted 
to articles in the general field of electronics. The aim is to publish 
critical and integrated reviews on physical and engineering elec- 
tronics. The editors and publishers of the book were obliged to use 
a somewhat arbitrary definition of the word “electronics,” and 
thus limit the choice of materials to a reasonably restricted field. 
In this volume the topics covered are: oxide-coated cathodes, sec- 
ondary electron emission, television pick-up tubes and the problem 
of vision, the deflection of beams of charged particles, modern 
mass spectroscopy, particle accelerators, ionospheric research, 
cosmic radio noise, propagation in the f-m broadcast band, elec- 
tronic aids to navigation. 


Electronics: Experimental Techniques 


By W. C. Etmore anp Mattuew L. Sanps. Pp. 417+ xviii. 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$3.75. 


This volume describes the most useful and the most successful 
circuits for making nuclear and other physical measurements. In 
addition to the description of complete circuits—pulse amplifiers, 
counting circuits, sweep circuits, timing circuits, testing equip- 
ment, etc.—the book contains a discussion of the circuit elements 
that constitute the basis of the complete circuits. 


Theory and Design of Electron Beams 


By J. R. Prerce. Pp. 197+xiii. D. Van Nostrand Company, 
Inc., New York, 1949. Price $3.50. 


This book represents an effort to collect the minimum amount 
of theoretical material necessary for a good understanding of elec- 
tron flow and electron focusing in devices other than electron 
microscopes and image tubes. Much of the elementary material 
found in books on electron optics is included. There is, however, no 
extensive treatment of aberrations. Instead, there is considerable 
emphasis and material on space charge and thermal velocities. 
Problems are included, partly so that the book can be used as a 
text, but more so that “the reader will have to do things for himself 
in order to understand them.” 


Fundamentals of Radio-Valve Technique 


By J. Dexetu. Pp. 535+xxii, Figs. 384. N. V. Philips’ 
Gloeilampenfabrieken, Eindhoven, The Netherlands, 1949. 
Price $5.00. 


In this book the author aims at giving technicians and research 
workers an account which will be of value to those who make, use, 
or maintain apparatus employing electronic valves. The mathe- 
matical treatment is restricted, and the subjects treated include 
resonance, short-wave technique, and low frequency modulation. 


Microwaves and Radar Electronics 


By Ernest C. POLLARD AND JULIAN M. STURTEVANT. Pp. 
426+-vii. John Wiley and Sons, Inc., New York, 1948. Price 
$5.00. 


No extensive background in communications or electronics is 
required for use of this book. The usual student background in 
physics, chemistry, and electrical engineering is sufficient. The 
essential facts about microwave circuits are developed on the fun- 
damental basis of electricity and magnetism, rather than from an 
extension of the theory of circuits with lumped parameters. Pulse 
circuits are considered as a unified subject, since the fundamental 
problems and basic methods of solving such problems accompany 
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all types of pulse circuits. Much attention has been devoted to the 
applications of microwave and radar electronic techniques which 
have been considered in various scientific periodicals since the enq 
of the war. 


Industrial Electronics Reference Book 


By ELECTRONICS ENGINEERS OF THE WESTINGHOUSE Etgr. 
TRIC CORPORATION. Pp. 680. John Wiley and Sons, Inc., New 
York, 1948. Price $7.50. 


This reference book presents the basic theory and the vita] 
application principles of industrial electronics. It is intended to 
help the reader to appraise accurately the possibilities as well a; 
the limitations of new electronic devices, and also to help tech. 
nicians to develop new applications and projects which will have a 
better chance of giving the desired results. The authors deal mostly 
with basic electronics application information and treat the specific 
apparatus less fully because of the many changes still taking place, 
The generous use of illustrations in the volume helps to elucidate 
every phase of the text material. 


The Characteristics of Electrical Discharges in Magnetic 
Fields 
A. GUTHRIE AND R. K. WAKERLING, editors. Pp. 376+-xyiij, 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$3.50. 


This volume was prepared in an effort to collect the results of 
studies carried out in the California Radiation Laboratory on the 
characteristics of electrical discharges in magnetic fields. The pri- 
mary emphasis is placed on the case of electrical discharges jn 
the vapors of uranium compounds. The book does not cover all 
of the investigations, although the most significant studies are 
included. More than half of this book is devoted to work carried 
out by members of a British scientific mission. 


Basic Electronics 


By Royce G. KLOEFFLER AND MAuRICE W. Horr tt. Pp. 
435+xiv. John Wiley and Sons, Inc., New York, 1949. Price 
$5.00. 


The authors cover the fundamental theory of electronics in 
condensed form, assuming the reader has a knowledge of elemen- 
tary physics, but no previous training in electronics. The authors’ 
approach covers both the power and communication fields. In- 
cluded among the subjects discussed are the developments of the 
transistor and mechano-electronic transducer. As a convenience to 
the reader, the authors have included curves and data of the basic 
tubes. This means that most of the problems can be solved without 
referring to any of the tube handbooks. 


Photoelectricity and Its Application 


By V. K. ZworyKin AND E. G. RAMBERG. Pp. 494+xii 
John Wiley and Sons, Inc., New York, 1949. Price $7.50. 


This volume replaces the second edition of Photocells and Their 
A pplication by V. K. Zworykin and E. D. Wilson. It retains the 
aim of its predecessor—to present the reader with practical reliable 
data on the properties, preparation, and applications fo photo 
electric devices. Throughout, the emphasis is on practical aspects. 


Theory of Dielectrics 


By H. Froaticu. Pp. 180+vi, Figs. 47. Oxford University 
Press, New York, 1949. Price $4.50. 


This book, which is mainly written for applied scientists, is 
intended to give a systematic account of the theory of dielectric 
properties, and thus to provide a background against which appli- 
cations can be made. The reader is assumed to have a certain ele- 
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mentary knowledge of atomic and molecular physics, statistical me- 
chanics, electrostatics, and little mathematics beyond the calculus. 


Atmospheric Electricity 


By J. ALAN CHALMERs. Pp. 175, Figs. 36. Oxford University 
Press, New York, 1949. Price $3.75. 


This book is intended to serve both as an introduction to the 
study of atmospheric electricity and as a short work of reference. 
It was written primarily for physicists but should prove useful to 
meteorologists and others interested in the subject. There are chap- 
ters on the ions in the atmosphere, the earth’s vertical field, the 
conductivity of the air, the year-around current, point discharge 
currents, precipitation currents, the transfer of charge, the thunder 
cloud, the lightning flash, and the separation of charge. 


TV Picture Projection and Enlargement 


By ALLAN LyTEL. Pp. 179+xi. John F. Rider Publisher, Inc., 
New York, 1949. Price $3.30. 


This book, with its numerous illustrations, will appeal to those 
interested in television servicing. The author discusses the funda- 
mentals of light, the Schmidt projection system, and refractive 
projection systems. 


Understanding Television 


By Orrin E. Duntap, Jr. Pp. 128. Greenberg, Publisher, 
New York, 1948. Price $2.50. 


This little book discusses the steps that led to television, the 
mechanisms which match the human eye, the necessity for high 
antennas and relay stations, the coaxial cable, and the receiver 
itself. The author describes how a television program is put to- 
gether, both in the studio and in the field. 


OPTICS AND SPECTROSCOPY 


Introduction to Theoretical and Experimental Optics 


By JosePH VALASEK. Pp. 454+x. John Wiley and Sons, Inc., 
New York, 1949. Price $6.50. 


This is a four-part book, covering geometrical optics, physical 
optics, radiation and spectra, and experiments relating to each of 
these fields. In line with the author’s special interests, the subjects 
of x-rays, photographic optics, and ophthalmic lenses are treated 
in greater detail than is customary in books dealing with optics. 
This book holds useful information for many engineers and phy- 
sicists working in industry and in research laboratories. It serves 
as an introduction to optical engineering, a field which is steadily 
growing more important. For example, students of photography, 
mechanical engineers who use optical methods of stress analysis, 
and optical mineralogists all can use the principles of optics con- 
tained in this book. Although the author assumes the reader has a 
knowledge of calculus and general physics, he keeps the mathe- 
matical treatment as elementary as possible. 


Optik 


By R. W. Pout. Pp. 356, Figs. 565. Springer-Verlag, Berlin, 
1948. 


Physical Aspects of Color 


By P. J. Bouma. Pp. 312, Figs. 113. Elsevier Publishing Com- 
pany, Inc., New York, 1947. Price $5.50. 


_The physiologist, the psychologist, the physicist, the illumina- 
tion engineer, and the chemist each has studied the problem of 
color perception from his own point of view and expressed the 
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results in his own particular technical language. The author of 
this book has aimed to cast the subject matter in such a form that 
it may well enrich the knowledge of many a scientist and at the 
same time serve as a guide to the beginner—presumed to possess 
a secondary school knowledge of mathematics and physics—for 
the study of problems of chromatics. Starting from the established 
laws of color mixing, the author gives a complete insight into the 
origin and perception of colors in a logical and systematic manner. 


Elementary Photography 


By GuILrorp G. QuaRLEs (new second edition). Pp. 345+ xii, 
Figs. 86. McGraw-Hill Book Company, Inc., New York, 1949. 
Price $4.50. 


As before, this text provides a treatment of photography between 
very elementary ones and those of an advanced, technical nature. 
The book assumes no previous knowledge of the subject, and an 
effort has been exerted to make the new edition even more easily 
understandable to the student and more teachable from the point 
of view of the instructor. A major revision of the order of the 
chapters has been made in order to bring the student as quickly as 
possible to active photography—i.e., the making of pictures. 


Die Optik in der Feinmehtechnik 


By Kurt RAntscu. Pp. 317, Figs. 299. Carl Hanser-Verlag, 
Munich, 1949. 


Photographic Optics 


By Artuur Cox. Pp. 412+xi. Pitman Publishing Corpora- 
tion, New York, 1949. Price $5.75. 


The subtitle of this book is ““The Technique of Definition.” The 
photographer should be able to discriminate between lenses in the 
same way he does between films and filters. This practical book, 
written in simple language and containing many diagrams and 
tables, deals with the importance of lenses in obtaining the best 
results with the camera, and shows how the proper type of lens 
must be used in the right kind of camera for each kind of subject. 
The photographer is shown why the correct focal length, best aper- 
ture, and sufficient covering power are considerations that eventually 
decide the picture. 


Spectroscopic Properties of Uranium Compounds 


By G. H. Drexe anp A. B. F. Duncan. Pp. 290+xviii. 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$2.75. 


This volume represents a comprehensive study of the spectro- 
scopic properties. Correlation of absorption measurements with 
those obtained from fluorescence spectra have seldom been made 
for such a large amount of data. This work should be an important 
source of information and data in the development of future 
theories of the solid state. 


Practical Spectroscopy 


By GreorcE R. Harrison, Ricuarp C. Lorp, AND JouN R. 
Loorsourow. Pp. 605+xiv. Prentice-Hall, Inc., New York, 
1948. Price $6.65. 


In this book the authors have avoided the historical method of 
approach and instead have attempted to give a comprehensive 
view of the status and possibilities of experimental spectroscopy 
as it exists today. In Chapter I they “view the field as from a great 
altitude, to enable the reader who is unacquainted with the methods 
and accomplishments of spectroscopy to judge for himself which 
parts, if any, may be of importance to him.” In the remainder of 
the book they reconsider the various topics in considerably greater 
detail. 
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Practical Spectroscopy 


By C. CANnpDLER. Pp. 190+viii. The Jarrell Ash Company, 
Boston (U.S. agents), 1949. Price $6.10. 


This book is intended as a course of instruction in all branches 
branches of practical spectroscopy. The subject matter has been 
written primarily around the Hilger Barfit wave-length spectrom- 
eter. However, it is believed that this should not detract from its 
interest to those equipped with other apparatus. Experiments are 
given at the close of each chapter. 


Absorption Spectrophotometry 


By G. F. Loruian (third edition). Pp. 196, Figs. 71. Hilger 
and Watts, Ltd., London, 1949. Price $7.60. 


Although this work forms the third edition of an already well- 
known publication, The Practice of Absorption Spectrometry, it has 
been so completely revised and largely rewritten that it is vir- 
tually a new work. It is a valuable handbook for the investigator 
who is employing spectrophotometry and contains much that will 
be of interest to those who are contemplating the use of that 
method. It describes the apparatus to be used and also shows the 
accuracy to be anticipated and the essential conditions for realizing 
that accuracy. Examples of work done in selected fields are included. 


Infrared Determination of Organic Structures 


By H. M. RANDALL, NELSON Fuson, R. G. FowLER, AND 
J. R. DANGL. Pp. 239+-v, Plates 354. D. Van Nostrand Com- 
pany, Inc., New York, 1949. Price $10.00. 


This volume is intended to supply some of the background which 
is required by investigators, whether they are chemists, bio- 
chemists, or physicists, using infra-red spectra to determine molec- 
ular structure. Methods of approach have been outlined; the pos- 
sibilities inherent in the method have been explored; currently 
established correlations between structure and the absorption spec- 
trum have been itemized; the instruments and techniques have 
been described. 


An Introduction to Molecular Spectra 


By R. C. Jounson. Pp. 296+xiii, Figs. 151, Plates 8. Pitman 
Publishing Corporation, New York, 1949. Price $7.50. 


The author has attempted to provide a textbook on molecular 
spectra for the student who has graduated in physics or chemistry, 
or who is approaching graduation, and desires an understanding of 
the subject within the limits of ordinary mathematical equipment 
at that stage. At one or two points the author has introduced the 
results of wave mechanics, but has not assumed familiarity in the 
use of this method. 


Contribution to the Study of Molecular Structure 


In both French and English. Several contributors, in come 
memoration of Victor Henri. Pp. 314. Maison Desoer Edi- 
tions, Liege, Belgium, 1948. 


Luminescent Materials 


By G. F. J. Garuick. Pp. 254+viii, Figs. 127. Oxford Uni- 
versity Press, New York, 1949. Price $5.50. 


This book describes recent research on the physical properties 
of luminescent materials. It is concerned with experimental and 
theoretical studies of such phenomena as fluorescence, phosphores- 
cence, thermoluminescence, and the effects of infra-red radiation 
on phosphors. Associated phenomena, such as photoconductivity, 
dielectric changes, and the action of strong electric fields are also 
discussed. The preparation, constitution, and classification of ma- 
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terials according to their luminescence characteristics are given 
an important place in the text. 


ATOMIC AND NUCLEAR PHYSICS 


Foundations of Nuclear Physics 


With bibliography compiled by Robert T. Beyer. Pp. 27, 
Dover Publications, New York, 1949. Price $2.95. 


Here are thirteen important papers on nuclear physics, presented 
unabridged and in the original language of their authors. Selected 
from scientific journals published both in this country and through. 
out the world, these are the essential primary source materials jn 
this field. This volume also contains a comprehensive guide (120 
pages in length) to published material on nuclear physics in which 
entries are classified according to subject matter. 


Wave Mechanics and Its Applications 


By N. F. Mort anv I. N. SNeppon. Pp. 393+-xii, Figs. 68, 
Oxford University Press, New York, 1948. Price $10.00. 


The aim of this book is to give a straightforward account of 
wave mechanics designed for those who want to use it. There are 
chapters dealing with applications to atomic and molecular stryc- 
ture, radiation, and collision problems, and the properties of solids, 
Modern relativistic quantum mechanics is also discussed. The book 
should be useful as a textbook to the theoretical physicist begin- 
ning research in the subject, and to his experimental colleagues as 
a reference book, while several chapters could usefully be studied 
by an advanced student of physics in his final year. 


Theory of Atomic Nucleus and Nuclear Energy-Sources 


By G. Gamow anp C. L. CrItcHFIELD. Pp. 344+-vi, Figs. 62. 
Oxford University Press, New York, 1949. Price $9.00. 


This is the third edition of Gamow’s Structure of Atomic Nucleus 
and Nuclear Transformations, of which the second edition has been 
out of print since 1944. The book has been practically rewritten. 
The authors have attempted to write it in an inductive way, start- 
ing from ‘the properties of elementary particles from which the 
nuclei are made and working up to more and more complex nuclear 
properties. Considerable space has been devoted to thermonuclear 
reactions and their application to cosmological problems. 


Two Lectures: I. The Present Situation in the Theory of 
Elementary Particles. II. Electron Theory of Superconductivity 


By W. HEISENBERG. Pp. 52. Cambridge University Press, 
New York, 1949. Price $1.00. 


The two lectures here printed were delivered at the Cavendish 
Laboratory as an introduction to discussions on two different 
topics in atomic theory. The first lecture tries to explain why the 
well-known divergencies in meson theory and nuclear physics may 
be considered, not as a difficulty, but rather as a natural and there- 
fore satisfactory feature of the present “correspondence” theory. 
The second lecture deals with an application of quantum mechar- 
ics, the theory of superconductivity. The views presented in it 
may be considered as an attempt to combine different features of 
the previous rather discordant theories into a consistent picture 
of the phenomenon. 


The Physical Principles of the Quantum Theory 


By WERNER HEIseNBERG. English translation by Carl Eckart 
and Frank C. Hoyt (reprint of 1930 edition). Pp. 184+vil, 
Figs. 19. Dover Publications, New York, 1949. Price $2.50. 


In this book the author, a Nobel prize winner, gives a physical 
picture of quantum theory, covering not only his own contribu- 
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ions but also those of Compton, Simon, Schrédinger, Einstein, 
Wilson, Rupp, Davisson, Germer, Thomson, Bohr, and others. 
Although there is a mathematical appendix, only elementary for- 
mulas and calculations have been used in the text itself, so far as 
practical. 


Nuclear Radiation Physics 


By R. E. Lapp ano H. L. ANprEws. Pp. 487+xiv. Prentice- 
Hall, Inc., New York, 1948. Price $6.00. 


This volume is the outgrowth of an elementary manual originally 
written by the present authors and published within the Military 
Establishment as “Radiological Safety.” Basically, the authors 
have tried to present a logical and simple interpretation of the 
phenomena of nuclear physics. In each chapter illustrative ex- 
amples are given in order to serve as an introduction to the calcula- 
tions of radioactivity and to guide the student in the technique of 
solving the problems that appear throughout the text. An essenti- 
ally non-mathematical approach has been employed, in the hope 
that the subject matter would not be too involved for non- 
physicists. 


The Theory of Groups and Quantum Mechanics 


By HERMANN WEYL. Pp. 422+ xvii. Dover Publications, New 
York, 1949. Price $4.50. 


The author of this book postulates the importance of the theory 
of groups in discovering the general laws of quantum theory. 
Showing how concepts arising in the theory of groups find their 
application in physics, he illustrates his argument with many 
examples. Included are discussions of Schrédinger’s wave equation, 
de Broglie’s waves of a particle, the Jordan-Holder theorum and 
its analogs, Burnside’s theorem, Lie’s theory of continuous groups 
of transformations, the Pauli exclusion principle and the structure 
of the periodic table, quantization of the Maxwell-Dirac field equa- 
tions, and Young’s symmetry opreators. 


The Theory of Atomic Collisions 


By N. F. Morr anv H. S. W. Massey (second edition). Pp. 
388+-xv, Figs. 69. Oxford University Press, New York, 1949. 
Price $8.75. 


This new edition contains a systematic treatment of the new 
“dispersion” method developed for nuclear collisions and of its 
application to a wide variety of nuclear phenomena—the scat- 
tering and radiation capture of neutrons and protons by various 
nuclei as well as the scattering of alpha-particles. Nuclear fission 
is also discussed. 


Atoms in Action 


By GeorGE RussELL Harrison (third edition). Pp. 406+-x. 
William Morrow and Company, New York, 1949. Price $5.00. 


This “layman’s guide to modern science,”’ an account of our 
most important physical discoveries and their contributions to 
everyday life, has been completely revised and expanded. It 
includes new material on atomic energy, radar, and electronics. 
As in previous editions, the author explains difficult technical 
matters in simple, graphic language. 


Elementary Modern Physics 


By Gorpon Ferrie Hutt. Pp. 503+xvi. The Macmillan 
Company, New York, 1949. Price $5.25. 


This book is intended to gather together, for the use of students, 
the main developments in physics in recent years—to present the 
experimental facts and the more elementary theories. 
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Artificial Radioactivity 
By P. B. Moon. Pp. 102+x, Figs. 28. Cambridge University 
Press, New York, 1949. Price $2.50. 


This monograph gives an outline of the main phenomena and 
techniques of radioactivity, as met with in the study of the light- 
weight and medium-weight radioactive nuclei that can now be 
made in great variety. It is chiefly intended for readers who wish to 
be put into touch with the recent literature on the subject. The radio- 
active properties of a good many individual nuclei are discussed. 


The Science and Engineering of Nuclear Power, Vol. II 


CiarK GoopMAN, editor. Pp. 317. Addison-Wesley Press, 
Boston, 1949, 


Whereas Vol. I of this work was primarily a general survey of 
the fundamentals of chain-reacting systems, the present volume 
considers specific aspects in some detail such as source materials, 
isotope separation, vacuum techniques, pile kinetics, rockets, 
health physics, and future developments. The contents should be 
of value to all scientists and engineers seriously interested in the 
industrial applications of nuclear energy. The editor states that 
the contents of these two volumes “alone should be sufficient proof 
that ‘atomic secrets’ are largely figments formed in the minds of 
well-meaning persons who happen to be ignorant of this special 
field. A workable basis for the free exchange of ideas must be 
found. Mankind cannot continue to stand in mortal fear of the 
greatest scientific accomplishment of our time.” 


Atomic Energy Levels, Vol. I 


By CHARLOTTE E. Moore. Pp. 309+-xliii. Circular 467 from 
the National Bureau of Standards, Washington, D. C., 1949. 
Price $2.75. 


This volume is a compilation of all known data on the energy 
levels of elements of atomic number 1 through 23. It was designed 
to meet the needs of workers in nuclear and atomic physics. 
astrophysics, chemistry, and industry. This volume is the first of a 
series being prepared by the Bureau as part of a general program 
on atomic energy levels derived from observations of the optical 
spectra of atoms and ions. Spectra are presented in order of 
increasing atomic number, and under a given atomic number they 
are listed in order of increasing stages of ionization. For each 
spectrum a selected bibliography covering the analysis is given. 


Excited States of Nuclei 


By S. Devons. Pp. 152+ ix, Figs. 27. Cambridge University 
Press, New York, 1949. Price $2.50. 


This monograph was written mainly from the experimental 
standpoint. It gives a description of experimental methods and 
examines typical experimental results in detail. An attempt has 
been made to include examples taken from recent research and 
particularly to provide a broad picture of the situation which is up 
to date. 


Trilinear Chart of Nuclear Species 


By WituiAM H. Suttivan. John Wiley and Sons, Inc., New 
York, 1949. Price $2.50. 


This publication was originated in the Chemistry Division of 
Clinton Laboratories during November 1946 and sponsored initi- 
ally by it and by the Argonne National Laboratory. Its preparation 
was also facilitated and supported by the AEC and by the National 
Research Council. 
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Ionization Chambers and Counters: Experimental Techniques 


By Bruno Rosst AND Hans H. Straus. Pp. 243+xviii. 
McGraw-Hill Book Company, Inc., New York, 1949. Price 
$2.25. 


Part I of this volume discusses the general physical principles 
underlying the operation of ionization chambers and counters, 
with special emphasis on subjects that are of importance in modern 
detection techniques. Original results are included which were 
obtained at the Los Alamos Laboratory in the course of assembling 
important nuclear data. Part II presents detailed discussions for a 
number of detectors developed and used by the authors and others 
at Los Alamos for the study of different kinds of radiations. 


Radioactive Measurements with Nuclear Emulsions 


By HerMAN Yacopa. Pp. 356+-ix, Figs. 75. John Wiley and 
Sons, Inc., New York, 1949. Price $5.00. 


This volume is a description of the theory and practice of nuclear 
emulsion technique—the use of photographic emulsions in study- 
ing radioactivity. The author gives a detailed description of many 
practical methods for the use of such emulsions, and in addition he 
explains the theory which underlies the operations involved. The 
book describes carrier precipitation methods, emanations, alpha- 
star formation, and radiocolloid adsorption phenomena. The bibli- 
ography of 700 items is another valuable feature of the book. 


Cosmic Ray Physics 


By D. J. X. Montcomery. Pp. 370+-viii. Princeton Univer- 
sity Press, Princeton, 1949. Price $5.00. 


This volume presents a survey of the entire field of cosmic-ray 
studies. Because of the uncertainty of theory in the regions of 
energy involved and the complexity of the phenomena, the em- 
phasis of the book is experimental with theory subordinated. The 
various experimental techniques are discussed and explained, and 
numerous illustrations are used throughout. The book presupposes 
a knowledge of general physics equivalent to that of an upperclass 
undergraduate or a beginning graduate student. 


On the Theory of Stochastic Processes and Their Application 
to the Theory of Cosmic Radiation 


By Nrets Ar ey. Pp. 240, Figs. 53. John Wiley and Sons, 
Inc., New York, 1949. Price $5.00. 


The purpose of this book is to investigate in further detail the 
so-called fluctuation problem in the theory of cosmic radiation. 
Part I deals with the theory of stochastic, or random, processes. 
It is aimed at giving a further generalization of Feller’s and Lund- 
berg’s theories for the purpose of application of stochastic pro- 
cesses to the theories of cosmic-ray showers. Part II discusses in 
detail the fluctuation problem in the theory of the cosmic-ray 
showers treated in the first part. 


Introduction to Radiochemistry 


By GERHART FRIEDLANDER AND JOSEPH W. KENNEDY. Pp. 
412+-xiii. John Wiley and Sons, Inc., New York, 1949. Price 
$5.00. 


Included in the early chapters of this book is descriptive infor- 
mation about atomic nuclei, nuclear reactions, and the machines 
used for the acceleration of nuclear projectiles. Later chapters 
introduce in logical sequence the quantitative treatment of radio- 
active decay processes, the various types of radioactive disinte- 
gration, the radiations emitted, their interactions with matter, and 
their detection. The book presupposes no previous knowledge of 
nuclear physics. At the end of each chapter are lists of references 
which call attention to standard works and recent literature on 
specific topics. Exercises are also included at the end of each 
chapter. 
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Radioactive Tracer Techniques 


By GeorceE K. SCHWEITZER AND IRA B. WHITNEY. Pp. 2414 
vi, Figs. 13. D. Van Nostrand Company, Inc., New York 
1949. Price $3.25. ‘ 


This manual is designed to serve as a guide for laboratory work 
and instruction in the utilization of radioactive tracers. The first 
four chapters deal with topics pertaining to all radioactive labora. 
tory work. Next basic experiments are presented. The remainder 
of the book is devoted to material illustrating chemical, physical 
and biological tracer methods. , 


Isotopic Tracers and Nuclear Radiations with Applications to 
Biology and Medicine 
By Wittiam E. Siri (with contributions by five others). Pp. 
653+xiv, Figs. 136. McGraw-Hill Book Company, Inc., New 
York, 1949. Price $12.50. 


This book has been developed to bridge the gap between those 
books intended solely for the nuclear physicist and those which 
merely describe the results of research in which radioactive isotopes 
and nuclear radiations were used. To this end, the authors have 
presented the theory, the methods of measurement, and the prin- 
ciples of applications of tracers and radiations without stressing 
unnecessary and complicated features of nuclear physics or rapidly 
outdated experiments in biology. 


Fear, War, and the Bomb 


By P. M.S. Brackett. Pp. 244. Whittlesey House, McGraw- 
Hill Book Company, Inc., New York, 1949. Price $3.50. 


The author, winner of a 1948 Nobel prize, asserts that the world 
today has an atom neurosis. He believes that we are handcuffed 
by fear, and that before we can achieve lasting peace, that fear 
must be replaced by a firm belief in the long life of civilization. 
The author believes that the atomic bomb cannot bring about a 
cheap, quick military knockout in a war between Russia and the 
United States, nor is that war imminent. When this book was first 
published in Great Britain it aroused an immediate storm of con- 
troversy. The author, a former member of Great Britain’s advisory 
committee on atomic energy, holds a position sharply at variance 
with the official attitudes of the British and American governments. 


Constructive Uses of Atomic Energy 


S. C. ROTHMANN, editor. Pp. 258+ ix, Figs. 11. Harper and 
Brothers, New York, 1949. Price $3.00. 


This book describes atomic energy applications in such fields as 
industrial power, chemistry, metallurgy, aviation, ceramics, soil- 
fertilizer research, and biological, pharmaceutical, and medical 
research. It is a collection of fourteen articles by scientists in atomic 
research. 


SOLID STATE PHYSICS 


Progress in Metal Physics, I 


Bruce CHALMERS, editor. Pp. 401+-viii. Interscience Pub- 
lishers, Inc., New York, 1949. Price $9.50. 


The purpose of this volume, which is to be the first of an annual 
series, is to present authoritative reviews of the present state of 
knowledge in specialized aspects of the field that includes both 
physical metallurgy and metal physics. Nine authors have con- 
tributed chapters. 


Fourier Technique in X-Ray Organic Structure Analysis 
By A. D. Bootn. Pp. 106. Cambridge University Press, 
London; The Macmillan Company, New York, 1948. Price 
$2.75. 


This book gives a comprehensive account of the technique of 
organic crystal structure determination by Fourier methods, and 
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indicates the relative scope of the various techniques. The treat- 
ment is from fundamentals, but the reader is assumed to have an 
adequate knowledge of geometric crystallography and of the theory 
of space groups. 


Crystals and X-Rays 


By K. LonspALe. Pp. 199+ viii, Figs. 138. D. Van Nostrand 
Company, Inc., New York, 1949. Price $3.75. 


This book is based on a course of public lectures given at Uni- 
versity College, London, in the spring of 1946, and is designed to 
interest those who do not now use x-ray crystallography but who 
might well do so; and to instruct those who are making use of 
x-ray crystallographic methods. 


On the Systems Formed by Points Regularly Distributed on 
a Plane or in Space 


By M. A. Bravais. English translation by Amos J. Shaler. 
Pp. 113+-viii, Figs. 42. The Crystallographic Society of 
America, care of Philips Laboratories, Irvington, New York, 
1949. Price $3.40 to members, $3.90 to non-members. 


With this volume the Crystallographic Society of America 
begins publication of its Memoir Series. This work by Bravais, 
concerned with the development of the fourteen space lattices, 
marked an important milestone in the science of crystallography. 


The Adsorption of Gases on Solids 


By A. R. MILter. Pp. 133+ ix, Figs. 38. Cambridge Uni- 
versity Press, New York, 1949. Price $2,50. 


This book has been based upon “Some Problems in Adsorption” 
by J. K. Roberts, a Cambridge Physical Tract published in 1939. 
Since the original tract was written, certain statistical theories 
have been developed in connection with this work and other 
advances have been made. Hence it seemed desirable to rewrite 
the book. Nearly half of the present work is new material. 


Priifen und Messen der Oberflachengestalt 


By JOHANNES PERTHEN. Pp. 257, Figs. 115. Carl Hanser- 
Verlag-Miinchen, Munich, 1949. 


Metals Reference Book 


Coun J. SMITHELLs, editor. Pp. 735+xvi. Interscience Pub- 
lishers, Inc., New York, 1949. Price $13.50. 


The object of this book is to provide a convenient summary of 
data relating to metallurgy and metal physics. So far as possible 
the data are presented in the form of tables or diagrams with the 
minimum of descriptive matter, although short monographs have 
occasionally been included where information could not otherwise 
be adequately presented. The values given are those which con- 
tributors have selected as the most reliable after a critical review 
of the published data. A limited bibliography at the end of each 
section enables the reader to refer to the more important original 
sources. 


Treatise on Powder Metallurgy, Vol. I. Technology of Metal 
Powders and Their Products 


By Ciaus G. GoeTzEL. Pp. 778+ xxvii, Figs 300. Interscience 
Publishers, Inc., New York, 1949. Price $15.00. 


This is the first of three volumes intended to serve as an intro- 
duction into the field for the novice who wants detailed infor- 
mation, as a reference book for the initiated, and for the engineer 
who has to solve immediate problems. 
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Hydrogen in Metals 


By Donan P. Situ. Pp. 367+xiii. The University of Chi- 
cago Press, Chicago, 1948. Price $10.00. 


This monograph takes up the absorption and retention of hydro- 
gen by massive metal. Rates of absorption, from gas and at the 
cathode, are discussed, as well as the factors which influence them. 
Existing solubility data are presented in numerous tables and 
graphs, with critical comment. 


Metallic Creep and Creep Resistant Alloys 


By A. H. Sutty. Pp. 278+xii, Figs. 138. Interscience Pub- 
lishers, Inc., New York, 1949. Price $5.50. 


In this book the author has attempted to present the viewpoints 
of both the industrial worker and the academic researcher in the 
field of creep resistant alloys. The development of the existing 
theory of the strength of metals is described with special reference 
to creep, and an attempt has been made to explain certain metal- 
lurgical factors affecting creep on the basis of this theory. A de- 
tailed summary of experimental techniques for the study of creep 
phenomena has also been included as well as a survey of the creep 
properties of most of the well-known ferrous and non-ferrous 
alloys. Some speculations on future developments in creep resisting 
alloys are made. 


Technology of Light Metals 


By A. VON ZEERLEDER. Pp. 366+xiv, Figs. 396. Elsevier 
Publishing Company, Inc., New York, 1949. Price $7.50. 


This handbook deals with the working up of aluminum and 
magnesium alloys from the ore to the semimanufactured goods, 
taking into consideration the possibilities of the latest metallurgical 
improvements. To prevent this book from becoming too volum- 
inous, some less important portions of the 1936 edition have been 
eliminated, with more space devoted to the most recent testing 
and working methods. 


Metal Rectifiers 


By H. K. Hentscu. Pp. 156+-xi, Figs. 55. Oxford University 
Press, New York, 1949. Price $3.75. 


This is the second volume of a series intended to summarize the 
recent results of long-range research in materials and allied sub- 
jects, in a form useful to physicists in universities and industrial 
laboratories. The book deals with the theory and practice of dry 
rectification, especially those aspects of the subject which are parts 
of physics rather than of engineering. Attention is paid especially 
to the theories of rectification put forward by Schottky, Wilson, 
and others, and to the experimental work which is relevant to 
their verification. 


Titanium 
By JELKs BARKSDALE. Pp. 591+-xii, Figs. 15. The Ronald 
Press Company, New York, 1949. Price $10.00. 


The purpose of this book is to meet the need for a working 
reference volume on titanium. Abstracts of the literature on titan- 


- ium were studied by the author, and essential information incor- 


porated into the text. Exact references to all the material consulted 
are included. 


Industrial Rheology and Rheological Structures 


By Henry GREEN. Pp. 311+-xii, Figs. 78. John Wiley and 
Sons, Inc., New York, 1949. Price $5.50. 


Believed to be the first of its kind, this book is a manual and 
practical working guide for making rheological and structural 
microscopic investigations. It can be used by university or indus- 
trial laboratory where researchers deal with such articles as print- 
ing inks, paints, oils, varnishes, biochemicals, resins, plastics, food, 
cement, and asphalt. 


365 








Engineering Laminates 
AtBert G. H. Dietz, editor. Pp. 797. John Wiley and Sons, 
Inc., New York, 1949. Price $10.00. 


This book contains valuable information for everyone concerned 
with the design, manufacture, and use of structural materials. 
The book completely explains the mechanics of laminate materials 
from basic properties, through physical and chemical properties, 
to industrial uses. Discussions of wood, metallic, and rubber-based 
laminates are included. Throughout the book the authors have 
emphasized engineering properties, design, manufacture, and use. 
The book has a contributing staff of 24 engineers, architects, build- 
ers, metallurgists, designers, and professors. 


High-Polymer Physics—a Symposium 
Howarp A. RoBINsON, editor. Pp. 572+xiii. Remsen Press 
Division, Chemical Publishing Company, Inc., Brooklyn, 
New York, 1948. Price $12.00. 


Thirty-nine physicists and chemists, all rather prominent ex- 
perts in their special fields, contributed to this symposim on hte 
relatively new subject of high-polymer physics. The results dis- 
cussed come largely from industrial research laboratories rather 
than from college research groups. The physicist had to help the 
chemist, and vice versa, to explain the phenomena encountered in 
high polymers. This volume is the product of their cooperation. 


APPLIED PHYSICS NOT INCLUDED ELSEWHERE 


Mathematical Biophysics 


By NicoLas RAsHEvsky (revised edition). Pp. 669+-xxiii. 
University of Chicago Press, Chicago, 1948. Price $7.50. 


This study is intended to lay the foundation for a mathematical 
biology, analogous in its methods to mathematical physics and 
based on the physical interpretations of biological phenomena. In 
this new edition the author has included recent developments in 
the field of mathematical biophysics and has incorporated most of 
the material formerly published in his Advances and Applications 
of Mathematical Biology. This edition contains 200 pages of new 
material, including the theory of embryonic development, the 
theory of cancer, and an elaboration on the theory of cell division. 
Also included are a number of new chapters on learning, abstrac- 
tions, logical thinking, and perception of visual patterns. 


Biological Reactions Caused by Electric Currents and by 
X-Rays 
By J. Tu. VAN pER WerrFF. Pp. 203, Figs. 38. Elsevier Pub- 
lishing Company, Inc., New York, 1948. Price $5.00. 


This book is a theoretical study of the phenomena of excitation 
in the nerve by different electric currents and of the biological 
reactions caused by x-rays, both based upon a common principle. 


The Atmospheres of the Earth and Planets 


Gerarp P. Kuiper, editor. Pp. 366+-vii, Figs. 91. The Uni- 
versity of Chicago Press, Chicago, 1949. Price $7.50. 


Physical Principles of Oil Production 


By Morris Muskat. Pp. 922+xv. McGraw-Hill Book Com- 
pany, Inc., New York, 1949. Price $15.00. 


The purpose of this book is to formulate and correlate present 
information concerning the physical principles and facts underlying 
the mechanics of oil production. A further purpose has been to 
stimulate and encourage additional research and study of the 
subject to fill in the many gaps in our present knowledge, clarify 
the many aspects which are still subject to speculation and con- 
jecture, generalize the simplified and idealized treatments of spe- 
cial problems, and to improve the correlation between laboratory 
theories and field observations. The approach of the book consists 
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in the detailed analysis of the physical concepts and Principles 
which are developed as foundations for the interpretation ang 
study of actual oil field performance. Many examples from actual 
oil field operation demonstrate the basic characteristics of the 
various types of producing mechanism and operation. 


Seismicity of the Earth and Associated Phenomena 


By B. GUTENBERG AND C. F. RicuTER. Pp. 273+vii, Figs. 34 
Princeton University Press, Princeton, 1949. Price $10.00, _ 


This is an account of the relative seismicity of various parts of 
the earth during the limited period (since about 1904) for which 
sufficiently accurate data are available. Geographical and geolog. 
ical relations of the principal earthquake zones and areas are dis. 
cussed, including correlation with mountain structures, oceanic 
deeps, gravity anomalies, and active volcanoes. A new checklist 
of active volcanoes is included. The origin of earthquakes is dis. 
cussed, particularly with reference to folding and thrusting in the 
structural arcs of Pacific type. 


Oscillations of the Earth’s Atmosphere 


By M. V. WILKEs. Pp. 76+ ix, Figs. 23. Cambridge University 
Press, New York, 1949. Price $2.50. 


This monograph discusses all that is known to date of the oscil. 
lations of the atmosphere. It treats of the lunar and solar air tides 
their measurement, manifestations, and causes; the theory of oscil 
lations in a rotating atmosphere; the numerical evaluation of air 
tides; the outward flux of energy; the height of the earth’s atmos. 
phere; the temperature variation, etc. Observational and mathe. 
matical methods of arriving at a knowledge of the properties of the 
atmosphere are referred to as they arise, and the book concludes 
with a general discussion of results. 


Some Recent Researches in Solar Physics 


By F. Hoyte. Pp. 134+xii, Figs. 8. Cambridge University 
Press, New York, 1949. Price $3.00. ’ 


The aim of this monograph is to provide an account of the pres- 
ent state of solar physics. The first two chapters are largely devoted 
to an account of the observational material concerning sunspots, 
the solar cycle, the chromosphere, and the corona. In the third and 
fourth chapters a new theory of the origin and structure of the 
chromosphere and corona is presented, while in the remainder of 
the book such diverse topics as electromagnetism in the solar 
atmosphere, solar and terrestrial relationships, the emission of 
radio waves by the sun, and the origin of the general solar magnetic 
field are discussed. 


‘The Solar System Analysed 


By F. C. Atrwoop. Pp. 88. The Dawson Printing Company, 
Ltd., Auckland, New Zealand, 1947. 


This brief book is subtitled “Old Laws from a New Angle.” 
Chapters deal with the beginning of the solar system, the solar 
nebula, the origin of the earth’s rotation, and so on through a 
concluding chapter named “Speculation.” 


Our Sun 


By Donatp H. MENZEL. Pp. 326, Figs. 178. The Blakiston 
Company, Philadelphia, 1949. Price $4.50. 


In language that is easily understood, this volume explains the 
basic methods for finding out about the sun. It vividly pictures 
solar activity and the vast explosions occurring in the sun’s atmos- 
phere. Included are the many new advances in solar research here- 
tofore restricted from publication because of military classifica- 
tion. The author discusses the relationship between the sun and 
our natural resources; its probability as a source of heat and fuel; 
the sun and atomic power; and its effect on radio transmission and 
weather forecasting. 
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The Face of the Moon 


By Ratpu B. BALpwin. Pp. 239+-xiv, Figs. 26, Plates XVII. 
The University of Chicago Press, Chicago, 1949. Price $5.00. 


“How and when did the moon arrive at its present state of 
dilapidated grandeur?” In this interesting volume the author ex- 
amines and rejects all but one of the processes previously suggested 
to account for the lunar craters, rays, mountain ranges, and lava 
flows. He selects as the most probable cause the impacts of giant 
meteorites on the rocky lunar face and their resultant explosions. 
Chapters are devoted to a description of the strange and beautiful 
formations found on the moon, to a discussion of modern and 
ancient meteoritic craters known to exist on earth, to an analysis 
of the impact theory in the light of knowledge of man-made explo- 
sion pits, to an investigation of the possible effects of a lunar 
atmosphere, to the dating of the major changes on the face of the 
moon, and to a consideration of the possibility of meteoritic infalls 
on other planets. 


Hydrology 
By C. O. WISLER AND E. F. Brater. Pp. 419+-xi, Figs. 132. 
John Wiley and Sons, Inc., New York, 1949. Price $6.00. 


This textbook presents the fundamental principles of hydrology 
as they have been developed up to the time of writing. The distri- 
bution graph, the unit hydrograph, the theory of infiltration capac- 
ity, and many other recent developments are presented. The many 
applications cited throughout the book make it useful to the gen- 
eral practicing engineer, forester, and agriculturist, as well as to 
the student who is looking for the basic principles of hydrology. 
The book provides information which can be used in the deter- 
mination of the maximum flood flow that may be expected every 
few years, as in airport drainage and storm sewer design. For the 
design of a spillway for an important dam, or any flood control 
work, the authors present methods for determining the maximum 
flow that will occur with rare frequency, such as once in a thousand 
years. 


Surface Tension and the Spreading of Liquids 


By R. S. Burpon. Pp. 92+-xi, Figs. 22. Cambridge University 
Press, New York, 1949. Price $2.50. 


The first edition of this book was published in 1940. In this new 
edition the author has added accounts of all important work pub- 
lished recently. Chapter subjects include the nature of surface 
forces; measurement of surface tension; the surface of liquid 
metals; spreading; general conditions; spreading on the surface of 
mercury; spreading on water; liquids on the surface of solids. 


Experimental Immunochemistry 


By Etvin A. KABAT AND MANFRED M. MAYER. Pp. 567+xv, 
Figs. 88. Charles C. Thomas, Publisher, Springfield, Illinois, 
1948. 


The authors of this book have undertaken the task of assembling 
for the first time in one place the scattered techniques which have 
been developed to fill the needs of immunochemical problems. 
Main emphasis is placed on quantitative analytical methods. To 
meet the needs of students as well as of chemists who may not be 
thoroughly familiar with immunology, and of bacteriologists and 
immunologists who may not be well acquainted with microchem- 
ical methods, introductory and background material in both fields 
has been included. 


Bibliography of Research on Heavy Hydrogen Compounds 


Harotp C. Urey AND Isipor KIRSHENBAUM, editors; com- 
piled by Alice H. Kimball. Pp. 350+-xvi. McGraw-Hill Book 
Company, Inc., New York, 1949. Price $3.25. 


This volume is a collection of about 2000 references to published 
literature on the subject of the heavy hydrogen isotope. The mate- 
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rial is classified according to subject in such a manner that pre- 
vious work in the field may be readily found. The volume should 
prove useful to anyone concerned with research on isotopes and 
their application to specific problems. 


Physical Methods of Organic Chemistry, Parts I and II 
ARNOLD WEISSBERGER, editor (second edition). Pp. 1072+-xii 


and 1024+xi. Interscience Publishers, Inc., New York, 1949. 
Price $12.50 each. 


This familiar work has been completely revised and augmented, 
and as before, appears in two volumes. The new edition has new 
chapters on temperature measurement, temperature control, vapor 
pressure, the ultra-centrifuge, electrophoresis, and turbidimetry. 
The chapters on viscosity, osmotic pressure, diffusivity, dipole 
moments, radioactivity, and mass spectrometry have been entirely 
rewritten. All other chapters have been thoroughly revised. 


Outlines of Physical Chemistry 


By Farrincton Daniets. Pp. 713+viii, Figs. 164. John 
Wiley and Sons, Inc., New York, 1948. Price $5.00. 


This is the seventh revision of what was originally the well- 
known “Getman and Daniels” text on physical chemistry. The 
illustrations in this edition have been revised in keeping with the 
author’s emphasis on practicality. Hypothetical diagrams illus- 
trating physical chemical phenomena have been replaced with 
data from laboratory measurements. One-fourth of the numreous 
problems have been replaced or revised. 


Sources of Engineering Information 


By BLANCHE H. Da ton. Pp. 109. University of California 
Press, Berkeley, 1948. Price $4.00. 


This is a guide to engineering literature and data designed as a 
concise reference for engineering students, practicing engineers, 
research workers, and librarians. Its arrangement is based on 
studies of the use of an actual library collection. The book includes 
information on every type of engineering. 


Rocket Propulsion Elements 


By GeorcE P. Sutton. Pp. 294+ ix. John Wiley and Sons, 
Inc., New York, 1949. Price $4.50. 


Airplane Performance, Stability, and Control 


By CourTLanp D. PERKINS AND Rospert E. Hace. Pp. 
493+-vii. John Wiley and Sons, Inc., New York, 1949. Price 
$7.00. 


This book is divided into two major parts, the first dealing with 
the problems of airplane design for performance, and the second 
involving the design of the airplane for adequate stability and 
control characteristics. In the first part, basic aerodynamics is 
summarized so that an estimation of airplane drag can be made 
for subsonic, transonic, and supersonic speeds; propulsion charac- 
teristics of the reciprocating engine, turbine propeller, turbojet, 
ramjet, and rocket are presented; performance methods are anal- 
yzed for the basic forces acting on an airplane utilizing any of the 
above power plants. In the second part of the book, the compara- 
tively new art of designing the airplane for adequate flying qual- 
ities has been dealt with, with only subsonic flight being discussed. 
A modern analysis of the dynamics of the airplane is included. 


GENERAL AND HISTORICAL 


Reports on Progress in Physics, Vol. XII 


Pp. 382. The Physical Society, London, 1949. Price to non- 
Fellows £2 2s. (postage 1s.). 


This volume, containing papers by 19 authors, includes the 
following subjects: mass spectrometry, nuclear paramagnetism, 


367 





phosphors and phosphorescence, spontaneous fluctuations, recent 
nuclear experiments with high voltage x-rays, linear accelerators, 
viscosity and related properties in glass, theory of the oxidation of 
metals, fracture and strength of solids, multipole radiation in 
atomic spectra, collisions between atoms and molecules at ordinary 
temperatures, low temperature physics, slow neutron absorption 
cross sections of the elements, and molecular distribution and 
equation of state of gases. 


Fundamentals of Physical Science 


By Konrap Bates Krauskopr (second edition). Pp. 676+ 
xii, Figs. 330. McGraw-Hill Book Company, Inc., New York, 
1948. Price $4.59. 


The preparation of this second edition was prompted chiefly “by 
a desire to bring the book up to date in several rapidly advancing 
fields of physical science.” Notable changes are a complete rewrit- 
ing of the chapter on the atomic nucleus, addition of a section on 
the uncertainty principle, introduction of Brénsted’s theory in the 
discussion of acids and bases, and increased emphasis on air-mass 
analysis in weather forecasting. 


Physics in the Modern World 


By Henry Sear. Pp. 434. Rinehart and Company, New 
York, 1949. Price $5.00. 


This book is addressed specifically to students of the arts and 
social sciences who are interested in learning and understanding the 
methods of the physical sciences. This volume is the outgrowth of 
three years of experience in teaching “Physics in the Modern 
World” to non-science students at the College of the City of New 
York. (Similar courses of the same length are given in chemistry, 
biology, and geology-astronomy.) 


The Nature of Physical Theory 


By P. W. Briwcman (reprint of 1936 edition). Pp.138+-vi. 
Dover Publications, New York, 1949. $2.25. 


This book is a study of modern scientific theory which views the 
problem of correlating reality with the various theoretical struc- 
tures set up in the past fifty years. It analyzes the inadequacies of 
physical theories in supplying the answers to all questions, but 
points out the real service these concepts render within limited 
frames of reference. The author investigates and weighs the contri- 
butions of Newton, Bohr, Einstein, Heisenberg, and others. He 
discusses such basic concepts as the wave and corpuscular theories, 
the “clocks” of relativity, the “laws” of probability, and the math- 
ematical system itself. 


Science at War 


By J. G. CRowTHER AND R. WHIDDINGTON. Pp. 185, Figs. 51, 
Plates 51. Philosophical Library, Inc., New York, 1948. Price 
$6.00. 


This is a detailed account of science’s contribution to the war 
effort, based on the official archives and documents assembled by 
the scientific advisory committee to the British Cabinet. This vol- 
ume should be of fundamental interest to the American scientist 
as well as to the intelligent layman interested in science. Among 
the basic topics dealt with in the book are radar, the atomic bomb, 
operational research, science, and the sea. 


The Principles of Scientific Research 
By PAu FreepMan. Pp. 222, Figs. 11. Macdonald and Com- 
pany, Ltd., New York, 1949. Price $3.05. 

This book is addressed chiefly to young men and women em- 
barking on or concerned with scientific research, but it is also 
intended for business executives in whose power, to a considerable 
extent, the successful conduct of scientific research lies. 
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The Universe and Dr. Einstein 


By Lrncotn Barnett. Pp. 127. William Sloane Associates, 
New York, 1948. Price $2.50. 


This book is a report on what the men at the forefront of science 
know about the nature of the universe. The story of the search for 
essential truth about the universe is here told simply, in the vocab. 
ulary of the intelligent layman. This book can be understood 
the high school student of physics and chemistry and still coulg 
be read with profit by outstanding scientists of today. 


Man and This Mysterious Universe 


By BryNJOLF Byorset. Pp. 174+-vii. Philosophical Library 
New York, 1949. Price $3.75. : 


This small book is intended as a synthesis of the many aspects 
of modern civilization, bringing within its scope the contribution 
of the East as well as of the West, showing how it has grown from 
the civilization of the past and how it will probably develop in the 
future. The author has traveled for thirty years and lived in more | 
than fifty countries. 


After Dinner Science 


By KENNETH M. Swezey. Pp. 182. Whittlesey House, Mc- 
Graw-Hill Book Company, Inc., New York, 1948. Price $3.00, 


For everyone interested in popular science, here is a book full 
of pictures and fascinating scientific experiments that can be per- 
formed with ordinary household materials and without any pre- 
vious scientific knowledge. The author takes the mystery out of 
science. With photographs and easy-to-understand explanations he 
shows the reader how he himself can demonstrate the basic laws of 
scientific phenomena. This is a volume that the whole family can 
enjoy. 


Mendeleyev—the Story of a Great Scientist 


By Danret Q. Posin. Pp. 345+-xii. McGraw-Hill Book Com- 
pany, Inc., New York, 1948. Price $4.50. 


This is the first biography in English of this famous Russian 
chemist and physicist. It reveals an almost unbelievable story of 
triumph in a man with a burning desire to be a scientist. It was 
Mendeleyev who first unlocked the doors of Russia’s great natural 
resources. As a young man he had begun his studies handicapped 
by illness and poverty. Studying and teaching in the daytime, he 
spent most of the night in his laboratory. He discovered a plan of 
unity among the chemical elements which led him to fromulate the 
Periodic Table. When he died at 73, he had been acclaimed by 
every country in the world. 


Albert Einstein, Philosopher-Scientist 


PAUL ARTHUR SCHILPP, editor. Pp. 781+-xvi. The Library of 


Living Philosophers, Northwestern University, Evanston, 
Illinols, 1949. Price $8.50. 


This volume contains Albert Einstein’s autobiography. In addi- 
tion, contributions from 25 scholars and scientists in eleven coun- 
tries (among them six Nobel Prize winners) discuss various aspects 
of Einstein’s scientific work and achievements. In Part III of the 
volume Einstein replies to the comments, analyses, and criticisms 
of his contemporaries. An exhaustive bibliography of Einstein’s 
writings is included. 


Scientific Autobiography and Other Papers 


By Max PLanck. Pp. 192. Philosophical Library, New York, : 
1949. Price $3.75. 


This is a collection of the last writings of one of the greatest 
physicists of our time. The essays that make up this small volume 7 
deal with problems such as: true and fictitious issues in science; 7 
meaning and limit of exact science; physics and causality; natural 
sciences and the religious world. The autobiographical notes tell ” 
the story of Max Planck’s own personal and scientific development. | 
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